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Searching for new astrophysical sources is an importargipalgoal of current and nearly further
ground-based gamma-ray detectors, such as HAWC, LHAASCCaid The gamma-ray signal
appears as an excess number of events. The significanceidbss is estimated using statistical
method and is used to determine whether to accept the signadto Up to now, four main
statistical methods, including the classical Li-Ma methite weighted method, the likelihood
method and the chi-squared method, have been used in theitynafoground-based extensive
air shower (EAS) experiments, such as TibetyABILAGRO, ARGO-YBJ and HAWC. While
these methods are not well tested for the accuracy in previauks. In this work, we develop
a standard to test the accuracy of different methods basirdifferent experimental conditions.
We find some problems for some methods, which have been gltesstl in experiment data
analysis. Finally, we obtain the limitation of different theds and provide application conditions
for different methods, respectively. Additionally, we@test the superiority of different statistical
methods and provide our best recommendations for diffgrieygical analyses.
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1. Introduction

Very high energy (VHE) gamma-rays are a powerful probe ftnoatysics and fundamental
physics under extreme conditions. Thanks to the successoahd-based detectors, about two
hundred VHE gamma-ray sources have been detected in thiapsestiecade’s Several categories
of VHE gamma-ray emitters have been firmly establishedvadalactic nuclei (AGNs), pulsar
wind nebulae (PWNSs), supernova remnants (SNRs), X-rayiem#@XxBs), and starburst galaxies.
Searching for new VHE sources is still an important physgaédl of the planned ground-based
gamma-ray detectors, e.g. LHAASO and CTA, which are expetéoost the number of VHE
sources by a factor of 10.

The gamma-ray emission from a source would appear as ansexgewber of events coming
from the directions of candidate over the cosmic ray baakgdo To quantify the confidence level
of the observed excess as a source, the statistical sigruéicghould be estimated in a hypothesis
test. The method to estimate the statistical significaneecisicial issue for ground-based detector
to search for new sources. A better method could improve étectbr sensitivity. e.g. Miguel et
al.[1] has adopted the Gaussian weighting technique todugpthe sensitivity by 10% compared
with the traditional optimal binned analysis. While a wrangthod may underestimate the detector
sensitivity or lead to fake source, e.g., Li& Ma [2] found tineorrectness of early methods and
then proposed the famous Li-Ma formulae. Besides excesalsighe significance of deficit signal
are also need to be estimated sometimes, e.g., the Sun anmdstfiadow.

Up to now, four main methods have been adopted by the majofitground-based EAS
experiments. The classical Li-Ma method is widely used imynexperiments, including A%
ARGO-YBJ, and so on. According to [2], the equation (9) caly &r@ used when the number of
background is large enough, and the optimal equation (E0)lahit the observed counts{s; =
10,Non = 10) and the time rati@( = 0.1 — 10). To improve the sensitivity, weighted methods
are adopted by MILAGRO and ARGO-YBJ experiments. MILAGR®@pied a extension of the
Li-Ma formula (17) [3], while, ARGO-YBJ adopted a extensiofithe Li-Ma formula (9) [4] to
calculate the significance. Recently, HAWC adopted thdiliked method to calculate the sig-
nificance [5], and ARGO-YBJ also proposed the chi-squarethoge These methods have been
used for data analysis, however, they don't suffer striedueation as that in [2]. For example, the
uncertainty of the estimated background is ignored in tkelihood method in [5], which is not
strict in the statistics and will affect the correctness emarrless. In this paper, we will adopt Monte
Carlo method to test the correctness and also the supgridihese methods.

The paper is organized as follows. In Section 2 a whole psoésesting the significance
estimation is built. The results are reported in Section 13.Séction 4 some problems arising
from the use of these methods are pointed out and the beshmeendations for different physical
analyses are also showed in this section. A conclusion engiv Section 5.

