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Introduction

The word moonshine is employed in mathematics to refer to an unexpected relationship be-
tween modular objects and representations of finite groups. The study of the moonshine phe-
nomenon has seen rapid developments in the past five years. While the relation is between two
mathematical structures, it is expected that the existence of this surprising relation has its origin in
physics, and in string theory in particular.

Moonshine ..
Modular forms Finite groups
13 el
States counting . Symmetries
Physics

Moonshine: what, how and why?

Q: What is moonshine?

The structures of modular forms and that of finite group representations have a priori nothing to
do with each other. The word moonshine refers to an unexpected relation between them. But this
simple answer calls for more questions. Where does moonshine occur? What types of modular
objects feature in moonshine relations? What types of finite groups can be represented by (mock)
modular forms? In what ways? Is there a classification possible of such moonshine relations?
Before satisfying answers to these questions are found, the existence of moonshine relation remains
to a large extent a mysterious phenomenon.

Q: How do moonshine relations arise?

In the classical case of monstrous (and similarly Conway) moonshine, reviewed in §4, the relevant
group representation has the structure of a vertex operator algebra (VOA). In physical terms, these
cases of moonshine can be can be thought of as being “explained” by the existence of certain special
2-dimensional conformal field theories (CFTs) that have the relevant finite groups as symmetry
groups.

It would be very gratifying to have a similar physical construction for the finite group modules
underlying umbral and other recently discovered moonshine relations. In certain “simpler” cases
this has been achieved (cf. §5.2). Nevertheless, a uniform construction of the umbral moonshine
module, reflecting the uniform structure among the twenty-three instances of umbral moonshine,
is still absent. Similarly, the modules underlying the various other cases of new moonshines have
not been constructed so far.

Apart from the question “what are these finite group modules?” there is also a deeper question
of “what kind of (algebraic) structure do these moonshine modules possess?”’. The mock modu-
lar nature of the modular objects involved in the new cases of moonshine seems to suggest that a
departure from the familiar unitary conformal field theories with discrete spectrum is necessary in
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order to accommodate the corresponding moonshine modules. However, the existence of gener-
alised umbral moonshine (cf. §5.2) suggests that certain features resembling those of holomorphic
orbifold CFTs should still be present in these new modules.

Last but not least, the first case of umbral moonshine, often referred to as the Mathieu moon-
shine, was uncovered in the context of string theory in the background of K3 surfaces. Subsequent
development established the intimate relation between K3 string theory and all twenty-three in-
stances of umbral moonshine. This relation to K3 string theory is the topic of §8.

To sum up, the origin of the classical monstrous moonshine can be understood as lying in the
existence of certain special physical theory — certain 2d chiral CFTs and the corresponding string
theory embedding to be more precise. See §4 and §7. The search for the origin of the newer cases
of moonshine is still largely a challenging puzzle. However, one does expect the answer to again
lie in certain physical theories, and most probably arises from the framework of string theory.

Q: Why should I care about moonshine?

Here are a few reasons why the authors, and many other mathematicians and physicists, care about
the moonshine phenomenon. First, theoretical physics is to a large extent about symmetries, and
moonshine is to a large extent about hidden symmetries, which (conjecturally) take place in a phys-
ical context. There are therefore very good reasons for physicists to care about what is going on
in moonshine. More generally speaking, the broad and interdisciplinary nature of the question and
its connection to different areas in mathematics and theoretical physics suggests that the under-
standing of this mathematical paradigm is likely to spur novel developments in these areas, as was
clearly true in the case of the classical monstrous moonshine. Here we highlight a few examples of
such connections, in the context of recent developments:

e The discovery of Mathieu and umbral moonshine was initiated in the context of K3 string
theory, arguably one of the most important examples of string theory compactifications. The
development of umbral moonshine has always led to new results in the study of automorphic
forms and K3 geometry, especially in the context of string theory. We expect it to also shed
light on the structure of BPS states, non-perturbative black hole quantum states,and on other
interesting aspects of the string landscape in the future. See §5.1, 5.2 and §8.

e The discovery of various new moonshine examples (cf. §6), involving various types of fi-
nite groups, including an infinite family of them, poses a fascinating challenge for theoretical
physics to accommodate the corresponding group representations. The solution of this (com-
pletely well-posed) puzzle is likely to point to novel structures in physics.

e The connection between certain new examples of moonshine and arithmetic geometry is
interesting and constitutes a potentially fruitful path towards new perspectives in number
theory. See §6.

Moreover, it is fascinating and puzzling why the two distinct structures of modular objects and
finite groups are so deeply connected. An understanding of the true nature of these connections has
the potential to change the way mathematicians think about these objects in a profound way.
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Part I
Background

In the first part we briefly summarise the relevant background knowledge in moonshine study,
including sections on finite groups, modular objects, and two-dimensional conformal field theories.
This part can be safely skipped by readers who are familiar with these topics.

1. Finite groups and their representations

In this chapter we briefly review basic notions of finite groups and their representations. We
mainly follow [1, 2, 3] (see also [4]).

1.1 Groups

A group is a set G, together with a “multiplication” operation - : G X G — G, formally denoted
as (G, «). The symbol for this operation is usually implicit, and we often write ab for a«b. A group
must satisfy the following axioms:

1. Closure: ab = c € G for any a,b € G.
2. Associativity: (ab)c = a(bc) for any a,b,c € G.

3. Identity: There exists a unique identity element e € G, such that eg = ge = g for any g € G.

4. Inverses: For every g € G, there exists a unique inverse element g~' € G, such that gg~—! =

g 'g =e. We also have that e~! =¢.

Notice that ab # ba in general. In the case that ab = ba for every a,b € G, i.e. the group operation
is commutative, the group is called Abelian. The number of elements of G is called the order of G,
and it can be either finite or infinite. We also define the order of an element, |g|, to be the minimum
number of times we need to multiply it with itself in order to reach the identity, i.e. g|g | = ¢ (the
order can also be infinite).

Next we give a brief summary of a few important notions in group theory.

Group homomorphisms. We say that a map ¢ : G — F between two groups (G, «) and (F,x) is
a group homomorphism if it preserves the group structure of G. In other words, ¢ must satisfy

¢(ab) = ¢(a)x9(b) (LD

for all a,b € G. If there also exists the inverse homomorphic map ¢ ! : F — G, then G and F are
isomorphic; such groups are abstractly the same, but they may still have different realisations. An
isomorphism G — G is called automorphism, and is often called a symmetry of G. The set of all
automorphisms of G, denoted Aut G, forms a group.
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Conjugacy classes. Two group elements a,b € G are said to be conjugate to each other if there

exists an element g € G such that gag ™!

= b. In this case, we symbolically write a ~ b. Conjugation
is an equivalence relation, since it is reflective (a ~ a), symmetric (a ~ b iff b ~ a) and transitive
(if a ~ b and b ~ c then a ~ ¢). Such a relation implies that G can be split into disjoint subsets

[a] C G, called conjugacy classes, each containing all elements that are conjugate to each other:
la)={beG|gag ' =b forsome g€ G} . (1.2)

Obviously, a conjugacy class can be represented by any one of its elements, i.e. [a] = [b] for all
b ~ a. The number of distinct conjugacy classes is referred to as the class number of G, denoted
here as CI(G). All elements of a class have the same order. It is easy to see that an element
constitutes a conjugacy class of its own if it commutes with all other elements of the group. As a
result, in an Abelian group each class contains only one element and the class number equals the
order of the group.

A common notation for conjugacy classes is to write the order of its elements, followed by an
alphabetical letter. For example, 4A denotes a class of order four, 4B a different class of order four,
6A a class of order six, and so on. The identity is always a class of its own, namely 1A, the unique
class of order one.

Subgroups. A subgroup H is a subset H C G which is itself a group, with the group structure
inherited from G. Note that the identity element e always forms a subgroup {e} of order 1, called
the trivial subgroup. Subgroups H other than the trivial subgroup and G itself are called proper
subgroups of G, and the notation H < G is used for them (we use the notation H < G if we can
have H = G).

A normal subgroup N, also denoted as N <G, is a subgroup of G that is invariant under conju-
gation by all elements of G:

N<G < gNg ' =NforallgeG . (1.3)

As such, N is necessarily a union of conjugacy classes. A maximal normal subgroup of G is a
normal subgroup which is not contained in any other normal subgroup of G, apart from G itself.
Normal subgroups play a prominent role in quotient groups and group extensions (see below).
The centre Z(G) of a group G is the set of all elements that commute with every other element,
ie.
Z(G):={acGlab=ba forallbe G} . (1.4)

The centre is always a normal subgroup of G. The centraliser of an element g € G is similarly
defined by
Co(g) = {a € Glag = ga}, (1.5)

being the set of all elements that commute with g. Clearly, the centraliser of an element is always
a subgroup of G.

Cosets. Let H be a subgroup of G, and take g € G. We define the left coset of H in G with respect



TASI Lectures on Moonshine Miranda C. N. Cheng

to g as the subset
gH={gh|hecH}. (1.6)

The set of all left cosets of H in G is denoted by G/H := {gH | g € G}. Similarly, the right coset
of H in G with respect to g is defined as

Hg:={hg|hecH}, (1.7)

and the set of all right cosets of H in G is denoted by H\G := {Hg | g € G}.

One can more intuitively define left cosets in terms of an equivalence relation on G (not to be
confused with conjugation); namely, for a,b € G we set a ~ b iff ah = b for some h € H, i.e. a
and b are related by multiplication of an element in H to the right. Then a,b represent the same
equivalence class, which is exactly the coset aH = bH. All such classes make up G/H, which is
viewed as a disjoint partition of G, as a set. The corresponding statements also hold for right cosets.
Some useful facts about cosets include:

e The number of left cosets is always equal to the number of right cosets, and is known as the
index of H in G, denoted by [G : H].

e If G is a finite group, then Lagrange’s theorem states that the index equals the quotient of
the order of G over the order of H, i.e. [G: H||H| = |G|. This is indicatory of how G is
partitioned under the coset equivalence relation associated with H.

o The left and the right cosets of H have the same number of elements, which is equal to the
order of H.

e The left and right cosets of a normal subgroup coincide, as can be easily seen from its defi-
nition.

Quotient groups and group extensions. Cosets, like conjugacy classes, are in general not sub-
groups. However, given a normal subgroup N, the set G/N of right cosets (which coincides with
the set of left cosets) inherits the group structure of G, and is called the quotient group. This can
be seen from (aN)(bN) = (ab)N. The normal subgroup N can then be viewed as the kernel of the
homomorphism y : G — G/N. Note that in general G/N is not isomorphic to any subgroup of G.
Moreover, the order of G/N is equal to the index [G : N] = |G|/|N]|.

Consider now a short exact sequence of groups
¢ v
1-M=>G—>0Q0—1. (1.8)

This means that ¢ (M), the embedding of M inside G, by ¢ is the kernel of the homomorphism y;
in other words M is isomorphic to a normal subgroup N <G, and Q = G/N. We then say that G
is an extension of Q by M. An extension, as well as the corresponding sequence, is called split if
there exists a homomorphism (embedding) ¥ : Q — G such that y o ¥ = idy, the identity map on
Q. We use the semi-direct product to denote such a split extension, G = N x Q. Otherwise, the
extension is called non-split, and we write G = N.Q .
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1.2 Classification of finite groups

From now on we focus on finite groups, which are groups with a finite number of elements.
The problem of classifying such groups can be reduced to the classification of a finite simple
groups. A group is said to be simple if it has no proper normal subgroups. If G is not simple, then it
can always be “decomposed" into a series of smaller groups, by considering quotients by maximal
normal subgroups. To be precise, one can consider the composition series, which has the form

14N <Ny <---<N,_1<AN, =G . (1.9)

Here 1 denotes the trivial group, and every step of the series involves a maximal normal subgroup
N1 of N;, as well as the implied quotient group N;/N;_;. It can be shown that all the resulting
quotient groups are simple, and the Jordan—Holder theorem guarantees that for given G, two differ-
ent composition series lead to the same simple groups. As a result, studying finite simple groups is
to a large extent sufficient to understand general finite groups.

After a heroic effort spanning over half a century and involving more than 100 mathematicians
leading to tens of thousands of pages of proof, all finite simple groups have been classified (see
[5, 6] for historical remarks). They belong to one of the following four categories: cyclic groups
Z,, for prime p, alternating groups <7, (n > 5), 16 families of Lie type and 26 sporadic groups.
Unlike the rest of finite simple groups, the 26 sporadic groups appear “sporadically” and are not
part of infinite families. We will say more about the sporadic groups in the following section.

1.3 Sporadic groups and lattices

The largest sporadic group is the Fischer—Griess Monster group M, which gets its name from
its enormous size. The number of its element is

M| =2%€.3%0.5%.76.112.13% . 17-19-23.29-31-41-47-59-71 ~ 8 x 107 ,

which isroughly the same as the number of atoms in the solar system. The Monster contains 20
of the 26 sporadic groups as its subgroups or quotients of subgroups, and these 20 is said to form
3 generations of a happy family by Robert Griess. In particular, the happy family includes the
five Mathieu groups My,M2, M, M»3,M>4. They are all subgroups of M»4, which is in turn a
subgroup of the permutation group S24, and are the the first sporadic groups that were discovered.
The rest 6 which are not involved in the Monster are called the pariahs of sporadic groups.

The sporadic nature of the sporadic groups makes their existence somewhat mysterious and
one might wonder what their “natural” representations are. An important hint is that many of the
sporadic groups, especially those connected to the Monster, arise as subgroups of quotients of the
automorphic groups of various special lattices. The appearance of moonshine involving sporadic
groups sheds important light on the question, and the construction of moonshine often relies on the
existence of these special lattices. As a result, in what follows we will briefly review the definition
of lattices and their root systems, and introduce the special lattices relevant for moonshine.

Let V be a finite-dimensional real vector space of dimension r, equipped with an inner product
(-,-). A finite subset X C V of non-zero vectors is called a root system of rank r, if the following
conditions are satisfied
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X spans V.

{a,B)
(a, @)

The only multiples of @ € X that belong to X are & and —o.

X is closed under reflections. Namely, § —2

ocXforalo,peX.

2(a
For all o, B € X, we have

The elements o € X of a root system are called roots. A root system X is said to be irreducible
if it cannot be partitioned into proper orthogonal subsets X = X; U X;. It turns out that the roots
of such a system can have at most two possible lengths. If all roots have the same length, then
the irreducible root system is called simply-laced. One can choose a subset @ of roots f; € X with
i=1,...,r, such that each root can be written as an integral combination of f; € ® with either all
negative or all positive coefficients. Such a subset is called a set of simple roots, and is unique up
to the action of the group generated by reflections with respect to all roots, called the Weyl group
of X and denoted by Weyl(X).

To each irreducible root system we can attach a connected Dynkin diagram. Each simple root
is associated with a node, and nodes associated to two distinct simple roots f;, f; are connected
with ;; lines, where

2(fi, i) 2(f), f)
Np = 0,1,2,3} . 1.10
1=y gy 0123 (110

For simply-laced root systems we only have N;; € {0, 1}. These correspond to the Dynkin diagrams

of type A,,D,,Es,E7,Eg with the subscript denoting the rank of the associated root system, as
shown in figure 1.

Figure 1: The ADE Dynkin diagrams.

JoR o o

fi f2 f3 fa fs

i

B o o
f fa fa fa Is fo

Tfs
oA o o
bit fa I3 fa f5 fo Vid

Each irreducible root system contains a unique highest root 6 with respect to a given set ® of
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simple roots, whose decomposition

eziaiﬁ (1.11)
i=1

maximizes the sum Y a;. The Coxeter number of X is then defined by
Cox(X):=1+) a;. (1.12)
i=1

The Coxeter number can also be defined in terms of Weyl(X). The product of reflections with
respect to all simple roots w = ry,ry, -y, € WX is called Coxeter element, and its order equals the
Coxeter number m.

A lattice L of rank n is a free Abelian group isomorphic to the additive group Z", equipped
with a symmetric bilinear form (-,-). Embedding L into R" gives the picture of a set of points
inside the vector space R”. A few properties some lattices have that will be useful for us include
the following:

e Positive-definite: the bilinear form induces a positive-definite inner product on R”.
o Integral: (A, u) € Zforall A,u € L.
e Even: (A,A) € 2Z forall A € L.

e Unimodular: the dual lattice, defined by L* := {4 € L&z R| (A,L) C Z}, is isomorphic to
the lattice itself.

All elements A € L such that (A,1) = 2 are called the roots of L.

Even, unimodular, positive-definite lattices in 24 dimensions play a distinguished role in sev-
eral instances of moonshine, as we will discuss in the Part II and Part III of this note. It was proven
by H. V. Niemeier in 1973 that there are only 24 inequivalent such lattices [7]. One of them, first
discovered by J. Leech in 1967 and named the Leech lattice, is the only one of the 24 that has no
root vectors [8, 9, 10]. The other 23, which we refer to as the Niemeier lattices, have non-trivial
root systems. In fact, one useful construction of the Niemeier lattices is by combining the root lat-
tices with the appropriate “glue vectors" [11]. It turns out that the 23 Niemeier lattices are uniquely
labelled by the root systems X, called the Niemeier root systems, which are precisely one of the 23
unions of simply-laced (ADE) root systems X = U;Y; satisfying the following conditions: 1) All
components have the same Coxeter number, Cox(Y;) = Cox(Y;); 2) the total rank equals the rank
of the lattice Y, 1k(¥;) = 24. Some examples out of the 23 include 24A1, 2A1,, 8Eg and D1¢Es.

