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There are 891 four-loop Feynman diagrams which contriblited the 4-loopg-2 in QED.
Some diagrams are shown in Fig. 1. The contribution of eaalyrdm can be reduced to lin-
ear combinations of 334 master integrals with polynomialshe number of dimensiorid as
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Figure1: Typical 4-loop vertex diagrams.

coefficients by using integration by parts identities [2435]. The needed coefficients of the
e—expansions of the master integrals were calculated witkeadt|1100 digits of precision in
Ref. [1]. Some of them were calculated up to 9600 digits. €Hsigh precision results were
needed to fit analytical expressions to the numerical vddyeseans of the PSLQ algorithm [6, 7].

The algorithm PSLQ (Ref. [6]) can be seen as a multidimemsiextension of the well-known
Euclid algorithm for the calculation of the GCD of two integelt finds linear relations with integer
coefficients between high-precision numerical constantal@rnatively, it gives limits on the size
of the coefficients. Usually it needs values with very higagision.

First of all, let us recall the structure of the analyticaltdithe numerical value of the 4-loop
contribution to the electrog-2 in QED obtained in Ref. [1]:

A =T 4 V/BVa Vo + Wb+ V3E + Ep+U ; @

The various pieces contain constants belonging to diffdeenilies: T contains values of Harmonic
Polylogarithms (HPL) [8Hyj; (X) with argument = % orx = 1.V, andV,, contain values of HPLs
ate? ore¥. W, contains values of HPLs at?. Ea. andEy contain elliptical integrals. We will

show some example for each family.

1. Family 1: harmonic polylogarithms of % orl

The total number of elements and some elements are listablm1. The number of elements
with weightw is the Fibonacci numbef,. 1. The total number of elements up to weightf
Fowisz — 1. The Fibonacci numbers are the solutions of the recurreslaéonF, 1 = F, + Fr_1
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weight number constants

0 1 1

1 1 In2

2 2 7(2), In?2

3 3 2(3), 7(2)In2, In*2

4 5 Z(4), Z(3)In2,2(2)In?2, In*2, ay

5 819, {(4)in2, {@3)In°2, {(2)n°2.¢(3(2), auln2, In°2, 2
6 13 Z(6), Z(3)?, ..., asIn2, I%2, ag, b

7 21 Z(?), 5(4)5( ) bGInZ In 2, az, b7, d7

W Far1

Table 1: Number and elements of the family of harmonic ponIogari$kmrﬁ argumen% and 1. {(n) =

with the initial conditionfFy = F; = 1.
As an example of a typical fit, we consider the 7-lines masiegiral O = 4 — 2¢)

4
[n—%r(1+e)} @ = G1& 4 Gre 3+ Gae 24+ Gye 1+ G5+ Gee + Gre% + ...
(1.1)

The first seven constan; were calculated numerically with 1200 digits and fitted WRBLQ;
the results are

L O R L (ORI

o 550802371 2200y 0 M1 Bgiop- Lz - .
G7:16571597_4321712_2221935(3)_144712'”2_% _7_5(5) 393712(() 222
+24n2(ln42—nzln22+24a4)—87038(3)2+504n25( )InZ—iSSZ( 7)+ 799112(( 5)— igén“Z( ).

For exampleG7 contains constants up to weight seven, so that the needisdcbagains 54 terms;
this is the output of the PSLQM program [9]:

PSLQVB integer relation detection: n = 54
Iteration 532 updtmp: Mn, max of y = 7.125852D -124  8.335992D -121
Iteration 532  Normbound = 1.330171D 1 Max. bound = 1.330171D 1
Iteration 1210 updtnmp: Mn, max of y = 4.109989D -247  8.231208D -243
Iteration 1210 Normbound = 2.868041D 3 Max. bound =  2.868041D 3
Iteration 1887 updtmp: Mn, max of y = 2.529002D -368 5.851086D -365
Iteration 1887 Nor m bound = 5.545033D 5 Max. bound = 5.545033D 5
Iteration 2174 updtnmp: Mn, max of y = 1.427865D - 1193 4.367510D -415
Iteration 2174 updtnp: Small value iny = 1.427865D - 1193
Iteration 2174 Nor m bound = 4.643888D 6 Max. bound = 4.643888D 6
Iteration 2174 Rel ation detected
Mn, max of y = 1.427865D -1193 4.367510D -415
Max. bound = 4.643888D 6
I ndex of relation = 5 Norm = 1.26788D 7 Resi dual = 1.427865D - 1193
CPU tines:

0.17 0. 02 2.88 2.28 5.75 0. 00
Recovered relation: 0 =
+ -5014791. » 1
+ 420576. * z2
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CPU Tine = 13. 3480

1420352.
1327104.
2083392.
54528.
1810944.
7786240.
3317760.
-221184
616704

- 4644864
-5308416
666240
-1227264
507648
1536.