2. Method

2.1 Building the sky map

In the observation, the detector points in the direction sfispected source for a certain time

Ihttp://tevcat.uchicago.edu/ (Version: 3.400, as of 2Qiy)J
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ton @and countdN,, photos, and then it turns for background measurement fone ititervalty ¢ ¢
and countdNy¢; photos. The quantityr is the ratio of the on-source tintg, to the off-source
time ty11[2]. On the basis, the sky map with 45 15° size and QL° x 0.1° bin size in celestial
coordinates(right ascension and declination) is built.

To gain the sample of observatioff$yn, Np) in each bin to bulid theN,, map" and N, map",
the Toy Monte Carlo simulation is applied. First, the expdatalue of the background numbéd,)
in each bin is spread considering the photon probabilityriligions of the events. The angular
resolutiono is 1° in this work. Moreover, theN,, map" is divided into three kinds according
to different sources. If only the background events wereated, we gain the number of events
Non in each bin from the Poisson distribution with expectat{dlg) . When the excess source was
detected, two orthogonal normal distributions which themealue is—0.8° and—0.1° separately
is added to the map. For the deficit sourdd,,’'map" is gained through thé&, map" with only the
background events minus 1 in the corresponding positiotiseo§ource events. Figure 1 provides
the "N, map" with only the background and thEy'map*.

N, map N, map

Dec (deg)

15 ° 185 -10 -5 0 5
Ra (deg) Ra (deg)

Figure 1: The Ng, map" with only the background and thi'map".

The smoothing procedure is applied on tig,'map" and the N, map" to obtain the signifi-
cance map. The point spread function(PSF) which is a Gausk&pe requires the bins in the maps
to be "integrated" over a circular area. Each bin is fillechwlite content of all the surrounding bins
whose center is closer tharb8c. Then we obtain the smoothebly, map" and the smoothedNp
map". The statistical significance in each bin is computettiémext section.

2.2 Significance estimation
2.2.1 The classical Li-Ma method

The classical Li-Ma method proposes three formulae to etalthe statistical significance of
an observational result. The Li-Ma formula (5) is given bygly defining the significance S as a
radio of the number of signal events to its standard deviatio

S— _Non—aNott 2.1)

v/Non+ a?Nos 1 ’
Assuming that the observed signal is due only to the backgt@vents, the Li-Ma formula

(9) is proposed:
Non— 0Not ¢

S= ,
a (Non+ Noft)

(2.2)
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The Li-Ma formula (17) evaluates the significance by usirgrttethod of statistical hypothe-
ses test. The likelihood function is given by

L = P(Non, Noff| < Ns>,<Np>), (2.3)

where P is the probability density function(PDF) N, andNy¢¢. Both of them satisfy the Pois-
son distribution. The methods of the estimate of the unknpanameterNs) and (Np) has been
mentioned in the first two formulae. Then the likelihood adgst is performed. The significance
is expressed as follows:

S:\/E{Nonln l+a Non

(N0n+ Noff

)} +Nog¢In [(Ha)(ﬁ)} }1/2. (2.4)

2.2.2 The weighted method

Only the Gaussian-shaped PSF be used as the weight heras,That
1
w(r) = 702
where r is the space angle to the position of the possiblees@ird thes is the angular resolution.
The events in a circular area centered on each bin whin arlangulius of 2 are summed after
weighting. Then the significances can be obtained by substitthe weightedNo, andNy ¢ into
the Li-Ma formulag[3, 4].

e 17/(20%) (2.5)

2.2.3 The likelihood method

The significance is gained through the method of statistigabtheses test. The likelihood
function is given by

L= i , (2.6)

whereN; andA; are the observed and expected signals in the ith bin.ATisethe number of
background eventsl, plus Ns which is the number of the signal in a bin. The area of the regio
of interest(ROI) is rounded with the radius o 3 Using the maximum likelihood technique the
parametefNs) is obtained by using the MINUIT package. The likelihood aagst is applied and
the significance is obtained.