For each of these 24 even, unimodular, positive-definite lattices of rank 24 N we define a finite
group

Gy := Aut(N)/Weyl(N), (1.13)

where Weyl(N) denotes the Weyl group of the root system of N. In particular, when N = A is
the Leech lattice, the Weyl group Weyl(A) is the trivial group and G = Coy is the Conway group
Cop. By considering the quotients of this group and subgroups stabilising various structures we can
obtain many of the sporadic groups. For instance, the sporadic simple group Co; is given by the
quotient by the centre Co; = Coy /{+£1}, and the Mathieu group M>3 arises as the subgroup fixing
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a specific rank-2 sublattice. See Chapter 10 of [11] for a detailed discussion. If instead we choose
N to be the Niemeier lattice with root system 24A, for instance, the finite group Gy = Ma4 is given
by the largest Mathieu group. For the Niemeier lattice with root system 12A,, the finite group is
2.M>, the non-trivial extension of the Mathieu group M;>. These groups will play an important
role in moonshine (cf. §4.2, §8.1, §5.2) and in the discussion of their physical context (cf. §8).

1.4 Representations of finite groups

The structure of groups is just what we need to describe symmetries. To put this into use we
need the concept of representations of groups. In what follows we limit our discussion to complex
representations, namely we will consider the group action on a complex vector space V. More
precisely, consider the group homomorphism p : G — GL(V). We can think of the images p(g)
as invertible n x n complex matrices. In particular we have p (¢~') = (p(g))~'. The vector space
together with the map (V, p) is called a representation of dimension n. Often one refers to either
V or p as the representation, while implicitly referring to the full data. The vector space V is
also called a G-module in this context, and is said to carry a G-action. We say that the G-action is
faithful, if no two distinct elements g, ¢’ € G lead to p(g) = p(g’) (the corresponding representation
is also called faithful).

Irreducible representations and dual representations.  Given two representations (V, p) and
(V',p’) one can define their direct sum and their tensor product in a straightforward way, which
leads to new representations V&V and V@ V.

Two representations p, p’ are equivalent if there exists an invertible n x n matrix M such that
Mp'(g) = p(g)M for all g € G. A subrepresentation of a representation (V,p) is a representation
(U,p’), where U is a subspace U C V that is preserved by the action of G, and p’ is the restriction
of p to U. A representation V is said to be irreducible if it does not contain any proper subrep-
resentation, and indecomposable if it cannot be written as a direct sum of two (or more) non-zero
subrepresentations. For finite groups, these two notions coincide. A representation is called com-
pletely reducible if it is a direct sum of finitely many irreducible representations, i.e. if it can be
fully decomposed into irreducible pieces. An irreducible representation of G can become reducible
if we restrict to a subgroup H < G, and its decomposition into irreducible representations of H is
given by the so-called branching rules.

The so-called Maschke’s theorem states that all (finite-dimensional) representations of a finite
group are always completely reducible. There are two steps for proving this. First we show that a
unitary representation is always completely reducible, by using the fact that given an inner product
{-,-} : V. xV — C, the orthogonal complement of U in V is also a subrepresentation if U itself
is a subrepresentation of V. Next we show that any representation is unitary with respect to the
group-invariant inner product

_

{vyw} = G

Y (p(v.p(g)w), vweV, (1.14)

geG

which then completes the proof.

10
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We also mention the dual representation p* of a representation p, defined by

p*(e):=(p(g")" . g€G, (1.15)

which is the natural group action on the dual space V* = End(V,C). Taking p to be unitary, we
have p*(g) = p(g). In other words, the dual representation is equivalent to the complex conjugate
representation.

Characters. The character y, of a representation (V,p), with V a vector space over C, is a map
G — C defined by the trace of the representation matrices,

Xp(g) =Tr(p(g)), §€G. (1.16)

We will also often denote this trace by Try g. If p is irreducible, y,, is called an irreducible character.
Some properties of characters (for finite groups) are summarized below:

e The character is a class function, i.e. Xp (hgh_l) = Xp(g) V g h € G. This follows directly
from the cyclic property of the trace.

e Two complex representations for a finite group have the same characters if and only if they
are equivalent, which can be shown using the orthogonality property discussed below.

o The restriction of a character of G to a subgroup H < G is a character of H.

e 2o (g7") = xp(g). as follows from the fact that all eigenvalues of p(g) are |g|-th roots of
unity.

e For two representations p, p’ of G and g € G, we have:

Xowp'(8) = Xp(8) +2p/(8) s Xpop (&) = Xp (&) (8) 5 Xp(8) =2p(g) - (1.17)
This means that the characters form a commutative and associative algebra.

Orthogonality. Due to Schur’s orthogonality relations (e.g. §4 of [2]), characters of unitary
representations are equipped with a Hermitian inner product,

1 -
(o Xo) == Y %o ()X (8) - (1.18)
‘G’ geG

When p and p’ are irreducible representations, one can show that (¥, , xp) = 1 if the two irreducible
representations are equivalent, and it vanishes otherwise. As a result, characters of irreducible
representations are orthonormal vectors in the space of class functions. In fact, it is possible to
show that they span this space, from which one can conclude the important fact that the number of
(inequivalent) irreducible representations equals the number of conjugacy classes (see for instance
§3-7 of [1]). Moreover, one can show that there is another orthonormality property,

IC(g)l, helg

;Xp (8) 2p(h) = { 0, otherwise ’ (1.19)

11



TASI Lectures on Moonshine Miranda C. N. Cheng

| ] | 1A[2A [3A [ 3B [4A [ 5A | 5B |

2P [ 1A | 1A | 3A | 3B | 2A | 5B | 5A

3P| 1A | 2A | 1A | 1A | 4A | 5B | 5A

SP| 1A | 2A | 3A | 3B | 4A | 1A | 1A
10 T 1111171
A S| 1| 21100
P S| 1|1 ] 2]-1]0]o0
P2 8 |0 | -1]|-1]0] A]"*A
% 80| -1]-1]0]"A|lA
%6 9 [ 110 ] 0| 1 [-1]-
P 0|21 [1]0]0]o0

S

Table 1: Character table for .«%, where A = 1_2 2 and *A = £

%

where the sum is over inequivalent irreducible representations, and |C(g)| denotes the order of the
centraliser of g € G, which is equal to the order of the group divided by the number of elements in
the conjugacy class [g].

Character table. We have already mentioned that the number of irreducible representations of
a finite group G is equal to the number of conjugacy classes of G. We can group all characters of
G into its character table, which is a square table of size Cl(G) x CI(G), with rows labelling the
different irreducible representations and columns labelling the different conjugacy classes. In other
words, the (i, j) component of the character table is the character y;(g) of the i-th irreducible repre-
sentation, evaluated at any g in the j-th conjugacy class . As an example, the character table for the
alternating group 2% is displayed in Table 1. Note that there is an additional piece of information
in the above table, the so-called power map. The row starting with sP gives the conjugacy classes

[g*].

Supermodules. We say that a G-module on a superspace (Z;-graded vector space) is a G-
supermodule. Explicitly, if V is a G-supermodule it has the structure

V=VweW (1.20)

where Vj and V; are both G-modules. We will sometimes refer to V as a virtual representation of G.
The supertrace Str is defined to act with a minus sign on the odd subspaces: Stry g :=Try, g —Try, g.

Cycle shapes and Frame shapes. As the name suggests, an N-dimensional permutation rep-
resentation p, of a group G has as its representation matrices N x N permutation matrices (all
elements zero, apart from a single entry of 1 in each row and column). Given such a representation,
to each conjugacy class in such a representation we can associate a cycle shape, which encodes the
number and type of permutation cycles that elements of this class correspond to. A cycle shape has
the general form

n?lngzmnf’ , Zﬁsns =N, (1.21)
s=1

12
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where ny, {; are all positive integers, and n denotes an n-cycle, i.e. it represents a permutation of n
elements. The exponents ¢; count the number of n;-cycles. Clearly, an order k element can only
have cycles of size ny which divides k. Note that the cycle shapes can be read directly off the
character table, including the power map.

More generally, we can define the Frame shape of g € G given any representation p, provided
that all characters of p are rational numbers. Their rationality ensures that if A is an eigenvalue
of g, then A% is also an eigenvalue when k is co-prime to |g| [12]. Denoting by A;, A2, ..., Ay the
g-eigenvalues, then there exists a set of positive integers i;,1,...,i; and a set of non-zero integers
L1, 43, ..., 0 with the same cardinality such that

det(1—tp(g)) = Hl—t?t H (1—1n)b (1.22)

where ¢ is a formal variable. Clearly one must have }'{_, ¢;i; = N and we call zfl zéz --i'r the Frame

shape of the conjugacy class [g] for the representation p.

2. Modular objects

In this chapter we will briefly introduce the concept of modular forms and their extensions
including mock modular forms, Jacobi forms, and mock Jacobi forms.

2.1 Modular forms

One of the standard references on modular forms, which we partially follow here, is [13]. It
is well-known that SL,(R) acts on the upper-half plane H := {7 € C| 3(7) > 0} by a fractional
linear (Mobius) transformation:

ab at+b
= H—-H = . 2.1
Y <c a’> THL, T cT+d 2.1

In defining modular forms we consider discrete subgroups of SL,(R), an important example
of which is the modular group SL,(Z). It is generated by

11 01
T = <O l> and S= (_1 0) 2.2)

satisfying (ST)® = 1 and S? = —1. We will also often work with PSL,(Z) = SL,(Z)/{=£1}, which
is also the mapping class group of the torus (cf. §3). We will often also consider the upper-half
plane extended by adding the cusps {ico} UQ, which SL,(Z) acts transitively on as one can see
from yoo = £,

We start by defining weight zero modular forms on the modular group SL,(Z), which are

simply holomorphic functions on H that are invariant under the action of SL;(Z):
(@) =f(yr) VyeSLh(Z). (2.3)

13
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In particular, f has to be holomorphic as T approaches the boundary of H at the cusps {ico} UQ.
But this turns out to be too restrictive: basic complex analysis tells us that constants are the only
such functions. As a result, we would like to further generalise the above definition in the following
directions:

1. Analyticity: the function is allowed to have exponential growth near the cusps. Such func-
tions are said to be weakly holomorphic modular forms.

2. Weights: one allows for a scaling factor in the transformation rule. See (2.6).

3. Other Groups: one replaces SL,(7Z) by a general I' < SL,(RR) in the transformation property
(2.3).

4. Multipliers: one modifies the transformation rule (2.3) by allowing for a non-trivial character
v : SLy(Z) — C*. See (2.6).

5. Vector-Valued: instead of f : H — C we consider a vector-valued function f : H — C" with
n components.

Of course, the above generalisations can be combined. For instance one can consider a vector-
valued modular form with multipliers for a subgroup I" of SL,(R). Obviously, in the vector-valued
case the character y is no longer a phase but a matrix. Also, the above concepts are not entirely
independent. For instance, a component of a vector-valued modular form for SL,(7Z) can be con-
sidered as a (single-valued) modular form for a subgroup of SL,(7Z), and vice versa.

We will first start with the first generalisation and introduce the concept of modular functions.
We say that f : Hl — C is a modular function if f is meromorphic in H, satisfies the transformation
rule (2.3), and grows like e>™™ for some m > —oo. In fact, modular functions form a function
field with a single generator, called the Hauptmodul or principal modulus. This is because the
fundamental domain SL,(Z)\H is a genus zero Riemann surface when finitely many points are
added. Writing the upper-half plane with the cusps attached as H=HuU {ieo} UQ, the Hauptmodul
has the property that it is an isomorphism between the two spheres SLQ(Z)\]@[ and C. Clearly, such
a Hauptmodul is unique up to Mobius transformations, or the choice of three points on the sphere.
As a result, there is a unique Hauptmodul with the expansion

J(1)=q"'+0(q) (2.4)

near T — ico. Here and in what follows we will write ¢ := e(7), where e(x) := ¢*®* for x € C. In

terms of the Eisenstein series and Dedekind eta function (cf. (2.7) and (2.19)), the J-function is

given by

B
n*(7)

In general, a Hauptmodul can be defined as the generator of the field of modular functions for I <

J(1) = j(t)—744

— 744, (2.5)

SL,(R) whenever F\ﬁ is genus zero. These Hauptmoduls play an important role in moonshine.
Apart from the definition given above, there are three other equivalent ways of viewing modu-

lar functions. First, due to (2.3) we can view f as a function from the suitably compactified funda-

mental domain SL,(Z)\H to the Riemann sphere C=Cu {eo}. Second, due to the relation between

14
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SL,(Z) and rank two lattices we can associate to each T a complex lattice A; :=1-Z+ 7-Z, and
identify f as a function that associates to each such lattice A; a complex function f(7), which
is moreover invariant under a rescaling of the lattice. The third way, which plays an important
role in the a relation between modular forms and 2-dimensional conformal field theories, stems
from the interpretation of SL(Z)\H as the complex structure moduli space of a Riemann sur-
face of genus one. This can be easily understood from the fact that a torus can be described as
the complex plane modulo a rank two lattice, and is therefore up to a scale given by C/A; for
some T € H. The modular function can then be thought of as associating to each torus a com-
plex number which only depends on its complex structure modulus 7. In this context, the group
PSL,(Z) := SL»(Z)/{1,—1} plays the role of the mapping class group of a torus (cf. §3), where
the Z, = {1,—1} central subgroup acts trivially on H.

Next we turn to the second generalisation and introduce modular forms on the modular group
SL,(Z) of a general weight k. They are defined as holomorphic functions on H that transform
under the action of SL,(Z) as:

f(1) = (cr+d)kf<“”b> v (“ b) € SLy(Z) . (2.6)

cT+d

From the lattice point of view, we consider complex functions f associated to a lattice A that scale
like f + A% f under a rescaling A — AA, A € C, of the lattice. We will consider integral and
half-integral weight k.!

With this definition we start to get some non-trivial examples, even when holomorphicity at
the cusps is required. For instance the following Eisenstein series

oo 3 n
Es(1)=1+240 Y, L — 142404 +2160¢> + ...

n:ll_q

o0 n5qn 2.7
Eo(T) =1—504 =1-504g—16632¢>+...
6(T) ,Z'll—q" q q

are examples of modular forms of weight 4 and weight 6, respectively. But the definition is still
somewhat too restrictive as these two Eisenstein series are all there is: the ring of modular forms
on SL,(Z) is generated freely by E4 and Eg. Namely, any modular form of integral weight k can
be written (uniquely) as a sum of monomials Eff‘Eé3 with k = 4 + 6. We denote the space of
modular forms of weight k for group I' by M;(I'). Among modular forms, the so-called cusp
forms are often of special interest. We say that a modular form f of weight & is a cusp form if
VI2f (x+iy) is bounded as y — oo. This condition guarantees that f has vanishing constants in its
Fourier coefficients at all cusps.

In the third type of generalisation, we often encounter the SL,(Z) subgroups defined by the

IClearly, special care needs to be taken when k is half-integral. Strictly speaking, one should work with the meta-
plectic double cover of SL,(Z). However we will avoid discussing the subtleties here as they will not cause any difficulty
for us. We will refer the reader to [14] for more details.

15
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following congruences. For a positive integer N, we define

To(N) == { (‘; z> € SLy(Z) | ¢ =0mod N} . 2.8)

Below we will illustrate the generalisations above with some examples.

First we consider the Jacobi theta functions. Consider a 1-dimensional lattice with bilinear
form (x,x) = x?. The associated theta function is

65(1) =Y 4" (2.9)

nez

This simple function turns out to admit an expression in terms of infinite products

oo

6:(1)=Y ¢ P =T](1 -1 +q" 1?2, (2.10)

nez n=1

and has nice modular properties. To describe the modular properties, it is most natural to introduce
another two theta functions,

6:(t)= Y ¢?=24"FT](1—q")(1+¢")?,
"= 2.11)

—_

nez n=

It turns out that they are the three components of a vector-valued modular form for SL,(Z)

62(7) i 1
O(t):=]65(7) |, O(1) = \/;5”® <—T> =70(t+1), (2.12)
94(1)
where
001 e(—%) 00
SL=1010], 9= 0 O01]. (2.13)
100 0 10

To illustrate the relation between vector-valued modular forms and modular forms for a con-
gruence subgroup, consider 6(7) := 03(27). This transforms in the following way as a weight 1/2
modular form for I'g(4) with a non-trivial multiplier:

o(t) = (7) &1 (ct+d)"% 0(y1) (2.14)
for all y € I'g(4), where

1,d=1mod4
& = .
i,d=3mod4
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and the Legendre symbol used above is defined as?

1,if ¥ #0mod A and « is a quadratic residue modulo A
(—) =« —1,if k#0 mod A and «x is not a quadratic residue modulo A .
0,if x=0mod A

Later we will see that these theta functions can be naturally considered as the specialisation at z =0
of the two-variable Jacobi theta functions, defined either as infinite sums or infinite products:

Oi(1,2)=—i Y (~1)"2y'q"

n+l€Z

—ig" (12 —y1/?2) N(1—yg")(1-y"'q"),

n l

:(1.2)= Y, y'q"?

n+l€Z
(2.15)
= ("2 +y1?) 1/8]_[ )(L+yg") (1+y'q"),
n=1

=Y g P=T]0—g") A +yg" ) (1 +y'q" '),
nez n=1

2 = — -1 _n—

0:(1,2) = Y (=1)"Y'q" P =T - ") (1 —yg" 21—y g 1/?).

nez n=1

They transform in the following way.

Let
0:(t,2)
GZ(T,Z)
0(1,7) = , 2.16
64(152)
then we have (cf. §2.2),
o(t )—\/Te(—zz)y’e)(—l ) =7'0(t+1,2) (2.17)
=N T 27 A 2 '
where
i000 e(—1/8) 0 00
0001 0 e(—1/8) 00
S = T = . 2.18
0010]° 0 0 01 ( )
0100 0 0 10
Another modular form one frequently encounters is the Dedekind eta function
=q¢"* I -¢". (2.19)

2k is said to be a quadratic residue modulo A if 3 x € Z such that x> = x mod A.