B T T S SR Y

z3

22+ g2
z4

z5

z3%22

z6

z4x| g2n2
z2x| g2n4
z3"2
z3xz2+| g2
a4+z2

z7

22%75
74723

Gr7

Note that only 415 digits are needed to find this fit, the reinginligits are a “safety factor”.
The complete analytic expressiondbf Eq. (1) is [1]:

T, - Sk 0 - T T 0
0 r Jgnta) - BT 0T - 20
P2 s Laara- hnes) + DY ) 1001, 20,
—%684((2) - %‘;Maslnu %L;MZ(S)MZ— %7:9((3)5(2)In2— %;35(4)|n22+ %Zfzz(sﬂn?’z
R )it 0T 1S 4 ZIOINTY 7)  STOPTON% 4y 3+ i3 - 2% 2
71;;71255875 5)2(2) 19;51848a7+ 19:§4ab7 B 111?3206 4 41;:2955 6)In2_ 105536836'“ )
% 6IN2+ 42173727152(3) In2— %37&5(2) In2+ %35(5) In?2— %95(3)5(2) In?2
f%%lzag,mzu %32(4) 32+ 62§§g3z(3) In“2— %15(2) In52+ %Wz . (1.2)

It contains 46 terms of the 54 terms of general basis of HPlangiment% and 1 up to weight 7.

2. Family 2: values of harmonic polylogarithms of argument e% and €%

The number and some elements are listed in table 2. The nwhther elements of the subsets
with weight w composed only by real or imaginary parts of (products of) BlRke (Foy2 +
Fw+1)/2 and (Fowi2 — Fwi1)/2, respectively. The total numbers of elements up to weigig
(Fows3+ Fw+3)/2—1 and(Fows3 — Fwi3) /2, for real and imaginary parts, respectively.

Let us consider now the two master integrals of Fig. 2; bygisiRLs of argumen% and 1 as basis,
PSLQ fits only the divergent terms:

5 D>
(@) (b)

Figure 2: The simplest master integrals which contain HPLs of argum%n
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weight #re+im  constants
0 1+0 1
1 2+1 In2,In3,m/3
2 5+3  {(2), In?2,In2In3, IF3, RgHy _1(¢"/3)), nin2y/3, min3v/3, Ch (%) /3
3 1249 {(3), nCly (%), Re(Hy1_1(€™3)), Im(Ho11(€273))V/3, Im(Ho1,_1(€3))V3, ...
4 30+25 ((4), Re(Hoon(ezi"/S)) Im(Ho1,1.1(62™3))v/3, Im(Ho 1.1, -1(€™3))V3, ...
5  76+68 {(5), ReHoo111(e*™3)), Im(Ho0011(e™3))V3, ..
6 1954182 {(6), Re(Hoo1101(€73)), |m(H0.070’171,1(e2'”/3))\f
7 504+483 {(7), Re(Ho000111(€2™?)), Im(Ho000011(€™3%))v3
W Fow+2

Table 2: Number and elements of the family of harmonic ponIogarii;mﬁargumene%T ande™’

7 10 121 1541 7
(a):w+@+@+(— Z( ))871+X3<10)+O(£), (21)

I (b) = 8—; + % + (%ngz(z)) e 24 (%821 335( )+ez(3)) e1+x%+0e) . (2.2
X;flo) andxéo) contain other constants. We observe that, by closing tlemadtline of the diagrams
(a) or (b) with a massive line, we obtain the same vacuum dimgso we expect tha¢§°> andxéo)
contain the same constants.

The first step in identifying the family of constants is to ter{part of) the constants terms as
integral; we consider the hyperspherical representafi6hif two space-time dimensions

7 dr
@p _/I+mz R(I,r,—m3)R(r, p2, —m2) (2:3)

whereR(x,Y,2) = /(X—y—2)2— 4yzis the well-known Kallen function. Note that Eq. (2.3) is
always valid for spacelike momenta the analytic continuation to timelike momemtsyneed a
deformation of the contours of the radial integration ovandr, not needed for the subsequent
discussion. Settingy =1, p? = —1,

m* @ :O/dllilo/ R(I,r,—l)(lj?zr,—l,—l)’ 2.4)
n—z@ /|d|<'” ) /R ——t (2.5)

If we define the ad hoc family of integrals

ood nl n2 )
(g, np) = o/l_ lIn™(1 +1). o/R " (2.6)
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PSLQ gives
42155 380 14 3