Besides,we call the.@° x 0.1° bins "2D bin". In order to gain more data and information, the
bins in the ROI is regrouped. The ROI is divided accordinchtodistance from the space angle to
the central bin. The width of the annular bin id®and we call it "1D bin".

2.2.4 The chi-squared method

In the statistical hypotheses test, the chi-square valergpsessed as follows:

ROl /Ni — A 2
x2=z< 5 ) 2.7)

where theg; is same as the standard deviation of laen the equation (2.2). ThEo,, Aj and the
ROI are same as the values mentioned in the likelihood metbethg the minimum chi-squared
technique the parametéis) is also obtained by using the MINUIT package. The signifieaimc
each bin is evaluated with chi-square difference test.
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2.3 Inspection standard and comparison method

If the null hypothesis(Ns)=0 is true, in other words, if all the counts come from the back
ground, the Significance of the observed result follow addashnormal distribution. Based on this
theory, the relative error between the distribution of gigance of the Toy Monte Carlo samples
and the standard normal distribution is applied to test their@acy of the estimation methods of the
significance. If the relative error is less than 20%, the ek judged to be accurate enough. For
differenta and(Np), approximately 5« 10" independent samples are generated to test the accuracy
of the first two methods andd58x 10’ independent samples for the last two methods.

Ensuring that those methods are accurate, a positive sougceeficit source is added to the
"Non map" to test the superiority of different methods. The digance map is gained from the
"Non map" and Ny map”. We compared the significance of the center of the sdardéferent
methods. Each procedure of sampling and the evaluatingepasted 1btimes.

3. Results
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Figure 2: The relative errors as a function of the signifieadpper part of the figure: the samples
are generated from the equation (2.2) in the classical Liviihod and the weighted equation
(2.4) (left and right plot, respectively). Lower part: tHzD'bin" and the "1D bin" of the likelihood
method are used(left and right plot, respectively).

In Figure 2, the equation (2.2) obviously overestimatessthgstical significance for the pos-
itive excess and underestimates for the deficit when(le < 1 x 10°. The weighted equation
(2.4) is a poor estimator of the significance both for the sx@nd the deficit sources. In the left
plot of the lower part, the "2D bin" in the likelihood methodrtt be applied when the value of
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(Np) is small. To expand the scope of the use of the likelihood oetive proposed the "1D bin".
The "1D bin" increases the number of background evéxs in each source bin. Under the same
experimental conditions, the likelihood method with th®'iin" is available for smallefN,) both

for the excess and the deficit sources.

Table 1: Application conditions for different methods for0.001, 0.01 and 0.1 respectively.

Method Range ofNp)(S<0) Range ofNp)(S>0)
The classical Li-Ma method Eq.(2.1) >100000 >10000
Eq.(2.2) >10000 >10000
Eq.(2.4) >100 >100,10,1
The weighted method Eq.(2.1) >100000 >10000
Eqg.(2.2) >10000 >10000
Eq.(2.4) x X
The likelihood method "2D bin" >100Q100000x > 100Q10000Q x
"1D bin" >100,100, x > 1,100 x
The chi-squared method >10000 >10000

Ra (deg) Ra (deg)

Ra (deg) Ra (deg)

Figure 3: Significance maps of the same positive sourceferdiit estimation methods. Upper part
of the figure: source is estimated through the classical hifvkthod and the weighted method(left
and right plot, respectively). Lower part: the likelihoodethod and the chi-squared method are

used(left and right plot, respectively).

After discussing all the methods basing on different experital conditions, the application
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conditions are shown in the Table 1. It is noteworthy thataheation (2.4) in the classical Li-Ma
method and the situation of the "1D bin" in the likelihood hal (@ # 0.1) have wider ranges
of application than other methods. On the contrary, the e equation (2.4) is unavailable.
Similarly, the likelihood method can’t be applied when the- 0.1. Other methods have relatively
narrow ranges as showed in the Table 1.