17
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It is a weight 1/2 modular form with a non-trivial multiplier, satisfying

J 1
n(0) =/zn(=2), n(®)=e(=57)n(z+1). (2.20)
It is related to the theta functions by
;1
n(t)’ = 562(1)93(1)94(1). (2.21)
Its 24-th power A := n?* is the familiar weight 12 cusp form for the modular group SL,(Z).

2.2 (Skew-)Holomorphic Jacobi forms

In this subsection we collect the definitions of (skew-)holomorphic Jacobi forms. These types
of objects play a crucial role in moonshine and its connection to physics. This subsection, consist-
ing mostly of definitions, follows §3.1 of [15] very closely.

We first define elliptic forms [16]. For m an integer define the index m elliptic action of the
group Z? on functions ¢ : H x C — C by setting

(@lm(A, 10))(7.2) :=e(mA*T+2mAzZ) ¢ (T,2+ AT+ 1) (2.22)

for (A,u) € Z*>. Say that a smooth function ¢ : H x C — C is an elliptic form of index m if
z+— ¢(7,z) is holomorphic. Denote by &, the space of elliptic forms of index m. Observe that any
elliptic form ¢ € &, admits a theta-decomposition

o(t,2)= ), h(1)0nr(1,2), (2.23)

r mod 2m

where the theta series are given by

2
Onr(t,2):= Y gy,

{=r mod 2m

for some 2m smooth functions A, : H — C. To see this, note from ¢(7,z) = ¢(7,z+ 1) that we
have ¢(7,z) = Yz ce(T)y’ for some ¢; : H — C. Then the identity ¢|,(1,0) = ¢ implies that

c,(r)q"2/4m depends only on r mod 2m. The 2m functions h,(7) := c,(T)q_’2/4’7’

are precisely the
theta-coefficients of ¢ in the theta-decomposition.

It will be convenient to regard 4, and 6,, , in (2.23) as defining 2m-vector-valued functions 4 :=
(hr)r mod 2m and By, := (6p.»)r mod 2m- Then the theta-decomposition (2.23) may be more succinctly
written as ¢ = h'6,,, where the superscript ¢ denotes matrix transpose.

It follows from the Poisson summation formula that the vector-valued function 6,, = (6, ,)

has the following behaviour under SL;(Z):

1 z\ 1 mz?
Gm <_T’T> ﬁe <—> = 5’9,,,(‘6,2), Om(‘L'—I— I,Z) = 59m(1,z), (224)

where . = (/) and .7 = (.7,,) are unitary matrices defined for a fixed positive integer m, given
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V2m
we obtain elliptic forms ¢ = A'6,, € &, with good modular transformation properties SL,(7Z) by

by L = e (—% — ;—;;) and 7, = e (%) 0. (Cf. e.g. §5 of [17].) This suggests that
requiring suitable conditions on /.

To formulate these notions precisely, define the weight k modular, and skew-modular actions
of SL,(7Z) on &, for k and m integers, by setting

(‘P\k,m?’)(f,z)::(p(Mer Z > 1 ( cmz2>

ct+d ct+d (c’l?+d)ke S et+d

N _ fat+b 2 I cE+d [ emd
(Oln?)(7:2):= 9 (CT+d7CT+d> (cT+d)*|cT+d| \errd)”

(2.25)

forg € &y andy=(95) € SLy(Z).

Roughly speaking, a Jacobi form of weight k and index m is an elliptic form ¢(7,z), holo-
morphic in the T-variable, which is moreover invariant under |,y for all y € SL,(Z). Note that
O lm ((1) }) = ¢ implies the expansion

0(r.20)= Y Co(D,0)g Plmgtlamyt, (2.26)
D7
D=/? mod 4m

where Cy (D, ¢) depends only on £ mod 2m, corresponding to the theta decomposition

)= Y Co(D,r)g . (2.27)
DeZ

D=r? mod 4m
The invariance under SL,(Z) of ¢ = h'6,, leads to the modularity of the vector-valued function & =
(hy). In other words, h = (h,) transforms as a vector-valued modular form and contains precisely
the same information as the Jacobi form. To complete the definition, we also need to specify
the growth behaviour of /(7) near the cusp. We say that ¢ € &, invariant under |,y for all
Y € SLy(Z), is a weak holomorphic/holomorphic/cuspidal holomorphic Jacobi form if the Fourier
coefficients satisfy Cy(D,r) = 0 unless —D+ "> > 0 for all ¥ = r mod 2m, Cy (D, r) = 0 for D > 0,
or Cy(D,r) =0 for D > 0, respectively. We denote the space of weak holomorphic Jacobi forms of
weight k and index m by Ji'X. Notice that, at odd weight, applying (2.25) to the case Y= —({ 9)
shows that the Jacobi form must be odd under z <+ —z. It will therefore be convenient to introduce

s = Omr — Oy - (2.28)

We now turn to the closely related skew-holomorphic Jacobi forms. An elliptic form ¢ € &,
is called a weak skew-holomorphic Jacobi form if it meets the following conditions. First, its
theta-coefficients are anti-holomorphic functions on Hj; second, it is invariant for the weight k&
skew-modular action (2.25), so that ¢|‘Z‘fm}/ = ¢ for all y € SL,(Z); finally, T +— ¢(7,z) remains
bounded as 3(7) — oo for fixed z € C. Thus a weak skew-holomorphic Jacobi form admits a
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Fourier expansion of the form

0(t.)= Y Co(D,0)g gl myt (2.29)
D
D=¢? mod 4m

for some 2m functions D — Cy (D, r), and we recover its theta-coefficients by writing

h(t)= Y. Co(D,r)g"*". (2.30)
DeZ
D=r? mod 4m
A weak skew-holomorphic Jacobi form ¢ is called a skew-holomorphic Jacobi form, or a
cuspidal skew-holomorphic Jacobi form, when the Fourier coefficients satisfy Cy(D,r) = 0 for
D <0, 0r Cy(D,r) =0 for D <0, respectively.
We will close this subsection with some examples.

o Define
91‘ ’
bon(rr) =4 Y (2B
=734 0i(7,0)
(2.31)
0 __91(‘5,2)2
T s()

The ring of weak Jacobi forms of even weight is freely generated by ¢ 1 and ¢_; ; over the
ring of modular forms for SL;(Z):

T3k = ¥ Moo (SLa(Z ) 675007 (2.32)
j=0

The function ¢p; plays an important role in Mathieu and umbral moonshine, since 2¢y ;
coincides with the K3 elliptic genus EG(7,z;K3). See §3.3 for a definition of the elliptic
genus.

e In [18] it was shown that the modified elliptic genus of the so-called MSW string [19] in-
volves a skew-holomorphic Jacobi form with index specified by the charges of the black
hole, provided that the moduli is fixed at their black hole attractor value. See §9 for more
discussions on this.

As a concrete example, consider a single M5 brane wrapping P?. The modified elliptic genus
of the resulting effective string is given by 36 ( e 2 2 (T, ), where

1‘22 TZ Z 921r GQrTZ)
rmod 4

is a weight 2 skew-holomorphic Jacobi forms. In the above we have used the definition

1 d
61111,;’(1’-) =5 27T a mr(T Z)

=0 - (2.33)
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Note that 62171 (1)=— 6217_1 (t) = n*(7) coincides with the shadow of the Mathieu moonshine
function (2.42).

2.3 Mock modular forms

In this section we introduce mock modular forms and the closely related concept of mock
Jacobi forms. We follow the treatment of §7.1 of [16] and §3.2 of [15] closely. The subject, initiated
by the legendary mathematician Srinivasa Ramanujan, has a fascinating history. We recommend
[20] for a short account of it.

Letw € %Z and let /2 be a holomorphic function on H with at most exponential growth at all
cusps. We say that £ is a (weakly holomorphic) mock modular form of weight w for a discrete
subgroup I < SL,(R) if there is a modular form g of weight 2 — w such that the sum h:=h+g
transforms like a holomorphic modular form of weigh w for I'. Moreover, we say that g is the
shadow of the mock modular form % and £ is its completion. In the above we have used the
following definition of g*. Writing the Fourier expansion of g as g(7) = ¥, ¢,(n)q", then

g (1) := cg(())(_f:v(z)ilw + ;)(—47'cn)w_lmq_”f‘(l —w,4nn3 (7)) , (2.34)

where I'(1 —w,x) = [ e~ 'r"dt denotes the incomplete gamma function. When ¢,(0) = 0, the
above coincides with the so-called non-holomorphic weight w Eichler integral of g, given by

g (1) = (—2)W*1e(WT*1)/_:(r’ﬂ)*wg(—?)dr’ : (2.35)
Note that
p) N
—ZiS(T)W%g*(T) =g(7), (2.36)

and hence / is annihilated by the weight w Laplacian A,, := 3(7)>"9,;3(t)"dz. Such functions
are called harmonic Maass forms, and one can identify £ as the (uniquely defined) holomorphic
part of the harmonic Maass form /. Finally, note that from (2.34) it is obvious that the harmonic
Maass form / transforms with a multiplier which is the inverse of that of the modular form g.

Just as in the case of usual modular forms, one can generalise the above definition of mock
modular forms in various directions, including incorporating non-trivial multiplier systems and
considering vector-valued mock modular forms. Next we turn our attention to a specific type of
vector-valued mock modular forms, namely those arising from the so-called mock Jacobi forms.
For integers k and m, we say that an elliptic form ¢ € &, is a weak mock Jacobi form of weight k and
index m if the following is true. Write the theta-decomposition of ¢ as ¢ =), 1,6, . First, T+
¢(7,z) is bounded as 3(7) — o for every fixed z € C; second, all the &, are holomorphic; finally,
there exists a skew-holomorphic Jacobi form o =}, 8,6, , € S;k_k’m, such that (73 =Y, fzrﬂmyr 18
invariant for the weight k modular action |, of SL>(Z) on &, (cf. (2.25)) with the definition

1

hy(T) == he(T) + Egt(r) : (2.37)
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As was discussed in [21] and analysed carefully in [16, 22], meromorphic Jacobi forms — what one
obtains when relaxing the condition on Jacobi forms to allow for poles at torsion points z € Q4+ Q7
— naturally give rise to mock Jacobi forms. In particular, all the mock Jacobi forms featured in
umbral moonshine can be viewed as arising from meromorphic Jacobi forms.

From a physical point of view, as demonstrated in a series of recent works, the “mockness” of
these mock modular objects is often related to the non-compactness of relevant spaces in the theory.
See, for instance, [23, 24, 16, 25, 26]. Let us take 2d CFTs with a non-compact target space as an
example. The non-compactness of the target space often leads to a continuous part of the spectrum.
In this case the standard CFT arguments might fail. In particular there could be imperfect pairing
between the bosonic and fermionic states in the continuous part of the spectrum and we could end
up with a non-holomorphic BPS index, given by the completion of a mock modular object, as a
result. See for instance [24, 27, 28, 29, 30, 31] for details for some specific examples, and see the
remark at the end of §3.3 for a more detailed discussion in the context of elliptic genus. Another
context in which non-compactness appears and leads to a role for mock modular forms is wall-
crossing (when approaching the wall, the distance of the bound black hole centers goes to infinity).
The BPS counting of the black hole microstates hence depends on the moduli and correspondingly
the countour of integration [32], and the result of the integration is mock modular [16].

Another source of mock modular forms in physics is the characters of supersymmetric infinite
algebras, such as the .4#” = 2 and .#” = 4 superconformal algebras mentioned in §8.1. Some more
examples can be found in for instance [33] and references therein. Interestingly, as we will explain
in §8.2, the mockness of the mock modular form in (2.42) can be seen as either arising from
CFT with non-compact target space or as a result to the mockness of characters of the ./ =4
superconformal algebra.

We will end this subsection with a few examples.

e Ramanujan wrote down the following simple-looking Eulerian series in his 1920 letter to
Hardy [34],

n

q
" (1 _qn+1)(1 _qn+2)_“(1 _
q’l

o (1=g")(1=g""2) ... (1—-¢*)(1—g**")

=
S
I

N agki

_ 2 3
e =l4+qg+@+24+...,

n

=142¢+2¢°+3¢4 +...,

x
S

Il
s

n

as two of the examples of his mock theta functions (of order 5). In fact, they are closely
related to mock Jacobi forms.

Define I°% = {1,7}, A = {1,11,19,29}, and
H™ (1) =7V 2x0(q) —4) . H™ (1) = 24" x1(q), (2.38)

then (HEs) »<p3Es 18 a vector-valued mock modular form of weight 1/2 for the modular group.
Its shadow is given by the index 30 theta functions

& =3Y 63, (2.39)

acA
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Writing H258 (1) = HPs + (¢358)*, we have

ﬁfEs B e(—%) 0 I’_i13E8
(ﬁ;lﬁ) (t+1)= < 0 e(_%) ﬁ73E8 (1) (2.40)

~ 1 N
(%3&;) (_1> _ L1232 \/1 7 i\/ T (Hf&;) (7) (2.41)

5
3E, 773E
SV \/1 7 %\/1_% ;™

Moreover, H?ES can be viewed as arising from the theta composition of the mock Jacobi form
v (1,2) =Y, g H3E Y 44 0355, More specifically, §358(1,2) := Y, g HEsY 63
is non-holomorphic in 7 and transforms as a Jacobi form of weight 1 and index 30. As

and

the notation suggests, H>*s encodes the graded dimension of the umbral moonshine module
underlying the case of umbral moonshine corresponding to Niemeier lattice N with root
system 3FEg, as we will discuss in §5.2.

e Let H: H — C be given by

—2E,(t) +48F (1)
n(r)?

H(t) = =2¢7% (—1+45¢+2314°+7704°...) ,  (242)

where
E,=1-

is the weight two Eisenstein series (which is not a modular form) and

2 r '

Bl= Y (-1)sq"P=g+i-g+q'+....
r>s>0
r—s=1mod 2

Note that the first few Fourier coefficients of H/2 : 45, 231 770, 2277 , 5796, coincide
with dimensions of certain irreducible representations of the sporadic group My4! Indeed,
in umbral moonshine H = H>*4! plays the role of the graded dimensions of the underlying
My4-module. See 5.1.

This function is a mock modular form with shadow 2413(7) (and therefore with a multiplier
given by the inverse of that of 173(7)). In other words,

H(t) = H(T)+24(4i)" 1/2/ (z4 1)V n(-2)3dz, (2.43)

—T

transforms as a weight 1/2 modular form for the modular group SL,(Z).

2441 (7,z) := H(7)0s, is a mock Jacobi form of weight

Moreover, the two-variable function y
one and index two. This mock Jacobi form can be seen as arising from a meromorphic

Jacobi form by subtracting its “polar part”. To see this, consider the weight one index two
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meromorphic Jacobi form

.0, (77 ZZ)TI3(7)

- 01(7.20)n° ()
y(t,z) = —2i 62(t.2) —_

00.1(7,2) = —i 62(r.2) EG(t1,2;K3) , (2.44)

(cf. (2.31)) which has a simple pole at z € Z + Z7. Then the following identity holds,

(2.45)

v(t,2) = y**1(1,2) — 24 AV [W} :

y—1

In the above Av™ denotes the index-m averaging operator

2
AVMIEy)] =Y g™y F(qhy)
kel

with the elliptic symmetry Av"™ [F(y)]|,u(A, 1) = AV [F (y)] for all A, i € Z, and the sec-
ond term in (2.45) can be interpreted as the canonical “polar part” of the meromorphic Jacobi
form ¢.

e Consider the set of binary quadratic forms with discriminant D,

9y = {Q (i) :AX2+BXY+CY2|BZ—4AC:D} . (2.46)

This has a natural action of SL;(Z), acting as

()= (96)

and we are interested in elements in Zp that are not equivalent under the modular group
action. For instance, an interesting number is the Hurwitz-Kronecker class number

HD):= )

0e€2p\ SLy(Z)

1
— (2.48)
g
where mg denotes the order of the SL,(Z)-subgroup that leaves Q invariant. It takes values in

{1,2,3}. Roughly speaking, this number counts the number of inequivalent quadratic forms
with discriminant D, and will play an important role in §6 and §9.

To each Q € Z) there is a unique root o (satisfying Q[1, ap| = 0) in the upper-half plane.
Clearly, J(0y) is independent of which representative of Q one picks in the SL,(Z)-orbit and
one can similarly define weighted sums like (2.48), but now involving values of polynomials
of J evaluated at o, referred to as the traces of singular moduli. The generating functions
of such quantities (summing over D with the grading factor ¢ for some ¢) will turn out to
have interesting modular properties.

For instance, the following generating of the Hurwitz-Kronecker class number, extended by
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1 15 1
H(T) = L;OH(D)qw' =-5+ gq3 + 5614 +q ¢+ (2.49)

is a mock modular form of weight % for I'y(4), with shadow given by the theta function 6(7)
(see §2.1). The mock modularity property of this function is realised very early on in [35].
This form also has the interesting feature that it is bounded at all cusps and hence has slow
growth in its Fourier coefficients, corresponding to the subtle growth of the class numbers.

The physical relevance of this function will be mentioned in §9. This is in fact perhaps the
first mock modular form which was found to play a role in physic [36, 37].

3. Conformal field theory in 2 dimensions

This chapter gives a brief summary of some key ingredients of 2-dimensional conformal field
theories (CFTs), and is in no way meant as a complete exposition. CFTs are relevant for moon-
shine, since in the cases that are known so far the corresponding moonshine modules feature vertex
operator algebra (VOA) structures, which capture the structure of the chiral algebra of a 2d CFT.
Instead of the more formal VOA language, we opt for the CFT language more familiar to physi-
cists. References on the basic knowledge of CFT include [38, 39, 40, 41]. See also Professor Xi
Yin’s TASI lecture notes in this volume [42].

After the general summary of the basic structure in §3.1, we quickly review aspects of (holo-
morphic) orbifolds that are relevant for moonshine, in particular for the understanding of the mod-
ular properties of the moonshine functions. After that we focus on supersymmetric conformal field
theories and introduce the so-called elliptic genus, counting BPS states, that will play an important
role in the discussion of the physical context of Mathieu and umbral moonshine in §8.