(0) _ Feloo OO0V ==

X" = Z()+3Z()+ Z() >
Now 1(0,2) can be integrated analytically, and one finds HPLs of arguré&f¥, in this case the
Clausen’s function. Using the family 2 as basis, one finddithe

X0 =20 @)+ Te@)+ 0@ +v3(6ck (3) ~102(2)Ck(3)) . @8)

Xém:&m_ 4_75( 2) + ?g( )+4_115( 4) — ﬁ(90|4(3>+9z( )Cl2 (g)) - (29)

1(0,2) . 2.7)

1152

Out of curiosity, the fit of the coefficients of the €2, €3 terms of thes—expansion of (a) turn
out to contain 18, 61 and 199 terms, respectively. The camplealytic expression &, andV, of
Eq. (1) are [1]:

Va =50 4 (3) ~ aig <2)C% (5) + ZrmHonos 11 (¢F) + FrimHooor 1. (¢F)
+%‘ImHo,o70,17lr 1 (e' 3 ) +19ImH0,071,071,1 (e' 3 ) + 41—327ImH070,071,171 (e' 3 ) %8712(:|6 < g)
#5190 ()~ Ga0aa O g €@k (5) g mHoss 1 (¢7) ¢
,%:A'ImHon 1 <e'3> {(2)+ izg(( 3)imHg 11 (eia) + izgz( 3)imHo 1.1 (eig)

8377229°c14(§)z<2>+%f07:( 3)(2)m- 2ov(4yin2 + %’ZlmHmfl (€%)2@Mn2
+‘%46|m|4|0,171 (ei%”)z( )In 27%5502( )z( )In22 4 %1502(3)' 42, (2.10)
)5, () () 0 ) B ()

+651ReH0,00,01,1,-1 ( %‘) - @Re"'o.o.l.o.o.l.l (e' 3 ) - %FRMO.O.O.LO.M (e' 3 )
f%WRdﬁ()’O’o’O’l’l’l <e' 3 ) + %CM ( )ImH01 1 (e'3) + %53(“4( >|mH011 (e' 3 )

3::;125(:'6 (g) ZTHRGHMM 1 (e'§> {(2)+ ZTHRGHOO.LLA (e'é) (2

13:9%"'01011 (e' 3 ) (2)+ %ggReHomn <e' 3 ) {(2)+ ZTllhﬂHo,l,fl <ei’§’> Cl, (g)((z)
+6—23ImH0_’1_1 (ei?>C|2 (5)5(2) . (211)

V, andV,, composed by imaginary and real parts of HPLs, contain 284¢emd 17 terms, respec-
tively, to be compared with the length of the general basiowpeight seven which is 671 and 825
terms, respectively. Therefore only a small part of the gargasis is really needed to fit, and
Vp.

3. Family 3: values of harmonic polylogarithms of argument e7.

The number and some elements are listed in table 3. The nwhther elements of the subsets
with weightw composed only by real or imaginary parts of (products of) BIBL2". The analytical
expression oW\, is [1]:

28276

W, =¢(2) (*?U <

A

2) +1O4(4Rd—|01011()+4ImH011()CI2<2> 2CI4<2)7T+CI2<2)In2>)

(3.1)
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weight  #re+im  constants
0 1+0 1
1 1+1 In2,m
2 242 {(2), In?2,mn2, B,
3 4+4 Z(3), mBIm(Ho11(€?)), ...
4 8+8 l(4), BZ Ba Im(Hop11(€2)), ...
5 16+16 {(5), ReHo1,011(€7?)), Im(Hoo011(€7?)), .
6 32+32 {(6), ReHo001,01(€™?)), Im(Hoo0,111(€"?)), ...
7 64+64 {(7), Re(Ho001011(€7?)), IM(Ho000011(€772)), ...
w 2w

Table3: Number and elements of the family of harmonic ponIogarii;PUﬁargumeneuZT; B> is the Catalan’s
constant

it contains only 5 terms, to be compared to the general basishveontains 256 terms. Therefore
only a very small part of the general basis is needed Wifit

4. Elliptic master integrals

The master integrals containing a massive 5-body cut reguirew class of elliptic constants.
A fit to the constant term of the—expansion of the simplest master integral of this class wasd
in Ref. [11]:

_D 4 5 45 4255 106147 m/3 2320981
[n 2r(l+£)] @ 268 23 1ade2  Ti2m 240 (2O 14TTS) — —aoas +0()
(4.2)
The constant83; andCs are defined as
B /1 Kel) "ﬁ(ﬁ(é%%%g F<%%%%l>) (4.2)
VRVt T AN RSN R |
N 1141 N /_7_12_1
- 633 2. _ 8§33 2.
Cg—/dX 27\/§(4 3(7%%% 11> 4F3< 7%%% -1)> ) (4-3)
= r(al)r(aZ)r( r(a4) a; a
E aapaga. ) _ F 1 828384, 4.4
4 3( by by bz ’X) [ (by)I (b (bg) 4 3( by by b3 ’X) (4.4)
2 12 21T 11
Kc(X) = F 3@ , Ec(X) = —2F1 [ 373;X) . 4.5

the representation (4.3) @& in terms of theyF3 hypergeometric function was found in Ref. [12].
Concerning the subsequent terms of ghexpansion of this and other elliptic master integrals, the
basis has to be found empirically. We close the externaldiffeur-loop massive sunrise and we
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recognize that the vacuum integral contains two identizatbop sunrise diagrams,

® © 2
8 @ 8 @ O/d (/ T )SQEr,—l,—l)) (4.6)

[ee]

—>/oods</RSbl Sl,l)>2:,7dS(Dl(S))2 4.7)
9 9 ’ 9

where

_ 2 . (V5-3)(y5+1)°
Dm(s)_¢(\fs+3)(\fs—1)3K<m U OV TR T Ve

K(x) is the complete elliptic integral of the first kinB; (s) is the discontinuity of the 2-loop sunrise
diagram with equal massesIh= 2 dimensions (see Ref. [13]). We define the family of integral

> ,m=12. (4.8)

9
(i, J,K) = / ds Dl(s)Re(\/3m—1Dm(s)) (s— g) I (9—8)Ini (s— 1)In(s) , m=1,2, (4.9)
1

where(s—9/5) is an ad-hoc factor which simplifies the basis. The elemédfitéofamily suffice to

fit the combinationf the coefficients of the—expansions of the elliptic master integrals occurring
in the contributions of diagrams. But to fit each coefficiemé meeds to enlarge the basis including
also factors like s+ 3), Lix(s/9), Li2((s—1)/8,..., and/or integrating on different intervals

([0,1], [9,]). For example the fit of the® coefficient of the integral 4.1 requires 187 elliptic

elements, most of them outside the bddig(i, j,k)}. Here we show the analytical expressions of
E, andE, from Eq. (1):

28458503, 25007796 483013 4715 270433
Ba= (* 69120038 186624OO]C ) 77760 112001+ "(@1'”2 f2(0,0.1)+ 75g55 12(0:2.0)
188147 188147 826595 5525
5525 5525 526015 4675 1805965
+2IN2 12(0,1,1) — N2 £5(0,2,0) + 22 ,0,3)—ﬁf( 2)+ e 2(0.2,1)
3710675 75145 . 213635 . . 168455 69245

~ 11107242030 = 15221672102 = 15141621 LD + 55508 T2(1:2,0)+ 124416f2(2’1’0)) ’

4715

2541575 556445 54515 75145
2 0020~ J250(101) ) - T (2)h(0.0.).

“s20as 10027 g NOLUF Tg75

We do not consider hef@, which contains six coefficients of expansions of mastegrals, not
fitted analytically so far (see Ref. [1]).

5. Other 4-loop quantities: Z, and Zy, in QED

One can wonder whether the basis so far obtained is suffimdittanalytically other 4-loop
QED quantities. We found that the 4-loop contributions toBDQMEass renormalization constant
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Z9S and the wave function renormalization const§i® can be fitted with the same basis used for
theg-2. The number of terms of the analytical expressiofi66)“, z\* (0) andz{y (0) are 121,
118 and 73, respectively. Let us see the numerical vahZé"’?:xf

7" —0.20502387152777.¢* 4 0.59774667245370.¢ > — 0.89328249574801.£ 2
— 6.18821133900575.¢ 1 — 17.2691387464077. + O(¢) , (5.1)

which is in good agreement with the previous numerical valugef. [14]

7" = 0.2050037)¢~* +0.598027)¢ % — 0.89521)e 2 — 6.18(17)e L — 17.4(1.6) + O(¢).
(5.2)

6. Conclusions

o fitting analytically families of master integrals is congalted,;
e it needs very high precision numerical values (up to 960@sjig
e it needs a deep analysis of some key master integrals;

e in the case of)-2 only a few percent of the total number of elements of thasbagth
polylogarithms of complex argument are needed;

o the current elliptical basis suffices to Fig(0)?, Z§4) andzy;

e some guide to promptly identify only the needed elementshefliasis would be useful,
especially at 5-loop level.
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