By following the methods described above, we can obtain thpsrof the positive source
represented in the Figure3. The number of tNg) is 10 and thea = 0.001. Except for the
map which estimated by the classical Li-Ma method, all thesrzave clearer and more complete
contours of the source. For further comparison of those aaisthithe increases of the significance
compared with the classical Li-Ma method are shown in TableTBe statistical significances
calculated by the weighted method, the likelihood methadi the chi-squared method are about
10% bigger than the result from the classical Li-Ma method.

Table 2: The increases of the significance compared withl#ssical Li-Ma method.

Source The weighted method The likelihood method The chésegd method
S>0 (9.76+ 0.30)% (12.91+ 0.31)% (11.33+ 0.30)%
S<0 (9.97+ 0.30)% (12.25+ 0.30)% (10.40t 0.30)%

4. Discussion

When thea=0.1, the applicable range of tH&l,) in equation (2.4) in the classical Li-Ma
method is not less than 1 for the positive source. The reatdtin agreement with the results from
Li and Ma[2]. For the deficit source, the applicable conditad the (Ny) in equation (2.4) is given
explicitly ({(Np) > 100). For all the three formulas, the is used in a wider range which is as low
as 0.001 compared with that from Li and Ma.

The weighting technique is used in the equation (2.4) leadiset unavailability of the method
the MILAGRO experiment applied. The normalization techmiccan be added to improve the
limitation of the application. For another two formulas lretweighted method, approximately
10% improvement in the significance over the classical Lixiviethod.

The likelihood method proposed by HAWC experiment can’t beduwhen ther = 0.1. In
this method, the error of the estimated backgro(iNg) is neglect in this method. When theis
big relatively, the difference between the estimated bamkud (Np) and the truth value ofNy)
becomes larger. This makes the method incorrect. Besid&shln" is proposed to effectively
improve the applicable range @fl,). The same question also appeared in the chi-squared method.
The method can’t be used when tfi4,) is too small (N,)>10000) due to the neglect of the error
of (Np). Both the likelihood and the chi-squared method have ajpmpately 10% increase in
significance compared with the classical Li-Ma method.

Owing to the different time scales of the gamma-ray and tHiitdsources, the values of
(Np) are different. Based on the data analysis results of the ARB®experiment, all the values
of (Np) are in a range of 1 to £0 In order to choose the more accurate and superior method to
estimate the significance in different physical analydes biest recommendations are proposed as
follows: (1) For the sources which have the small valuéNy), such as the GRBs, the classical
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Li-Ma method is more accurate, fast and convenient. Thdiliged method is another choice
because of its’ slightly higher significance, but it is reeséd by the application conditions(<0.01,
(Np)>100). (2) If the(Np) of the sources is more than* @ faster and more superior method is the
weighted method. The likelihood method and the chi-squarethod can also be used according
to their application conditions. (3)When the expansionhef $ource can’t be ignored, conversely,
the likelihood method and the chi-squared method are thd getimator of the significance.

5. Conclusion

All the methods of estimating the statistical significanf¢he signals have been tested. The
application conditions of each method are presented éthplid he weighted equation (2.4) used
by MILAGRO experiment can’'t be applied directly. And thedilhood method adopted by HAWC
experiment is accurate only whenis far less than one. Besides, the equation (2.4) in theiciss
Li-Ma method and the improved "1D bin" likelihood method fsasider applicable range ¢Ny).
The comparisons between the four methods are also presexpéditly within the limitation of
accuracy. The weighted method, the likelihood method, haahi-squared method have an about
10% increase in significance from the classical Li-Ma mettgased on the application conditions
and the comparison among methods, we provide our best reendations for different physical
analyses to choose the methods. The classical Li-Ma methddhee weighted method are the
best choices when the value @f,) is small and large separately. The likelihood method and the
chi-squared method are used when considering the expawisiba source.
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