3.1 General structure

A conformal field theory is a quantum field theory with conformal symmetry. Conformal
transformations are coordinate transformations that preserve the conformal flatness of the metric.
Focusing on Riemannian manifolds of Euclidean signature, a metric is said to be conformally flat if
it can be written in the form ds? = e©™) Ouvdx*dx¥. Conformal transformations locally preserve the
angles but may deform the lengths arbitrarily, so conformal symmetry is typically associated with
the absence of an intrinsic length scale. On the conformal compactification (by adding the point
at infinity which is necessary for the special conformal transformation to be well-defined) of R"°
for n > 3, all conformal transformations are globally well-defined and form a group isomorphic
to SO(n+ 1,1,R). The corresponding local transformations thus form a finite-dimensional Lie
algebra isomorphic to so(n+ 1,1,R). In two dimensions, however, the condition of conformal
invariance is equivalent to the Cauchy-Riemann equation and any holomorphic function gives rise
to an infinitesimal conformal transformation. Using the generators

25



TASI Lectures on Moonshine Miranda C. N. Cheng

for n € Z, we see that the local conformal transformations form an infinite-dimensional Lie algebra,
which contains two commuting copies of the Witt algebra with commutation relations

Witt: [ly, ly] = (m—n)lpin - (3.2)

It is important to emphasise that most of the conformal generators in 2 dimensions are purely
local, i.e. they do not generate globally well-defined transformations. Consider, for example, the
Riemann sphere C = CUw, i.e. the Riemann surface of genus zero. On C, only £y, ¢+ generate
global conformal transformations, which form the Mobius group SO(3,1,R) = PSL(2,C).

The quantisation of a 2-dimensional CFT is typically done on C. The theory on the Riemann
sphere determines the theory on any other Riemann surface uniquely, but does not guarantee their
consistency, as one must also require crossing symmetry and modular invariance of the torus par-
tition function (see below). To see how to quantise on C, we note that C with origin removed is
conformally equivalent to a cylinder S' x R. Denoting by y and ¢ the coordinates for S' and the
Euclidean time R, the conformal map z = ¢/ maps the cylinder to C\ {0} and in particular maps
the infinite past to the origin. The usual time ordering on the cylinder becomes radial ordering on
the plane, and the associated space of states is built on radial slices.

Anything that resembles a local field ¢(z,Z) is called a field in CFT. If a field depends only
on the holomorphic variable z we call it chiral field (or anti-chiral if it depends only on Z). Upon
quantisation, fields become operator-valued distributions that create states in the space of states
S, by acting on the vacuum |0) € 7. This is called the state-field correspondence, which maps
an field ¢ to a state

6 10) == lim 9(z.3)[0) . (33)

created at the origin on the plane (or past infinity on the cylinder). A crucial property of a CFT is
that the above map is bijective; every state corresponds uniquely to a single local operator, whereas
for a typical QFT different fields can produce the same asymptotic state. This can be understood
through the fact that under conformal transformation ¢+ — —eo is mapped to a single local point on
C.

The product of two fields inserted at the same point is generically singular. The singularity
structure is captured by the so-called operator product expansion (OPE)

01(2)$2() ~ Y Dalz—2)0a(7) (34)

where ~ means that we only keep the singular terms. Here O,(z) are fields of the theory and
D, (z—7) are complex-valued functions with polynomial or logarithmic singularities when z — 7'.
The non-singular part of @1(z)¢ (') is captured by the normal-ordered product, which can be
defined as

oo

101(2)02(2): = 91(2)92(2) = ) Dulz—2)0u(d) - (3.5

n=0
When there are only polynomial singularities in D, (z — 7)) we say that the fields ¢; and ¢, are

local with respect to each other, in the sense that there are no branch cuts and contour integrals are
well-defined.
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The conserved current associated with the continuous conformal symmetry of a 2d CFT is the
stress-energy tensor, and we denote T'(z) := T.;(z) and T(Z) := Tz(Z). Classically, these are the
only non-vanishing components. Upon quantisation on a generic Riemann surface this is broken to
(T4) = —13R where R is the Ricci scalar.

Since the treatment of the chiral and anti-chiral parts is identical, we will from now on focus
on the former. The holomorphicity of the stress-energy tensor 7'(z) follows from the fact that the
associated conserved charges are precisely the generators of infinitesimal holomorphic conformal
transformations (3.1). Specifically, we have the mode expansion

1
L= — ?f T(2)?"'dz & T(z)=) L.z "?. (3.6)
2 nez

The modes L, however, do not generally satisfy the Witt algebra (3.2). This is because the confor-
mal symmetry is typically “softly" broken by quantum effects. The OPE of 7'(z) with itself,

c/2 N 2T (w) +8T(w)

T(2)T(w) ~ , 3.7
@Tw) (z—w)*  (z—=w)?  z—w @-7)
is equivalent via the mode expansions to the commutation relations
C
[Lins L) = (m — 1)Ly + —=m(m* — 1) Spino - (3.8)

12

In the above, the real constant c is called central charge, and the new algebra is the Virasoro alge-
bra *Uir, which is a central extension of 2Jitt by the term containing the central charge. Moreover,
the two resulting Uit copies commute, i.e. [L,,,L,] = 0, and there is a central charge ¢ associated
with the anti-chiral part, which can in principle be different from c. The central charge captures
important information of a CFT and gives a measure for the number of degrees of freedom, but
there can exist multiple different CFTs with the same central charge. It is related to a “soft" break-
ing of the conformal symmetry because it indicates that the stress-energy tensor, which generates
conformal transformations, transforms anomalously under conformal mappings. For instance, for
the transformation z = ¢",w = ¢ + iy from the cylinder to the Riemann sphere, we have

T(z) =272 (Tcyl(W) + i) , (3.9

which leads to the following relation between the Hamiltonian ;.. gice W (Tey1 (W) + Tey1 (W) and
fradialfslice % (T (Z) + T (Z) )2

- c+¢
H=Ly+Ly— ) 1
0o+ Lo o (3.10)
Similarly, we have the momentum (or spin)
- c—¢C
P=Ly—Ly— . 3.11
0—Lo——; (3.11)

As aresult, the eigenvalues of Lo plays the role of the chiral part of the energy, and the central
charge gives rise to non-vanishing ground state energy. The eigenvalue & under Lg of an eigenstate
|h) € A, i.e. Lolh) = h|h), is called the conformal weight of |h). If, moreover, L,|h) = 0 for all
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n > 0, then |h) is called a Virasoro primary state and the corresponding field called a primary field.
This terminology also extends to the corresponding fields ¢, via the state-field correspondence. A
state of the form L_j L_y,---L_g, |h) (ki > 0) is called a Virasoro descendant of |h). If |h) is a
primary state, then along with all of its descendants they form a so-called Verma module for ‘Uir.
The primary state |4) is then called the highest-weight state of the module, since it has the lowest
(somewhat confusingly) conformal weight among all of its descendants.

Since the states organise themselves into Virasoro representations, one can decompose the
space of states of a CFT into a direct sum of Uit and Uit modules. In general, focussing on the
chiral part, one can have an enlarged symmetry algebra that contains Uit. This is called the chiral
algebra of the CFT, and is denoted here by 7#'. We are mainly interested in rational conformal field

theories (RCFTs), which contain a finite number of such modules; let (%), ®(7') denote the sets
of these (chiral and anti-chiral respectively). The space of states can then be written as

H = S5 Zyn (M®N) . 3.12)
Med(V),Ned(¥)

The states in such RCFTs get organized in #-modules, whose highest-weight states correspond
to chiral primaries, which are not only Virasoro primaries, but also primaries with respect to 7.
The chiral descendants are generated by acting with #” on the chiral primaries. This means that if
A(z) € ¥, then A(z)M C M for any M € ®(¥).

The subspace V C ¢, corresponding to the chiral algebra ¥ via the state-field correspon-
dence, always forms an irreducible #-module V := M; € ®(¥'), which contains the vacuum and
all states corresponding to the Virasoro primaries generating ¥, also commonly called currents,
along with their chiral descendants. Modular invariance requires that the eigenvalues of Ly — Ly
are integers, which also means that all states in any M € ®(%") have the same weight up to an
integer. Specifically, all states in the vacuum module V should have integer weights. However,
by dropping modular invariance as an initial requirement, the chiral algebra can possibly contain
currents of half-integer weights (fermionic currents), or any rational weight (parafermions). The
price to pay is that these currents have non-local OPEs (in the sense discussed previously), with
the corresponding branch cuts leading to the introduction of various sectors (for fermionic currents
these would be the Ramond and Neveu-Schwarz sectors). The modular invariant theory can then
be constructed by a suitable projection.

The chiral algebras themselves are the central objects in the theory of Vertex Operator Alge-
bras (VOAs), where they are discussed in an axiomatic manner. In the context of moonshine, an
important property of a chiral algebra is the finite group part of Aut(”"). The most famous example
is the Monster CFT Vh, which is a VOA with Aut(V“) = M, the Monster group. Furthermore, 1%
is an example of a holomorphic VOA, i.e. a VOA that has a unique irreducible ' -module, namely
the space V.

In 2d CFT one is interested in calculating correlation functions of fields, inserted at specific
points on a Riemann surface X. These can be cast in terms of chiral quantities called chiral blocks.
Writing X = ¥, , with genus g and n marked points py,..., p,, a chiral block is a multilinear map
from M) ® --- ® M,, to a meromorphic function. This notation means that a field in M; € ®(7) is
inserted at the point p;. In the case of RCFT, they can often be obtained as solutions to certain

28



TASI Lectures on Moonshine Miranda C. N. Cheng

differential equations [43, 44, 45]. The chiral blocks form representations of the mapping class
group T’y ,, which captures the discrete (and almost always infinite) symmetries of Xo ,. It can
be defined by the quotient I'y, = Aut(X, ,)/Auty(X, ,), where Auty(X, ) is the component of
Aut(X, ,) that is connected to the identity. Hence, I, , maps between equivalent Riemann surfaces
X¢ ., Which only differ by a discrete automorphism. As a result, the moduli space .#,,, which
parametrises the conformally inequivalent Riemann surfaces, has naturally the following quotient
form,

Mon= Tgn/Ten , (3.13)

where 7, , is the so-called Teichmiiller space.

Chiral blocks have in general non-trivial monodromy as functions of the moduli space .#; ,
(see for example [40] for more details). Chiral blocks will thus generally be multi-valued functions
on .#,,, and in order to make them well-defined one should lift them to .7, ,. As a result, they
will then carry a representation of the mapping class group I', ,,. This is one way to understand the
origin of the modular properties of torus blocks, and in particular moonshine modules.

To explain this, let us now focus on the case of Xy 1, i.e. tori with a single marked point. As
explained in §2.1, a torus can be described up to a scale by C/A;, where A; is the lattice in C
generated by the vectors 1 and 7 € H. An SL,(Z) transformation leaves the lattice invariant and
as a result the mapping class group I'; o = PSL,(Z) is given by the part of SL,(Z) that acts non-
trivially on the Teichmiiller space Hl. As any point is equivalent to any other point on a torus due
to its translation symmetries, we also have I'y o = 1"y | and .4 o = 4 1.

Chiral blocks on X ;, when lifted to .7] ;, will consequently be functions of the modular
parameter 7. For RCFTs, they form a space of finite dimensions, and the dimension is given
by the number of irreducible modules in ®(%¥"). They admit a natural basis given by the graded
dimensions, or characters, of the irreducible modules M € ®(¥)

chy(T) = Ty gHo—</?4 | (3.14)

where g = e>™®

as before. As discussed previously, the characters furnish a representation of I'y | =
PSL(2,7), so that the chy(7) are components of a weakly holomorphic vector-valued modular
form for PSL(2,7). In other words, they mix with each other under the action of the modular
group and the way they mix determines their OPE via the Verlinde formula. The modularity of

characters of RCFTs is rigorously shown in the context of VOAs by Zhu’s Theorem [46].

The partition function of a 2d CFT is defined as the O-point correlation function on the torus,
which encodes the spectrum of the theory. In the operator formalism, a torus with modular param-
eter T = T +iTp can be obtained from the Riemann sphere by first conformally mapping it to the
cylinder S' x R, and then imposing periodic boundary conditions on the Euclidean time direction
R. The Hamiltonian and momentum operators H, P then propagate states along both cycles of the
torus, so the spectrum is embodied in the trace of the corresponding evolution operator over the
space of states,

Z(7,7) 1= Tryp ?mnP2m0H (3.15)
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Using (3.10)-(3.11), we can rewrite it as
Z(T,%) =Trpqb g5 (3.16)

making it manifest that it is a generating function of the multiplicities of states at given chiral and
anti-chiral conformal weights in 7. From (3.12) we see that it has the following decomposition
in terms of chiral blocks

Z(t,7) = Zyw chm(T)chy(T) . (3.17)

The partition function (3.15) can also be computed using the path integral formalism when a La-
grangian description of the CFT is available. In this language, we have Z = [ D¢ ¢~ 9], with the
fields having appropriate boundary conditions on the two cycles of the torus. Also from this point
of view, it is clear that the partition function should be modular invariant. This invariance imposes
severe constraints on the spectrum of 2d CFTs. For instance, modular invariance was used to clas-
sify supersymmetric minimal models and further extensions. See [47, 48] and references therein
for some of these results. In the context of moonshine, we are mainly interested in the chiral CFT,
where the modular properties are not as stringent.

3.2 Orbifolds

A special class of CFTs which is of particular interest for moonshine is the so-called orb-
ifold CFTs [49]. The orbifold construction essentially entail “gauging” a discrete symmetry group
G of the chiral algebra ¥'. More precisely, it builds a theory whose chiral algebra contains the
G-invariant subalgebra #'C of ¥, by retaining the G-invariant states of the original theory and
introducing new “g-twisted" sector states, for every g € G.

There are two important ways orbifold considerations enter the study of moonshine. First, we
will see in §4 explicit constructions of moonshine chiral CFTs obtained by Z,-orbifolds. Second,
the partition functions twined by the finite group symmetries provide the necessary information
about the group actions on the moonshine CFT and constitute the modular objects playing a cen-
tral role in moonshine. Generalising this to the twisted sectors leads to the so-called generalised
moonshine, which we will mention in the next part of the lecture.

Orbifold chiral algebra. Here we are mainly interested in orbifolds of chiral RCFTs (rational
VOAs). We are interested in automorphisms of the operator algebra. If such an automorphism
acts trivially on the operator algebra, i.e. without permuting the modules M?, then it is said to
be inner. In particular it preserves the chiral algebra of the chiral CFT. Let ¥ denote the chiral
algebra, G C Aut(?) a finite symmetry group, and M{,..., M its irreducible #"-modules. Here
e € G denotes the identity element which will later be generalised to arbitrary g € G. In particular,
we have M{ =V, the vacuum module corresponding to 7.

Given such a symmetry, the chiral algebra is decomposed in G-representations as

V= pa 7, (3.18)
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where the corresponding spaces V,, contain states that transform under the irreducible representa-
tions p, of G, and a runs over all of them. The G-invariant subalgebra

v .={opc¥ |hp=¢ YVheG}, (3.19)

corresponding to the trivial representation py of G, is called the orbifold chiral algebra in this
setup. Note that while V is irreducible as a #-module, it is generically reducible as a ¥ “-module,
as shown in (3.18). We instead identify the corresponding space V,, corresponding to 7, as the
irreducible 7 “-modules relevant for the orbifold CFT.

An analogous statement holds for the rest of the #’-modules, and we have decompositions

M =P pa @M, . (3.20)
a

An important subtlety is that p now runs over all irreducible projective representations of G. Pro-
jective representations generalise the usual notion of representations introduced in §1.4, by allow-
ing them to respect the group operation up to a phase,

p(hihy) = ce(h1,h2)p (h1)p(h2) (3.21)

where ¢, (h1,hy) is a U(1)-valued 2-cocycle, representing a class in the group cohomology H?(G, U(1))
of G. This type of behaviour is allowed in CFT because such a phase cancels when the chiral and
the anti-chiral contributions are combined and hence is not in conflict with the modular invariance

of the final theory. See [50] for a nice survey on projective representations of finite groups. Also
note that the G-invariance of the vacuum implies that the vacuum module V carries true represen-
tations in the decomposition V = @, p, @ V,.

Twinings. For each h € G, acting as an inner automorphism of the operator algebra, we define
the twined characters
chi (hD ;T) S [h qLo—z‘i] . (3.22)
e 1

Note that the special case h = e simply gives the usual character or graded-dimensions, of M. In
terms of the decomposition into irreducible ¥ “-modules, the twined characters are expressed as

ch; (hg ;r) = ¥ () ch (M) (3.23)

where J, are projective characters of G, and ch (Mfa> are the graded dimensions of M; . Using
the orthogonality of the projective representations analogous to (1.18) one can obtain the character
ch; (h O ;7 ) from the 2-cycle and the character of the projective representation p,,.

e

In a similar fashion, we define the twined partition function as
z(m ;r,f) = Tryp [h qLO*z%in*%] . (3.24)
e

In the path integral language, the twined partition function is obtained by imposing h-twisted
boundary condition for the fields on the cycle of the torus which is identified with the “temporal”
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circle, while the boundary condition along the spatial circle remains unchanged, i.e. ¢(z+7) =
h-¢(z) and ¢(z+1) = ¢(z). From this point of view, it is clear that Z (h 057, 1':) should be invariant
under a subgroup of SL,(Z) that preserves the h-twisted boundary coridition (SLy(Z) transforms
the boundary conditions on the two independent cycles of the torus as in (3.27) below).

Twisted sectors. Provided that ¥ is sufficiently nice, in the sense that it satisfies the so-called
C>-cofiniteness condition (see [40] for the definition), then for any g € Inn(%), the inner automor-
phisms of 7/, one can define an irreducible g-twisted ¥ -module M;g foreachi=1,--- ,n[51]. Inan
orbifold theory these modules make up the g-twisted sector of the theory. Clearly, G is no longer
a symmetry group for these modules; only the centraliser subgroup C(g) (cf. §1.1) remains as a
symmetry of the g-twisted sector. As a result, for any commuting pair g,h € G, we can analogously
define the twisted-twined characters

ch; (hD ;‘L'> i=Trye [h qL"_ﬁ] , (3.25)
g 1

i.e. the twined characters in the twisted sectors (of which (3.22) is a special case). In the path
integral language, they are obtained by additionally imposing g-boundary conditions for the spacial
cycle of the torus, i.e. we have ¢(z+1) = g-¢(z) as well as ¢(z+T) = h-¢(z). They similarly
admit the decomposition
ME =P pa M, (3.26)
a

where the sum now runs over all irreducible projective representations of C;(g). Accordingly, an
obvious generalisation of (3.23), obtained by replacing e with g and G with Cg(g), also holds for
the twisted sectors.

We have already mentioned that the twined partition functions enjoy modular properties. Sim-
ilarly the characters (3.25) form vector-valued modular forms for some congruence subgroup with
certain multiplier systems. This can be understood via the SL,(7Z)-action on the boundary condi-
tions: under modular transformations (¢ %) € SL(2,Z) on the torus, the boundary conditions (g, /)
on the two cycles change as

(g,h) — (hfgd,h“g”) . (3.27)
As a result, the twisted-twined characters transform as
at+b i
hi | O = g, h)iichi [ h%g® O ;1| 3.28
Cz(g CT+d> ;W('}/g )ljcl< gh"g" > ( )

where y(7,g,h) is an n X n matrix with scalar entries. The special case of holomorphic VOAs , i.e.
those that contain only a single irreducible (untwisted) ¥"-module .77, is the easiest to describe. In
this case, the chiral partition function coincides with the character of the chiral algebra and (3.28)
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becomes [52]

Z <hD ;r+1> =c,(g,h)Z (ghD ;T> ;
g 8

R Wi sy (P
AWI=E cn(g,8 )2 ¢'05T ),
8 T h

where now the phases are given by a 2-cocycle representing a class in H*(Cg(g),U(1)) as in
(3.21). Moreover, all the phases for all g should descend from a 3-cocycle representing a class in
H3(G,U(1))[53, 52].

(3.29)

In a non-chiral CFT, the spectrum consists of the G-invariant parts of all the twisted sectors,
leading to the following expression for the partition function

_ 1 _
Z(1,7) = @gl;’lgz (h? ,r,r) £(g,h) (3.30)

where €(g,h) is a phase called the discrete torsion, which is just 1 in the simplest cases of orbifold
constructions. As usual, the above partition function is modular invariant in a consistent orbifold
CFT.

3.3 Elliptic genus

In the previous subsections we have discussed conformal theories in general. In the context
of string theory and in this lecture, we often encounter 2d CFTs with supersymmetries. In this
subsection, we will introduce introducing some necessary background on superconformal algebras
and their representations, and in particular explain what an elliptic genus is, first from a physics
point of view and then from a geometric point of view.

With supersymmetries, the presence of fermions leads to many new features, stemming from
the fact that there is now an extra Z, grading on the Hilbert space: V =V, @ V). (In the context
of moonshine, this leads to supermodules of finite groups, cf. (1.20). ) For instance, in the
context of type II superstrings compactified on Calabi-Yau manifolds, the relevant “internal" CFT
is a non-linear sigma model with .4/~ = 2 supersymmetry. The Calabi-Yau structure of the target
space guarantees that the theory has the ./ = 2 extension of Virasoro symmetry, given by the so-
called .4 = 2 superconformal algebra (SCA). In particular, superstrings on K3 manifolds and the
corresponding elliptic genus will play an important role in §8.

The terminology “.4~ = 2" refers to the fact that we include 2 fermionic currents in the al-
gebra on top of the bosonic energy-momentum tensor 7(z). Furthermore, there’s now an extra
automorphism, called the R-symmetry, that rotates different fermionic currents onto each other.

We denote the two fermionic currents by G (z) and G_(z) and the U (1) R-symmetry current
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rotating the two by J(z). The algebra reads

L L] = (1 —1)Lyson + ~—=mm(m* — 1) Speno

12

[J;n>-]] m5m+n0

[Lm-]m] me+n

[L,,GE] = (f—r) G, (3.31)
., GE] = inSrn

- c 1
{G/,G} = 2Ly + (r—s)Jrs + 3 (’"2 - Z) 81150 ,

and all other (anti-)commutators are zero. As before we have two possible boundary conditions for
the fermions
2r=0mod 2 for R sector
(3.32)

2r=1mod 2 for NS sector.

Two comments about this algebra are in order here. First, we have now two generators, Ly and
Jo, of the Cartan subalgebra. As a result, the representations will now be graded by two “quantum
numbers", given by the eigenvalues of the Ly and Jy of the highest weight vector. The second new
feature is that there is a non-trivial inner automorphism of the algebra, which means that the algebra
remains the same under the following redefinition

Ly Ly + 1, +mn* 8,0
SFy @ Jy = Jy+2mn 0,0 (3.33)
G — Griy
with 1 € Z. This automorphism is called spectral flow, and in the above we have written m := ¢ /6.
If instead we choose 11 € Z + 1/2 we exchange the Ramond and the Neveu-Schwarz algebra. Note
that the only operator (up to trivial rescaling and the addition of central terms, of course) invariant
under such a transformation is 4mLg — Jg. Recall also that NS sector states give spacetime fermions

and Ramond sector states give spacetime bosons. Hence the spectral flow operator has an intimate
relation to spacetime supersymmetries.

Ramond ground states and the Witten index. In what follows we will focus on the Ramond
algebra and define the Ramond ground states of .4 = 2 SCFT. As usual, we require the ground
states to be annihilated by all the positive modes:

Lo|¢) = Ju|0) = GF|¢) =0 forall m,n,r>0.

Moreover, they have to annihilated by the zero modes of the fermionic currents
+
Gy ¢) =
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This condition fixes their Ly-eigenvalue to be

1 c
+ —
- = (Lo 57 )10y =0.
SAGE.Gy H9) = (Lo—27)19) =0
Let’s ignore the right-moving part of the spectrum for a moment and consider a chiral Hilbert

space V. We define its Witten index as
WI(t,V) =Try ((—1)"g" %) .

If a state |y) is not annihilated by G, then the states |y) and G |y) together contribute 0 to
WI(7,V) since [Ly, G} ] = 0 while [Jo,G}] = G;. The same argument holds for G, and we con-
clude that only Ramond ground states can contribute to the Witten index. As a result, the Witten
index WI: {.# =2 SCFT} — Z is independent of T and counts (with signs) the number of Ramond
ground states in V.

Notice moreover that the Witten index for .4~ = 2 SCFT acquires an interpretation as com-
puting the graded dimension of the cohomology of the G(T operator, satisfying (Gg )2 = 0. For
{G§,(G3)"} ={G§,Gy } = Lo — 5. the Ramond ground states have the interpretation as the har-
monic representative in the cohomology. This fact underlies the rigidity property of the Witten
index and the elliptic genus which we will define now.

The same analysis can be trivially extended when one has a non-chiral theory with both left-
and right-moving degrees of freedom: the Witten index

WI(T, f7 V) = TrV ((_1)-]?)+Joq—l:ofﬁq[‘072(j)

counts states that are Ramond ground states for both the left- and the right-moving copy of .4~ =2
SCA.

The ./ = 2 elliptic genus. It is fine to be able to compute the graded dimension of a coho-
mology, but we can go further and compute more interesting properties of this vector space. For
instance, we have learned that the representations of .4~ = 2 SCA are labelled by two quantum
numbers corresponding to the Cartan generators Ly and Jy. It will hence be natural to consider the
following quantity which computes the dimension of G(J{ cohomology graded by the left-moving
quantum numbers Lo, Jy.

The elliptic genus of a 4" = (2,2) SCFT is defined as the following Hilbert space trace

EG(7,2) = Trp, ((_1)Jo+J_()yJoqLo—C/24qI:o—C/24> - (3.34)

where #&r denotes the Hilbert space of states that are in the Ramond sector of the .#" =2 SCA
both for the left- and right-moving copy of the algebra. From the same argument as that for the
Witten index, this quantity will be independent on ¢ and will hence be holomorphic as a function
of both 7 and z.

Note that the elliptic genus can be seen as something between the partition function and the
Witten index. While the former counts all states and the latter counts only RR ground states, the
elliptic genus counts states that are Ramond ground state on the one side and unconstrained on the
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other side. It contains a lot more information but still has the rigidity property of the Witten index
which makes it possible to compute for many SCFTs, and as such it offers a good balance between
information content and computability.

When the theory has a finite group symmetry G which commutes with the superconformal
symmetries, one can define the ellpitic genus twined by g € G as

EG,(7.2) = Trog (g (—1)hyloghome/2gh=er2). (3:35)
These objects will play an important role in the discussions in Part II and III.

Modular properties. As in the case of partition functions (cf. §3.1), a path integral interpretation
of the elliptic genus suggests it has nice transformation property under the torus mapping class
group. Moreover, the inner automorphism of the algebra (the spectral flow symmetry) implies
that the graded dimension of a Ly-, Jo- eigenspace should only depends on its eigenvalue under
the eigenvalue of the combined operator 4mLy — Jg and the charge of Jy mod 2m where m = ¢/6.
Hence, the Fourier expansion of the elliptic genus should take the form

EG(t,2) = Zq”y[c(élmn —2.0).
nt

where ¢(D,¢) only depends on D and ¢ mod 2m (cf. (2.26)). From these facts one can deduce
that the elliptic genus of an .4~ = (2,2) SCFT with central charge ¢ = 6m is a weak Jacobi form
of weight zero and index m. Similarly, following the same argument and that in §3.2, the twined
elliptic genera are also weak Jacobi form of weight zero and the same index, but with the modular
group SL,(Z) in (2.25) replaced by a certain subgroup which depends on the twining symmetry g.

The geometric elliptic genus. For a compact complex manifold M with dimyM = djy, we can
define its elliptic genus as the character-valued Euler characteristic of the infinite-dimensional for-
mal vector bundle [54, 55, 56, 57, 58]

Egy = YN 1 T @t Ay 10 T3t uzt A -y T @0 S (T © Ty,
where Tjs and Ty; are the holomorphic tangent bundle and its dual, and we adopt the notation
AV =1+qV+@NV+..., and S,V =1+gV+¢SV...,
with S¥V denoting the k-th symmetric power of V. In other words, we have
EG(7,2:M) = /M ch(E,,)Td(M). (3.36)

From the above definition we see that this “stringy” topological quantity reduces to the familiar
ones: the Euler number, the signature, and the A genus of M, when we specialise ztoz =0, T /2, (t+
1)/2, respectively.

When M has vanishing first Chern class, in particular when M is a Calabi—Yau manifold, its
elliptic genus EG(7,z; M) can be shown to be a weak Jacobi form of weight zero and index dy/2
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[58]. Note that the supersymmetric sigma model on a Calabi—Yau manifold flows to a supercon-
formal SCFT in the infrared. The elliptic genus of this ./” = (2,2) SCFT, defined as in (3.34), then
coincides with the geometric elliptic genus defined in (3.36) of the Calabi—Yau manifold.

Examples: K3 and T*.  There are two topologically distinct Calabi-Yau two-folds: K3 and 74.
Since both are equipped with a hyper-Kihler structure, extending the Kihler structure of generic
Calabi—Yau manifolds, the superconformal symmetry is enhanced from .4/" = (2,2) to .4 = (4,4).
From the above argument, we expect their elliptic genus to be weight zero weak Jacobi forms with
index 1. Coincidentally, the space of such a form is one-dimensional and is spanned by ¢ ;(7,z)
(cf. (2.31)), and hence we only need one topological invariant of the Calabi-Yau two-folds to fix
the whole elliptic genus. From

EG(1,z=0;T") =x(T*)=0 , EG(t,z=0;K3)=x(K3) =24

and
(P()’](‘L',Z = 0) =12

we obtain
EG(1,zTH =0 , Z(1,2K3) =2¢0.1(7,2) .

This clearly demonstrates the power of modularity in gaining extremely non-trivial information
about the spectrum of a SCFT.

Remark. The argument for the holomorphicity of the elliptic genus fails in an interesting way for
theories whose spectrum contains a continuous part. Due to the possible spectral asymmetry (i.e.
non-perfect pairing between bosonic and fermionic states), the elliptic genus, when defined as a
trace/integral over the full Hilbert space with continuous spectrum included, of such a theory could
develop a non-trivial g-dependence. For such an object the usual path-integral intuition still holds
and the resulting non-holomorphic function transforms as a Jacobi form. Restricting to the discrete
part of the spectrum, the analogous trace will be holomorphic but will no longer be modular. In
particular, it will be a mock Jacobi form. As a result, in this context the holomorphic part of the
elliptic genus is a well-defined notion both from a physical and mathematical point of view. From
the physics perspective, the holomorphic part corresponds to the contribution from the discrete
part of the spectrum [59, 24, 27, 30]. From the mathematical point of view, the holomorphic part
corresponds to the holomorphic part of the harmonic Maass form [60]. We will encounter such a
situation in §8.2.
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Part 11
Moonshine

In this part we describe classical and recent cases of moonshine connections, focussing on the
mathematical statements and postponing the physics till the next part. We organise the different
cases in terms of the weights of the modular objects involved, and we will see that in different
weights the moonshine relations have features that are different in interesting ways.

4. Moonshine at weight zero

Here we review the two moonshine connections, monstrous and Conway moonshine, that
occur at weight zero. They are the moonshine cases that are best understood at the moment, in
terms of the specification of the modular objects, the origin of the symmetries, and their physical
context.

4.1 Monstrous moonshine

Monstrous moonshine is arguably one of the most fascinating chapters of mathematics in the
last century, where finite groups and modular objects were first noticed to be related via physical
structures. As the theory of moonshine further develops, we believe that monstrous moonshine will
remain the most distinguished example of moonshine phenomenon from various points of view. In
this section we briefly describe the features of monstrous moonshine, and we refer to [40, 61, 62]
and references therein for other excellent reviews of this beautiful story, in particular the historical
aspects of it.

The term monstrous moonshine, coined in [63], refers to the unexpected connection between
the representation theory of the Monster group M and the modular form

J(t) =Y anq" =q ' +196884q+214937604" + 864299970¢° + - - - , 4.1

n>—1

which we encountered in (2.5). The development of monstrous moonshine was initiated with the
key observation, due to McKay, that the coefficient 196884 in the g-expansion of J can be de-
composed as 196884 = 1 + 196883, where the summands are the dimensions of the two smallest
irreducible represenations of M. Similar decompositions were observed for the next few coeffi-
cients by Thompson in [64]:

1=1
196884 = 196883 4- 1
21493760 = 21296876 + 196883 + 1 4.2)

864299970 = 842609326 + 21296876 +2 - 196883 +2 - 1

where 1, 196883, 21296876, and 842609326 are dimensions of certain irreducible representations
of M. The observation led to the conjecture of the existence of an infinite-dimensional Z-graded
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Monster module,

V=V, 4.3)

such that dimV,, = a, for all n > —1. In other words, J acquires the interpretation as the graded
dimension of V
J(1)=") dimV,q". (4.4)

n>—1

Notice that Vj is empty, corresponding to the vanishing constant coefficient of J.

The conjecture. This conjecture as stated above is not interesting since one could take each V,,
to contain ¢(n) copies of the trivial representation of M to make (4.4) true, given the fact that all a,
are non-negative integers. To access the information on the M-action, Thompson also proposed in
[65] to look at the graded characters of V, the so-called McKay-Thompson series defined by

T (1) =Y Try,(g)q", 4.5)

n>—1

for each element ¢ € M (with T, = J). Note that the g-series T,(7) must also have vanishing
constant term. As is clear from the definition, the 7} are class functions, i.e. Ty = Tjo,-1. As a
result, there are at most 194 distinct 7, as M has 194 conjugacy classes. In fact, it turns out that
T, only gives rise to 171 distinct functions. The main point of monstrous moonshine lies in the
fact that these graded trace functions also exhibit modular properties and are moreover the unique
Hauptmoduls with no constant terms (cf. §2.1), as stated in the following astonishing conjecture
made by Conway and Norton [63]:

Conjecture 4.1. (Monstrous Moonshine Conjecture)

For each g € M the McKay-Thompson series T, coincides the unique Hauptmodul Jr, with expan-
sion g1 4+ O(q) near T — ioo, for some genus zero subgroup Iy < SLy(R). Furthermore, each I'y
contains To(N) as a normal subgroup, for some N dividing the quantity |g| gcd(24, |g|).

Given the importance of this conjecture, we will pause to make a few comments. Note that I’y
is often not a subgroup of SL,(Z); only for some g we have I', = I'g(N) (cf. (2.8)), for some N sat-
isfying the conditions mentioned above. In general, I', is a normaliser of I'y(N) in SL,(R), which
in general involves the so-called Atkin-Lehner involutions. For later purpose we will be particular
interested in the groups of the form

1 b
B A L
n\c n

where K < Exy is a subgroup of the group of exact divisors of N. We say that e is an exact divisor

of N if e|N and (f, %) = 1, and they form a group with multiplication f * f’ = ( ff %2 . An especially

simple case is when N is a prime number p, and the full normaliser (corresporiding to K={1,p})
is given by

1 (0 -1
Lo(p)+ = <Fo(p),\/ﬁ (p . ) > . 4.7
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A harbinger of monstrous moonshine, predating the observation by McKay, is the following obser-
vation made by Ogg [66]. He noted that I'g(p)+ defines a genus zero quotient on the upper-half
plane if and only if

pe{2,3,57,11,13,17,19,23,29,31,41,47,59,71}, (4.8)

and this is precisely the set of primes dividing the order of the Monster group, and subsequently
offered a bottle of Jack Daniel’s to anyone who can explain the coincidence [66]. Monstrous
moonshine sheds light on this mysterious coincidence through the fact that the Hauptmoduls of all
the genus zero I'g(p)+ feature in moonshine as the McKay-Thompson series 7, for a g € M of
order p. In the case I'y ¢ SL,(Z) the modularity of CFT does not help to explain the appearance
of modularity for I'y, since in CFT modularity arises from the mapping class group of the torus
(cf. §3). The crucial genus zero property of monstrous moonshine received a useful paraphrasing
[67] as the property that these Hauptmoduls can be obtained (up to a constant) as a Rademacher
sum, a regularised sum over the images of the polar term (in this case ¢~ ') under the action of
the appropriate subgroup of SL,(R) (in this case I'y). This Rademacher summability property
subsequently played a key role in the discovery of umbral moonshine (cf. §5.2). Recently, the
genus zero property is explained by noting that I'y plays the role of the stringy symmetry group in
the string realisation of the Monster theory and by requiring a physical analyticity condition on the
supersymmetric index of the theory. See §7 for more details.

The moonshine module. This conjecture was verified numerically by Atkin, Fong and Smith
(cf. [68, 69]), following the idea of Thompson (see [40] for references). To be more specific, they
showed that, for each n > —1, the g"-coefficient of the Hauptmoduls specified in [63] coincide
with the characters of a certain virtual representation of M. A constructive verification was later
obtained by Frenkel, Lepowsky and Meurman [70, 71], with the explicit construction of a Monster
module V = V9. This module has the structure of holomorphic VOA, i.e. a VOA with a single
irreducible V-module, namely itself.

The starting point for constructing V¥ is 24 chiral bosons X i(z), compactified on the 24 di-
mensional torus R>* /A defined by the Leech lattice A. This results into a VOA V (A) with central
charge ¢ = 24, leading to a partition function whose g-expansion starts with Zy 4 (t)=q '+....
This, together with the modular invariance, fixes the function to be the same as J(7) up to an addi-
tive constant. At the same time, we know what this constant has to be since the Leech lattice has
no root vectors and hence @4 (1) = ¥, ¢™"/? = 14 0(¢?), leading to

_Oa(®) _

In other words, thanks to the root-free property of the Leech lattice, the lattice vertex operators of
the form e/*®

24 fields 9X".

In order to have an exact matching with J we would like to remove these primaries, which

all have weight larger than one, and the only remaining weight one primaries are the

can be achieved by a simple Z, orbifold of V(A), acting as X' — —X', which corresponds to the
{id, —id} = Z, symmetry of A, contained in Aut(A) = Cop. Indeed, one can easily compute the
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partition function of the orbifolded theory explicitly as follows. Note that the Z,-twined partition
function of 24 chiral bosons is given by

) 1 3 271(f>)12
Z( 7 ’T> C qllso(1+¢")* <92(T) ' 10

The orbifold entails that V? is the direct sum of the Z,-invariant projections of the untwisted and
twisted sectors respectively (cf. (3.30)). From (3.29) and (2.12) we have

1 m(2)\?_ (m@)"? (20"
Zy:(1) = 5 (J(T)+24+ ( 6 (7) > - ( 6:(7) > * ( 6:(7) ) 4.11)

=J(7).

It remains to see that Aut(V?) is the Monster. Note that AutV (A) has a continuous piece T
which is a 24-dimensional torus corresponding to the translation symmetry of the chiral bosons and
to the 24 weight-one primary fields dX’. The total symmetry is captured by the (non-split) short
exact sequence

1 —-T — AutV(A) — Cop — 1. (4.12)

The Z,-orbifold breaks the automorphism group to its discrete part 224. Cog, which preserves the
decomposition V' = V_E SV’ and is suggestively similar to a certain maximal subgroup 2!724. Co;
of M. It is clear from the contribution to the weight two (and similarly for weight three, four,
...) states in V7 from V_E and V" that the Monster must mix them and hence cannot preserve the
(un)twisted sector individually. Note that the 196884-dimensionl space of weight two states of V'
has the structure of a commutative and non-associative algebra (as is true for any VOA), and can
be shown to be precisely the Griess algebra constructed in 1980 and used to construct the Monster
group itself [72]. From this and the VOA structure of V% one can show that Aut(V?) is indeed the
Monster, and can be obtained by adjoining a certain order two symmetry mixing Vi to the discrete

part of Aut(V(A)).

The proof of monstrous moonshine.  To prove that the V? constructed by Frenkel, Lepowsky
and Meurman indeed “does the job”, one needs to show that

b —c
T)"(t) == Try: g g™ /% (4.13)

coincides with the corresponding Hauptmodul Jr, specified in [63]. It was known that the coef-
ficients of Hauptmoduls satisfy certain recursive formulas and one can determine all coefficients
from just a handful of them. In the simplest case the recursive formulas are encoded in the remark-
able identity

p ' [T =p ) =J(p)—J(7), (4.14)

m>0
nez

independently discovered by Zagier, Borcherds and others. Here p = ¢*™P, and a; denotes the ¢’
coefficients in the g-expansion of J (cf. (4.1)). This identity results in infinitely many relations
between a;, which enables one to completely fix all the coefficients from just a;,as,as,as. Clearly,
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the proof can be achieved if one can show the existence of the same type of identities among the
coefficients of Tth (1), and just explicitly compare the handful of coefficients that are necessary to
fix the whole functions on both sides.

This is precisely what Borcherds did, and he obtained the replication formulas by introduc-
ing the notion of a generalised Kac-Moody algebra, which can be viewed as a generalisation of
Kac—Moody algebras that allows for imaginary simple roots. Subsequently, he constructed a gen-
eralised Kac-Moody algebra (also called “Borcherds- Kac-Moody algebra”) m, called the Monster
Lie algebra. Roughly speaking, the construction was achieved by studying the cohomology of a
BRST-like operator, which acts on V* x I''!, where I'""! is the unique unimodular lattice of sig-
nature (1,1). This construction has a natural interpretation in string theory of considering second
quantised strings in the background of V. See §7 for more details.

Borcherds managed to derive the replication formulas (4.14) as the denominator identities of
the Monster Lie algebra m that he attached to V2. As in usual Kac—Moody algebras, the denomi-
nator identity results from applying the Weyl-Kac character formula of a Lie algebra to the trivial
representation, and in this case relates an infinite sum to an infinite product, precisely the structure
we see in (4.14). Moreover, by considering the M-action on V? one can also obtain from m the
analogous identity

mk ,nk

Yo |- Y Y a2 | =) - (7) 4.15)

k>0 m>0
nez

satisfied by the other Hauptmoduls, where af are the g-expansion coefficients of Jr,. Combining
the above components then proves the validity of V? as the module of monstrous moonshine.

Generalised monstrous moonshine. In [73] Norton proposed a generalisation of monstrous
moonshine under the name of generalised monstrous moonshine. He suggested that there is a
rule to assign to each element g € M a graded projective representation V(g) = @,cqV (g)n of
the centraliser group Cyi(g), and to each pair (g,/) of commuting elements of M a holomorphic
function T, ) on the upper half-plane H, which satisfies the following conditions:

b
() T( gl gbid) (t)=vy Tio.n) (‘Zgif}) with (i d) € SL,(Z) and 7y being a 24th root of unity.

(11) T(g,h)(f) = T(k_]gk,k_lhk)(r) with k € M.

(iii) There is a lift 2 of & to a linear transformation on V (g) such that

T (7 Z@Trv o (hd™h) . (4.16)
ne

@iv) 7"(g7h)(r) is either a constant or a Hauptmodul for some genus-zero congruence subgroup of
SL,(Z).

(V) T(ep(7) coincide with 7j,(7), the McKay-Thompson series attached to 4 € Ml by monstrous
moonshine.
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As we can see from the discussion in §3.2, all of these properties, apart from (iv), can be
understood in the framework of holomorpic orbifolds [74], applied to VJ In particular, the function
T(g,n) can be thought of the i-twined character of the twisted module V The proof of generalised
monstrous moonshine was carried out recently in [75], where a generalised Kac—Moody algeba
my, generalising the monster Lie algebra m, is constructed for all g € M.

4.2 Conway moonshine

Conway moonshine establishes the relation between Coy, related to Conway’s sporadic group
Co; by Co; = Cop/{+1d}, and Hauptmoduls of certain genus zero subgroups of SL;(R).

Recall from §1.3 that Coy is isomoprhic to the automorphism group of the Leech lattice A. In
this context, hints of Conway moonshine had already appeared in the original montrous moonshine
paper [63], where the authors assigned genus zero groups I'; < SL,(R) to elements g € Cop: let
{/l[-, Ai_l }Zl be the 24 eigenvalues of the natural g-action on the Leech lattice A ®z C (embedded
in a complex vector space), then Iy is given by the invariance groups of the holomorphic function

—q‘IHH( g ) (1=27"'¢"" ) =g =24+ 0(q) - 4.17)

n>0i=

Note that y, =Y ;(4; + li’l) is generically non-vanishing, and 7, has non-zero constant terms unlike
the monstrous moonshine functions discussed in the previous subsection.

Conway moonshine, on the other hand, introduces a Conway module V*? whose McKay—
Thompson series coincide with Hauptmoduls with vanishing constant terms. It was developed
in [76, 77] (see also [78], [79] and [80] for nice summaries of the construction). The Conway
module V* is the unique, up to isomorphisms, super-VOA (SVOA) with cyss =12 and A =1
superconformal structure, which has no states with weight 1/2. It can be constructed as a Z,
orbifold of the theory with eight bosons on the Eg torus together with their fermionic superpartners.
Alternatively, it can be constructed as a Z, orbifold, acting as k, — —k,, of 24 free chiral fermions
ke, a=1,2,...,24. This is to be compared with the monstrous moonshine module V¥, where the
corresponding Monster module V? is built as a Z, orbifold of the Leech lattice VOA (24 chiral
bosons compactified on R?*/A), resulting in theory with cy: = 24 and no states of weight 1. Tt
turns out that V*! has an interesting relation to stringy symmetries of K3 surfaces (see §8.3). In
what follows we will give more details on the Conway module V*7.

Consider 24 real chiral fermions k, and the corresponding complex fermions

1 . .
wf:%(kzj,lizkzj), j=1,...,12, (4.18)

with the following non-vanishing OPEs and stress-energy tensor

8ij 13 o
VYT )~ == L= Yy oy v oy (4.19)
i=1

—w

Denote by a the 24-dimensional vector space spanned by the fermions. Since fermions allow for
both periodic and anti-periodic boundary conditions, there exist two sectors in the theory. The
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antiperiodic (Neveu-Schwartz) sector contains a single ground state |0) and excitations of half-
integer weight, while the periodic (Ramond) sector contains integral-weight excitations and has
212 degenerate ground states. The degeneracy is due to the Clifford algebra satisfied by the zero
modes,

{vivvi} =0, {vihvi} =4 (4.20)

which moreover commute with Lg. As a result, one can build the Ramond ground states by acting
with ¥, , on a ground state |s) satisfying y|s) = 0. Namely, the Ramond ground states are given
by the mononomials

Viro " Vieols) » (4.21)
which form a spinor in twenty-four dimensions with Euclidean signature.

Next we want to construct an action of Cogy on the states described above. To do so, recall
that Cop = Aut(A), so the Conway group is isomorphic to a subgroup of SO(24) and we can make
the natural identification a = A ®y C, i.e. let fermions “live" on the Leech lattice. Then consider
a group element g € Cog with complex eigenvalues liil, and choose the basis of a such that the
fermions l;ll.i are acted upon as eigenvectors:

g =Ty, =T, =112, (4.22)

Moreover, since the ground states in the Ramond sector form a representation of the Clifford alge-
bra associated to a, we should lift G < SO(24) to a subgroup G < Spin(a). An element x € Spin(a)
has the property xux~!' € a for u € a. We define the lift § € G < Spin(a) of g € G < SO(a) by
requiring that it results in the same action as g when acting on a,

gw):=gug '=gu, Vuca. (4.23)
The map u — ¢(u) is a linear transformation on a belonging to SO(a), so g — g(-) defines a map
Spin(a) — SO(a) with kernel {£1}, i.e. Spin(a) is a double cover of SO(a). It turns out that for
G = Coy there exists a unique lift G = Cog (see [77] for more details).

While the NS ground state |0) is invariant under Coyp, the group action on the 2!> Ramond
ground states turns out to be

12 12
gls) =T Is) =vls), v=[]vi, vi=e™i= lil/z , (4.24)
i=1 i=1

where |s) is the ground state described in (4.21). Notice that a priori there is a sign ambiguity for
V;, since it is the square root of A;. But actually the choice of sign is unique since the lift of Coy is
unique. There is a further ambiguity in the definition of the g-action on the fermions, in that we can
swap the complex eigenvalues. This translates into setting A; <> —lfl in (4.22), and is referred to
as a choice of polarisation.

The last step is to consider a Z, = {1,3} orbifold of the theory described so far, acting as
g,l//ii = —l,l/l.jE on the fermions. In other words, it acts as (—1)" where F is the fermion number.
Supposing that it acts trivially on both ground states |0) and |s)[77], it splits the two sectors into
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even/odd eigenspaces,
NS =NS’®NS', R=R@R!, (4.25)

where the eigenvalues of NS//R/ are given by (—1)/. From this point on, one can construct two
closely related SVOAs. A useful description is by exploiting the fact that NS forms a (bosonic)
VOA on its own, that of the lattice D1,. Equivalently, it is the VOA associated to the affine Kac-
Moody algebra $0(24);, at level 1. The latter has four irreducible integrable modules, namely
the vacuum module A = NS°, the vector module V, the spinor module S and the conjugate spinor
module C. By extending the D;; VOA NS by either of the spinor modules, one arrives at two
SVOAs:

VT =NS’® S 2 NS’ RO 42
Vi =NS’@C=NS'@R!. (4-26)

From the orbifold point of view we have the identifications § = R” and C = R! in our notation.

The two SVOAs V/% and V*! are isomorphic as SVOAs, and are uniquely characterized by
their central charge ¢y = ¢y« = 12 and the absence of weight 1/2 states. In [76] is was shown
that the .#” = 1 supercurrent of V/% is fixed by a subgroup of Spin(24) isomorphic to Cop, which
is identified by the group G in the notation above. In particular, note that Z(Spin(24)) = Z, x Z,
where the first Z, factor can be identified with the kernel of Spin(24) — SO(24) and the latter with
the center of SO(24). The centre Z(G) = Z, can be identified with the second Z, in Z(Spin(24)),
and has the same action as the Z; in the orbifold construction. As a result, it follows immediately
from (4.26) that Cog does not act faithfully on V/1, since the latter is invariant under the action
of the centre Z(G). Instead, V/% carries a faithful action of the quotient group G/Z, = Co;. On
the other hand, Coy acts faithfully on V**, and this is ultimately the reason why we consider V*
instead of V/% in what follows. Another notable difference between V/% and V*7 is that the .4 = 1
supercurrent in V/% fixed by Coy is not contained in V*%, but rather in Vt‘f,E (inside the R? part). A
“canonically twisted” (or Ramond sector) module for V% can also be constructed as

V4 =NS'@RO, 4.27)
which is twisted with respect to the Z (6) symmetry. The action of Cop on this twisted module is
also faithful.

In order to formulate the Conway moonshine statement, first define the functions

o 12
Nee(0) =g [T FA'¢") 1 FAq")

n=1i=1
" (4.28)

12
Cog=Vv[[OFA ) =[] (viFv") .
=1

i=1
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The twined partition functions of Conway moonshine are then given by

Ny s Lo Me(7/2)
TgS(T) = Strvsn |:qu0 ]/2] — trVSJ |:3qu0 1/2:| — g\ =/ +xg
Mg(7) (4.29)
Ty w(T) == Strys; {quoilﬂ] = Wy [3§QL071/2} = CoMe(T) — Xg
where the super-gradings can be defined by inserting (— 1) into the trace, whose action coincides
with that of 3 (recall that we identified Z, = {1, 3} with the centre of Cop). The main theorem of

Conway moonshine states [77]:

Theorem 4.2. The function T, (27) = g '+ 0(q) is a Hauptmodul for a genus zero group Ty <
SL,(R) that contains some T'y(N), for every g € Coy. If g has a fixed point in its action on A, then
T3 1,(T) is equal to the constant —x,. Furthermore, if g has no such fixed point, then Ty, () is
also a Hauptmodul for a genus zero subgroup of SL,(R).

In §8.3 we will see a prominent role played by Conway moonshine in relation to the symme-
tries of K3 CFTs.

5. Moonshine at weight one-half

Somewhat unexpectedly, a wave of moonshine development started in 2010 which led to the
discovery of many more examples of moonshine connections. The modern examples share some
similarities, but also display important differences with the classical moonshine examples discussed
in §4. The modular objects in these examples are typically mock modular forms, an important and
natural generalisation of modular forms introduced in §2.3, which furthermore have non-vanishing
weights. The first and very fruitful arena that was explored is that of weight 1/2 mock modular
forms. In this section we will describe interesting examples of moonshine relating finite groups
and weight 1/2 mock modular forms.

5.1 Mathieu moonshine

The first example of the new type of moonshine, Mathieu moonshine, was initiated with certain
observations about the weight 1/2 mock modular form H introduced in (2.42), in an analogous
fashion as how observations about the classical J function initiated the development of monstrous
moonshine. In [81] it was pointed out that the first few Fourier coefficients of H coincide with twice
the dimensions of certain irreducible representations of the largest sporadic group M»4. Moreover,
this observation was made in an interesting physical context which we will mention briefly below,
and will explain in more detail in §8.

By now we have understood that, from many different points of view, Mathieu moonshine
should really be thought of as a component of umbral moonshine, which we will review in the
next subsection. However, in many ways Mathieu moonshine stands out among the other cases
of umbral moonshine, not just historically but also in terms of its direct relation to the K3 elliptic
genus. As a result, we will devote a separate subsection to Mathieu moonshine before discussing
umbral moonshine.
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Recall that the mock modular form H (2.42) can be viewed as arising from a meromorphic
Jacobi form y given in (2.45). Using the relation between y and the K3 elliptic genus (2.44), as
well as the identity (6, 1 — 6> _1)(7,z) = —i0;(7,2z), we obtain the following relation between the
elliptic genus of K3 (cf. §3.3) and the mock modular form H:

02(7,2)

EG(7,;K3) = )

(24u(t,2)+H(1)) , G.D

where

L Av® [Hl} —iy!? & (=)D

01(t.22)  |ly—1] ' 62

[,L(T,Z) = - 0, (T,Z) Pt 1 _yqﬂ

Note that while none of the two summands at the right-hand side of (5.1) transforms modularly,
their modular anomalies cancel and the left-hand side is a perfectly well-behaved Jacobi form, as
discussed in §2 and §3.3. In particular, a simple way to derive the shadow of H is by studying
the modular properties of the Appell-Lerch sum u(7,z) [82, 21]. We will see in §8.1-8.2 the
two interesting physical interpretations of the above splitting (5.1) of EG(K3), one in terms of
the characters of .4 = 4 superconfomal algebra and one in terms of the elliptic genus of du Val
singularities.

The aforementioned observation on the conspicuous relation between the first few coefficients
of the mock modular form H and certain representations of M4 led to the suspicion that there exists
a Z-graded, infinite-dimensional M»4-module K = @, K,, underlying H, namely H(7) = q*% (—
24+ Y, ¢"(dim(K,)). A natural question is thus whether the other summand in the splitting of
the Jacobi form EG(K3) (5.1) harbors an action of Mp4 as well. A simple guess arises from the
fact that M»4 is a subgroup of the permutation group S»4 and as a result has a defining permutation
representation R, of dimension 24. A natural proposal for the “twined” version of (5.1) is therefore

0% (t,2)
n3(7)

where H, denotes the graded characters of the M>4 module K. Following the spirit of monstrous

(7,2) = ((Trrg) p(7,2) + He(7)) (5.3)

moonshine, we say that there is a non-trivial moonshine connection if all such ¢, transform nicely
as Jacobi forms under some I', C SL,(Z). Physical considerations reviewed in §3.2 moreover
suggest that I'p(|g]) C T.

Fortunately, the possibility for this type of Jacobi forms is very limited and we are constrained
to consider

O=cho1+Fo_o1, (5.4)

where ¢ 1 and ¢_, ; are givenin (2.31), c € C, and F is a weight two modular form for I'g, possibly
with a non-trivial multiplier system when ¢ = 0. The dimension of the space of possible F is often
small for the SL,(Z)-subgroup I', we are interested in. For instance, when I'y = SL,(Z) the only
possible weight two form is /' = 0. Hence, knowing the first few of the Fourier coefficients of ¢y,
dictated by our guesses for the first few M,4-representations, is often sufficient to fix the whole
function. As a result, not long after the original observation [81], candidates for the McKay—
Thompson series were proposed for all conjugacy classes [g] C M4 in [83, 84, 85, 86], and they
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take the form T
04(r.2) = =5 001(2,9) + Te(1)9-2.1(.2) (55)

where the functions 7,(7) are weight 2 modular forms explicitly specified in the references given
above and collected in Table 2 of [87]. More precisely, these ¢, for any g € Mp4 are weak Jacobi
form of weight zero and index one satisfying the elliptic invariance @g|; (A, 1) = ¢, forall (A, ) €
Z? (cf. (2.22)), and transform as

2
) B B cz / aT+b Z
9, (7,2) —Pngmg(?’)@( c1:+d> ¢g(c1-+d’ cT+d) ’

for yeTo(lg
In terms of the weak Jacobi forms (5.5), the main statement of Mathieu moonshine is the

), where the multiplier p,,|,, is summarised in [87].

following.

Conjecture 5.1. There exists a naturally defined 7-graded, infinite-dimensional M>4 module K =
@D, _, Ky, such that for any g € Msa, the graded character

Hy(1):=q 3 (—2+ Y. ¢" (Trg, 2)) (5.6)
n=1

. / . . / . . . . .
satisfies ¢ = @,, where @, is as defined in (5.3) and @, is the explicitly given weak Jacobi form
(5.5). Moreover, the representations K, are even in the sense that they can all be written in the form
K, =k, ®k, for some Myy-representations k,, and their dual representation k.

A proof of the key fact in the above conjecture, namely the existence of an M»4-module K =
P,—; K, such that (5.8) holds, has been attained in [88]. However, a construction of the module
K, analogous to the construction of V? by Frenkel-Lepowsky—Meurman in the case of monstrous
moonshine, is still absent. Therefore in no way do we know why K should be “natural”. As
explicit data, the first few Fourier coefficients of the g-series Hy(7) and the corresponding M4-
representations are given in [87].

Note that the above implies that there is a Mp4-supermodule underlying all terms in the g-,
y-expansion of the K3 elliptic genus. It is hence tempting to endow the McKay—-Thompsen se-
ries ¢, with the physical interpretation as twined elliptic genera of K3 CFT (cf. (3.35)). This
(im)possibility will be extensively discussed in §8. Finally, note that the modular form property of
., as well as the mock modular property of 1 (7,z), immediately lead to the fact that H, are also
mock modular forms. Explicitly, they are given by

Hy(1) = 28 H(z) -

) 6.7

and they are weight 1/2 mock modular forms with shadows given by (Trg g)1°(7), generalising
the mock modular property of H(7) discussed around (2.43).

5.2 Umbral moonshine

A few years after the discovery of Mathieu moonshine, it was realised that it is in fact just one
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instance of a larger system of moonshine, called “umbral moonshine" [89, 90]. There are in total
23 instances of umbral moonshine, which admit a uniform description (see Figure 2). The main
statement of umbral moonshine is as follows.

Conjecture 5.2. Let GX be one of the 23 finite groups specified in (5.9), m be the corresponding
positive integer specified in (5.14), and I* be the specific subset of {1,2,...,m — 1} described in
(5.15). Then there exists a naturally defined bi-graded, infinite-dimensional GX -module

X X
K=b D Kb
relX D<0
D=r? mod 4m
such that for any g € GX and for any r € IX, the graded character (“corrected” by a polar term
I . . .
—2q~ # as in below) coincides with the component Hg, of a vector-valued mock modular forms

Hg - (H:’(,r)relx )

oo

_ L _
HY, =20 %8 + Y q /" (Trgy o). (5.8)
D<0 ’
D=r*mod 4m

In what follows we will briefly describe the specification of the main players, the finite groups
GX and the mock modular forms H, é)f , in the above conjecture. See Figure 2.

The starting point of this uniform construction are the 23 Niemeier lattices N¥ introduced in
§1.3. Recall that they are uniquely labelled by their root systems. We will denote by X the root
systems, by NX the corresponding Niemeier lattices, and by GX the finite groups arising from the
automorphisms Aut(NX) via (1.13):

G* 1= Aut(N*)/Weyl(X) (5.9

These are the finite groups relevant for umbral moonshine and we will refer to them as the umbral
groups.

On the modular side, we use the root system X to specify certain mock modular forms related
to the finite group G*. To explain how this is done, first recall that the McKay—Thompson series T,
in monstrous moonshine and the mock modular forms H, in Mathieu moonshine have very special
properties. First, once their (mock) modular data (consisting of the group I',, the weight, and
the multiplier) are specified, the functions are completely determined by the analyticity property
of how they grow near the cusps icc UQ. Second, they have “optimal growth” in the following
sense. These functions 1) are bounded at all cusps that are not I'g-equivalent to ic and 2) have
the slowest possible growth near ico that is compatible with the modular data. For instance, in the
case of monstrous moonshine it is elementary to see that a modular form satisfying condition 1)
for I'y O (T') must behave like g~ (14 O(q)) for some integer n near the cusp ice. As a result, the
condition 2) states that n = 1, which is indeed the case for the moonshine functions 7,. Another way
to state the above is to say that the functions in monstrous and Mathieu moonshine can be written
(up to a constant) in terms of Rademacher sums over the minimal polar term in the expansion near
oo [67, 91]. See also §4.1 for a discussion on Rademacher sums.

The functions of umbral moonshine turn out to have analogous uniqueness properties, and the
relevant concept here is the notion of optimal mock Jacobi forms. We will first focus on the case
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g=eand 'y = SL,(Z). Let y = ¥, h,6,, , be a mock Jacobi form of weight one and index m. We
say it is an optimal mock Jacobi form if

h(t) =0(q ) (5.10)

as 3(7) — oo, for each r € Z/2m. For instance, the function y>F defined in §2.3 is an optimal mock
Jacobi since it has index 30 and H;"™(t) = —2g~ ™ (1+ 0(q)), while H3"™ vanishes at 3(t) — oo
(cf. (2.38)). Similarly, 1/124A‘ is an index 2 optimal mock Jacobi form.

At weight one, the space of such optimal mock Jacobi forms turns out to be very restricted:
the mock modular transformation property together with the pole structure of the functions near
the cusps are sufficient to determine the whole g-series. In particular, they can be obtained as sim-
ple Rademacher sums involving only the polar parts as input. Such forms are even more scarce
if we want them to have non-transcendental Fourier coefficients. Note that this must be the case
for the function to play a role in moonshine, since the graded dimensions are necessarily integers
and of course non-transcendental. In [15] it is shown that if y is such a form, it must lie in a
34-dimensional space, irrespective of its index. Moreover, inside this 34-dimensional space there
are 39 special elements (which span the 34-dimensional space) distinguished by their special sym-
metries. Recall that Atkin—Lehner symmetries normalising I'g(m) are specified by a subgroup K
of the group of exact divisors Ex,, (cf. (4.6)). Given such a pair m and K, we say that an index m
mock Jacobi form y is K-symmetric if

=Y hbur= Y By, forallnek, (5.11)

r mod 2m r mod 2m

where, for a given n, we define a(n) to be the unique element in Z/2m satisfying

1 mod 2m/n
a(n) =
—1 mod 2n

Note that the symmetry is an involution, since a> = 1 mod 2m. For instance, the mock Jacobi form
w38 introduced in (2.38) is invariant under the action of K = {1,6,10,15} < Exzp, corresponding
to a(n) = 1,11,19,29. The surprising result in [15] then states that a non-vanishing K-symmetric
index m optimal mock Jacobi form at weight one has non-transcendental coefficients if and only
if the corresponding SL,(IR) subgroup I"*X defines a genus zero quotient in the upper-half plane.
Recall that these genus zero groups also play an important role in monstrous moonshine. Note
that we necessarily need to have m ¢ K (referred to as the “non-Fricke” property) for the mock
Jacobi form to be non-vanishing, since at weight one has Y, 4,6,, , = — Y., 1,6, _, and a(m) = —1.
There are just 39 such non-Fricke genus zero groups I "X < SI,(R) and we will denote the
corresponding unique optimal mock Jacobi form, with the normalisation

hy = —2q i (1+0(q)) , (5.12)

by y"*K_ 1In fact, these 39 distinguished optimal mock Jacobi forms w”*X turn out to have Fourier
coefficients that are not only non-transcendental, but also integral. Moreover, 23 among the 39 have
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positive coefficients in the following sense. By writing (cf. (2.28))

Y= Z hrém,r )

1<r<m-—1

h, has the expansion

—2g VMY oceng ™, if 12 =1 mod 4m
h,:{ i L0 Crnd , (5.13)

Y >0 Cr,nq"/ dm otherwise

with ¢,, € Z>. This positivity property makes it possible for it to be the graded dimensions of
finite group representations®. To sum up, for any index, there are 23 special mock Jacobi forms of
weight one for SL,(Z) distinguished by

1. the optimality growth condition (5.10),

2. the Atkin—Lehner symmetries (5.11),

3. the normalisation (5.12),

4. the positivity and integrality of the coefficients (5.13).

The interesting observation is that these y”*X with positivity properties are in one-to-one
correspondence with the 23 Niemeier root systems X! To explain this correspondence, first recall
the ADE classification of the modular invariant combination of ;1\1 affine Lie algebras [47], which
has led to a classification of .#” = 2 superconformal minimal models with spectral flow symmetries.
Their classification gives rise to a square matrix Q¥ of size 2m for each simply-laced root system
Y, where m coincides with the Coxeter number of Y. Moreover, the term (QZ, — Q’rf _,) coincides
with the multiplicity of r as a Coxeter exponents (the degrees of the invariant polynomials shifted
by one) of ¥ and takes values in {0,1,2}. The above can be generalised to a union of simply-
laced root systems with the same Coxeter number (recall that this is indeed the case for Niemeier
root systems) X = U;Y; by defining Q¥ = ¥, QY. Then the mock Jacobi form yX = y"*K with
theta-decomposition y* =¥, HX 0., corresponding to the Niemeier root system X, display the
following relations to X.

1. The Coxeter number of X coincides with the index of the y*,
m = Cox(X) . (5.14)

2. The matrix Q¥ and the form y* = y" X have the same Atkin-Lehner symmetries: (Q), =
(QX) ra(n) for all n € K. Using these symmetries, it is convenient to define a set IX of the
orbits of the Atkin-Lehner symmetry group acting on {1,...,m— 1} (in Z/2m), labelling the
independent components HX of the vector-valued mock modular form (HX) and leading to

l//X = Z HrX Z ém,a(n)r . (5.15)

relX nek

31t is believed [15] that the remaining 16 optimal mock Jacobi forms y" & with positive and negative integral

coefficients have also umbral type moonshine attached to them, but with additional supermodule structure that accounts
for the minus sign.
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3. The shadow of yX is determined by QX. More precisely, the completion of yX is specified
by the skew-holomorphic Jacobi form o =Y, G,L,err, 0, (cf. (2.37) and the preceeding
text).

The description of y?*41 and y>% in §2.3 provides examples of the above. The mock Jacobi form

wX then gives us the vector-valued mock modular forms H* = (HX) which will play the role of the
graded dimensions of the module for the umbral group GX. In other words, we have HX = H jfr in
Conjecture 5.2. For the case X = 24A, this is the Mathieu moonshine function y?*41 we discussed
in §2 and §5.1. Another simple example is X = 124,, where yX =Y, , HX0;, (so m = 3 and
X ={1,2}), with

HY (1) =272 (=14 169 +55¢> + 144¢> +...)

(5.16)
HY (1) =2¢%12(10+ 44¢ + 1104 +...).

At the same time, the symmetries of the corresponding Niemeier lattice gives GX = 2.M},. The
relation between the finite group GX and the vector-valued mock modular form HX can be observed
from the fact that the group 2.M, has irreducible representations of dimensions 16,55, 144 as well
as 10,44, 110.

Figure 2: The construction of umbral moonshine.

Niemeier Lattice

NX
lattice symmetry shadow + optimality
Finite Group b K~ _ | Mock Modular Form
GX - K - HX
Umbral Moonshine g

After specifying the mock Jacobi forms for SL,(Z), in order to describe the moonshine relation
we also need a set of mock Jacobi forms yy =Y., Hy 6, ,, one for each conjugacy class [¢] C G,
for subgroups of SL;(Z). The mock modular forms Hj,( = (Hg,) will then play the role of graded
characters of the umbral moonshine module, as described in Conjecture 5.2. This can be achieved
in a way largely analogous to the SL,(7Z) case, though additional subtleties do emerge and extra
care needs to be taken. We refer to [92] for more details.

Once the mock modular forms Hzf are specified, it is trivial to verify the existence of the G*-
module Ki‘D in Conjecture 5.2 term by term, namely one D at a time. Furthermore, the existence of
the whole umbral module KX = b, Dp KfD has been proven mathematically using properties of
(mock) modular forms [88, 93]. However, the construction, or even an understanding of the exact
nature of K%, is not yet obtained in general. Construction of KX has so far only been achieved
for certain particularly simple cases of umbral moonshine, corresponding to Niemeier root systems
3Eg [94], 4A¢ and 2A 1, [95], 4D¢, 3Dg, 2D, and Do4 [96], as well as 6D4 [97]. The construction
in [94] relies on special identities satisfied by the mock modular forms H;’fg relating it to a lattice-
type sum, while in [95, 96] the modules are constructed using the interpretation of the meromorphic
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Jacobi forms associated to ‘ng as the twined partition function of certain vertex operator algebras
(or chiral CFTs). In [97] the module for the 6D4 case of umbral moonshine is constructed by
exploiting the relation between the (twined) K3 elliptic genus, umbral and Conway moonshine,
which we will explain in §8.2. Note that, so far, this is the only constructed module for which the
corresponding umbral group (when embedded in Cop) does not fix a 4-plane in the 24-dimensional
representation of Cop. The significance of this will be discussed in §8.4.

Moreover, generalised umbral moonshine, analogous to the generalised monstrous moonshine
discussed in §4.1, has been established in [98], hinting that some elements of CFT/modular tensor
category structure should be present at the umbral moonshine module K. Despite these results, it
is fair to say that a uniform construction of the umbral module, reflecting the uniform description
of umbral moonshine, is currently one of the biggest challenges in the study of moonshine.

We will end our review on umbral moonshine by noting a special property, called discrimi-
nant property, of umbral moonshine. It relates the discriminants D (the power of individual terms

g P/ in the g-series HX) and the number field generated by the characters of representations

showing up in KffD. For instance, in the case X = 244, the M»4-representation underlying the ¢”/®
term in H, = HﬁAl is KE‘;Al =p ®p*, where p is a 45-dimensional irreducible representation and
p* is the dual representation. At the same time, Trp g (and hence also Trp- g) generates the field
Q(v/—=7). Analogous relations continue for larger g-power as long as Q(D) = Q(—7), and similar
properties hold uniformly for all 23 cases of umbral moonshine. At present there is no physical

understanding of this surprising and profound-looking property.

5.3 Thompson moonshine

The Thompson sporadic group Th is a subgroup of the Monster that has order | Th| ~ 9- 10!
and contains 48 conjugacy classes. Thompson moonshine describes a special relation between the
representation theory of Th and certain weakly holomorphic modular forms of weight 1/2. It was
first discussed in [99] and is the first instance of the so-called skew-holomorphic moonshine [100]
relating skew-holomorphic Jacobi forms and finite group representations. See §2.2 and §9 for more
mathematical and physical information on skew-holomorphic Jacobi forms.

Just like Mathieu and umbral moonshine, Thompson moonshine relates finite groups con-
nected to the Monster (cf. §1.3) and weight 1/2 modular objects. However, there are a few differ-
ences. First, the modular objects in Thompson moonshine are modular while in umbral moonshine
they are mock modular with non-vanishing shadows. Second, there is a super-structure in the
Thompson moonshine module, i.e. the representations come with signs. See Conjecture 5.3. That
said, this extra Z,-grading structure is very simple and completely controlled by m mod 4, where m
is the natural Z-grading corresponding to the exponents of g in the moonshine function. Finally, we
remark that Thompson moonshine also enjoys a discriminant property analogous to that of umbral
moonshine, as discussed at the end of §5.2.

To describe Thompson moonshine, we start with the following conjecture [99]:

Conjecture 5.3. There exists a Z-graded Th-supermodule (cf. (1.20))

W= P W, (5.17)

m>—3
m=0,1 mod 4
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such that the graded dimensions of W,, are related to a certain weight 1/2 weakly holomorphic

modular form 73 (5.20) by
F3(t)= ), Sty (1)g". (5.18)

m=-—3
m=0,1 mod 4

Furthermore, the associated McKay-Thompson series

F3g(t)= Y, Stw,(g)d", (5.19)

m=-3
m=0,1 mod 4

are given by certain weakly holomorphic weight 1/2 modular forms, with F3 , = .%3. Finally, Wy,
is even under the superspace Zy-grading if m > 0 and m = 0 mod 4 or when m = =3, and is odd
otherwise.

Let’s discuss the elements of this conjecture. The function .%3 is defined by
F3(1) :=2f3(1)+2486(1) , (5.20)

where 6(7) is the Jacobi theta function discussed in §2.1. We next describe the specification of f3.

+
1/2
0, and additionally satisfy the condition c(n) =0 V n # 0,1 mod 4 in their Fourier expansions

Define the Kohnen-plus space M., as the set of holomorphic functions that transform like

Y c(n)q". Tt can be shown that in fact M1+/2 is one-dimensional, spanned by 0 itself. However, if we

L+
1/2
forms of weight 1/2 in the Kohnen-plus space. In [101], Zagier constructed an infinite-dimensional

. L+
basis for M1 /20

allow for poles at the cusps, we can get a nontrivial space M, of weakly holomorphic modular

spanned by the (unique) functions

fa(r) =g+ Y A(n,d)q", d=0,3mod 4, (5.21)
n>0

where fo = 0. Here we are mainly interested in the case d = 3. Using uniqueness, it is easy to
show that f3 can be explicitly specified as

1 ([6(1),Eio(47)] -3 4
T)=—— | ——F—=+6080(7) | = —248qg+26752q" — ... 5.22
f3(7) 20( Adn) T (7)) =4q q+ q : (5.22)
where E1g = E4Ej¢ is the weight 10 Eisenstein series and A is the weight 12 cusp form introduced
in §2.1. The Rankin-Cohen bracket is defined by [f,g] := kfDg — IgDf, with D = %% and k,![
being the weights of the modular forms f, g, respectively.

Thompson moonshine was initiated by the observation that the first few Fourier coefficients of
/3 can be expressed in terms of the dimensions of irreducible representations of Th. For example
1 =1, 248 = 248 and 26752 = 27000 — 248. It is worth noting that this connection between f3
and Th had already appeared in the context of generalised monstrous moonshine [74, 102, 103],
cf. §4.1. Specifically, the centraliser of the class 3C of M is isomorphic to Z3 x Th [63], and
consequently the twisted module V3tc carries a natural action of Th. The corresponding twisted
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generalised character is given by the so-called Borcherd’s lift of f3,

Z(3C,e;7) = g3 [J(1— g™ . (5.23)
n>0
Notice however that the above connection to generalised monstrous moonshine is limited only to
the coefficients A(n?,3) of f3, which does not explain why the rest of its coefficients also exhibit a
relation to Th. To do better, the insight of [99] is to “correct” the function by including additional
contributions from the theta function 6(7), and consider instead

F3(T) 1= 2f3(1) +2486(1) = 2¢ > +248 +2-27000¢* —2-85995¢° + ... , (5.24)

which belongs to the Kohnen plus space. Note that the alternating signs correspond to the super-
space structure mentioned in Conjecture 5.3.

The McKay-Thompson series .73 , of Thompson moonshine have a structure very similar to
the above. Schematically, they can be most naturally viewed as a sum of two contributions

F3,, = Projected Rademacher Sum + 6-corrections , (5.25)

where the first term is the Rademacher sum of the unique polar term 2¢ 3 for the suitable group I,
and multiplier system, projected onto the Kohnen plus space, and the second term again involves
linear combinations of 8(d?7), where d are certain integers compatible with the group I';. We refer
to [99], and in particular [104] for more details.

It is interesting to note that the modular objects in Thompson moonshine enjoy a close relation
to the so-called traces of singular moduli, which are important quantities in number theory. As
mentioned in the final example of §2.3, the generating functions of the traces of singular moduli
turn out to have interesting modular properties [101]. In particular, we have

1
A(n,3) = — ) An—3(0)(ag), n€Zy (5.26)
\/ﬁ QGQ,M/PS]_Q(Z)

coinciding with the Fourier coefficients of the modular form f3 which participates in Thompson
moonshine. In the above, , —3 denotes a certain genus character whose precise definition can be
found in [101]. An analogous relation to traces of singular moduli can be established also at higher
level, when one only keeps track of I'g(N)-equivalences of quadratic forms.

6. Moonshine at weight three-halves

This is an arena for moonshine that is currently in rapid development. As a result we will be
very brief and just highlight a few key features and prospects of the recent developments.

After the fruitful explorations in moonshine at weight one-half, it is natural to wonder about
the landscape of moonshine in the dual weight, w =2 — % = % Weight % mock modular forms
are much less constrained than their weight % counterparts, and they turn out to provide a fertile
ground to study the connections to finite groups, already giving us the O’Nan moonshine [105] and
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the class number moonshine [106], the latter involving the Hurwitz-Kronecker class number mock
modular form described in (2.49).

It is more likely than not that there are more treasures in weight 3/2. Here we limit ourselves
to commenting on the two established moonshine examples. We will point out three conspicuous
properties of the two examples of moonshine at weight three-halves*.

Supermodules. In monstrous and Conway moonshine discussed in §4, the underlying modules
are “real” modules (as opposed to supermodules (1.20)) and the group characters involved are
ordinary traces (as opposed to supertraces). The same is true in Mathieu and umbral moonshine,
up to the polar terms in (5.8) which have negative coefficients but do not carry any non-trivial
information on group representations. In Thompson moonshine we encounter supermodules, but
only in a rather trivial way: the supermodule is purely even or purely odd depending on whether the
corresponding g-power is +1 or —1 mod 4. In particular, in weight one-half we do not encounter
moonshine examples in which Fourier coefficients of mock modular forms are given by differences
of traces of group representations, i.e. in every homogeneous component the supermodule is always
either even or odd.

In weight three-halves this is no longer true and the super-ness of the supermodules is an
intrinsic and unavoidable property of the two moonshine examples we discuss.

Cusp forms. In the moonshine examples we discussed so far, the (mock) modular objects in-
volved are very distinguished in that they are essentially uniquely determined by their modularity
and analyticity properties. In particular, the graded characters of monstrous and Conway moon-
shine are Hauptmoduls and can be written as, up to an additive constant, Rademacher sums with a
single polar term ¢~ !. The graded characters of umbral (including Mathieu) and Thompson moon-
shine are also (projected) Rademacher sums up to addition of theta functions (cf. (5.25) and [92]).
The latter can arguably be viewed as a minor correction since the coefficients of theta functions
are vanishing at almost all exponents (vanishing unless the exponenets are square numbers up to a
specific rescaling) and they do not carry any interesting number theoretic information.

This crucial uniqueness property, which serves to distinguish mock modular forms for weight
zero and weight one-half moonshine, is no longer the relevant criterion in weight three-halves
moonshine. The mock modular forms in O’Nan and class number moonshine involve weight 3/2
cusp forms in a very pronounced way. (See the end of §2.1 for the definition of cusp forms.)

This property opens the door to connecting with arithmetic geometry, a totally different area in
mathematics. The main ingredients of this connection are: 1) The Waldspurger-type relation among
coefficients of weight 3/2 newforms and the special L-values of the corresponding weight two
newforms under the so-called Shimura correspondence [107]. 2) The modularity theorem relating
the L-function of elliptic curves and that of certain weight two newforms. 3) The (strong form of)
Birch and Swinnerton-Dyer conjecture (and its proven elements) relating special L-values of the
elliptic curves and their important arithmetic data including the order of the Tate-Shafarevich group.
See [108, 109, 110]. 4) The congruences among the moonshine modular objects stemming from
the congruences among the characters which is a basic property of finite group representations.

“In fact, these properties make the weight 3/2 connections so different from the moonshine examples at weight zero
and weight one-half discussed thus far, such that one might wonder whether we should still use the term “moonshine”
for them.
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Combining the above ingredients, the connections between weight 3/2 cusp forms and finite groups
lead to an infinite sequence of statements on the p-part of the Tate-Shafarevich group, organised
by the finite group structure. Moreover, in class number moonshine the torsion subgroups of the
elliptic curves (and other Abelian varieties in general) attached to certain modular data play an
important role in the construction of moonshine mock modular forms. Exploring the implication
of the finite group structure in mock modular forms in arithmetic geometry is an interesting new
mathematical direction in the study of moonshine.

New finite groups. The above two properties , regarding the finite group and the modular form
sides of the moonshine connection respectively, makes it possible for weight three-halves moon-
shine to encompass new types of finite groups into the realm of moonshine.

O’Nan moonshine, as the name suggests, connects a set of weight 3/2 mock modular forms to
the O’Nan group. The O’Nan group was discovered in 1976 in the midst of the intense develop-
ments related to the classification of finite groups, and is one of the 6 pariah groups not related to
the Monster. The class number moonshine, on the other hand, delivers a family of infinitely many
weight 3/2 mock modular forms arising from Hurwitz—Kronecker class numbers (2.48), which ac-
commodates representations of infinitely many groups. Recall that, apart from the sporadic groups
there are three infinite families in the classification of finite simple groups, and one of them is the
cycle groups Zj, of prime order p. It turns out that for each prime number p one has a mock modu-
lar form 77}, | of level 4, a scalar multiple of the class number mock modular form 7 (2.49), and
a mock modular form .7, , of level 4p, such that they coincide with the two graded characters of a
Z~graded supermodule for Z,. Apart from this infinite family of groups, it has also been shown in
[106] that mock modular forms at different levels (given by 4 times the order of the group elements)
conspire to encode supermodules for interesting Mathieu groups.

These instances of weight three-halves moonshine greatly broaden the horizon of connections
between modular objects and finite groups. All instances of moonshine at weight zero and one-
half are connected to groups related to the Monster, but the O’Nan and the class number examples
show that this does not have to be the case. In these examples it was demonstrated that a pariah
sporadic group as well as one of the 3 infinite families of non-sporadic finite simple groups are
also related to (mock) modular forms in a similar way! This suggests the tantalising possibility
that moonshine-type connections are in fact ubiquitous and an intrinsic property in the landscape
of modular objects and finite groups, and that the latter is an important organising structure of the
former.

Last but not least, these new connections, involving supermodules of infinitely many groups,
pose interesting challenges to physics. Can physics still provide the finite group modules and an
explanation for these connections? If so, what are the relevant physical systems that can give rise
to these supermodules?
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Part 111
Moonshine and string theory

String theory has been playing a key role in moonshine from its earliest years, starting with the
CFT construction of the monstrous moonshine module and the string-inspired proof of monstrous
moonshine by Borcherds (cf. §4.1). String theory is also expected to play an interesting role
in the understanding of Mathieu and umbral moonshine, and we hope that moonshine can teach
us something novel and important about certain aspects of string compactification. More gener-
ally speaking, the connection to physics is one of the key reasons why many string theorists and
mathematicians find moonshine exciting. In this part we will discuss some of these connections.
In §7 we outline the relation between monstrous moonshine and certain (1+0)-dimensional string
compactification. In §8, the main section of this part, we summarise the known relations between
various moonshines and K3 compactifications. Finally we briefly mention some other connections
discussed recently in §9.

7. Monstrous moonshine

In this section we briefly describe a recent string theory construction, developed in [111, 112],
involving the monstrous moonshine module V* and the associated twisted module Vgh discussed in
§4.1. Although the striking genus zero property of monstrous moonshine has been mathematically
proven, its physical interpretation has remained elusive for a long time. The recent work [111, 112]
sheds light on this important property by considering certain heterotic string theory compactifica-
tions down to 0+ 1 dimensions.

In [111, 112], one takes as the starting point a compactification down to 1+ 1 dimensions
where the internal CFT, which has central charge (24, 12), is given by V% x V*. The second factor
is the Conway module introduced in §4.2, which plays mostly the role of the spectator whose main
function is to provide the right-moving .4 = 1 supersymmetry of the world-sheet theory. This
model turns out to have .4 = (0,24) spacetime supersymmetry in two-dimensions. We further
compactify the remaining spatial direction on a circle. This additional compactification is crucial
for computing the “BPS index” described below and for the construction of more general models.
More generally, for each g € M one constructs a CHL-like model by orbifolding the theory by a
symmetry which acts on V7 as g and on the circle as a shift of order dictated by certain properties
of the action of g on V¥ (and coincides with the order of g in the simplest cases). To avoid subtleties
involving gravitational anomalies, this theory should be considered at the zero-string coupling limit.

In [111] it is shown that the (first-quantized) BPS states of the above models form a module of
the generalised Kac-Moody algebras mg, which is the monster algebra constructed by Borcherds
for g = e and the “twisted" monster algebras constructed by Carnahan for g £ e [113, 103, 75]. See
also the discussion on generalised monstrous moonshine in §4.1. We are interested in the (twined)
BPS index counting spacetime BPS states in these theories. Denote the relevant Hilbert space by
,%”BgPS, we define

Z

o) (ToU) = Tr e ((=1)f h?® W 2HUM) (7.1)
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where g, h are commuting elements of the Monster. In the above, T, U € H are complexified chem-
ical potentials for the winding and momentum quantum numbers W, M respectively, with the imag-
inary parts scaling according to the inverse temperature and radius as
B

ImT ~ BR, ImU ~ R (7.2)
Using the Fock space construction of %gps by allowing for an arbitrary number of free strings,
as well as the twisted denominator formula, relating an infinite product to an infinite sum and
generalising the Koike—Norton—Zagier formula (4.14), one obtains

24
Z(eag)(T7U) = (T(&g)(T) B nevg) <U))

(7.3)
Zg o (T.U) = (Te) (T) = Ty oy (U)) ™ .

Note that 7{, ¢) = T, is the McKay-Thompson series of the monstrous moonshine.

The above expressions lead to a physical interpretation of the modularity and the genus zero
property of monstrous moonshine. First, it was shown in [111], using the techniques developed
in [114], that the self-duality group (i.e., a subgroup of the T-duality group mapping between the
same CHL model but generically at different values of the moduli) involves two subgroups of
SL,(R), acting on 7' and U independently in (7.3). In particular, the SL;(R) subgroup acting on 7'
is nothing but I'y, the associated genus zero group in monstrous moonshine (cf. Conjecture 4.1).
As a result, the physical invariance of the BPS index under self-duality group immediately leads
to the I',-invariance modularity property of the moonshine function 7, (7). Second, recall that the
Hauptmodul property of 7{, ) can be recast in the claim that they have only a single pole at T — ico
and its images under I';. In terms of the supersymmetric index, this means that Z, (T,U) 1/24 and
its T-duality images will diverge as T — ioo, for fixed U. Using the T-duality

1 1
Z(e,g)(T7U) = _Z(e,g) _Ea _?

and the generalised moonshine relation between Yiga],lc’ghhd)(f) and Tig p) (%) (cf. §4.1), this
property gets translated to the statement that for all co-prime integers a and b, Z(ga’gb)(T,U ) is
divergent in the limit U — ico with T fixed, if and only if this limit is related to the limit of 7 — joo
with U fixed by a self-duality of the CHL model associated to g € M. Now we will argue why this
is true from physical considerations. Let us interpolate between the two limits by varying the radius
R, while fixing the inverse temperature 3 to be large. At the low temperature limit, the divergence
at the limit 7 — ico with U fixed is caused by the ground state contribution R, which blows up
as R — oo, The small radius limit is convergent unless there is a phase transition and a new ground
state with contribution ef/® emerges at the other side of the critical line. If this happens, one can
show that there is an SU(2) symmetry at the self-dual radius limit on the critical line, which in
particular contains a T-duality transformation. In other words, the two sides of the critical line are

related by a self-duality contained in Iy, and this proves the Hauptmodul property.
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8. Moonshine and K3 string theory

As mentioned in §5, Mathieu moonshine was first noticed in the context of K3 sigma models
and was later recognised as being one of the twenty-three cases of umbral moonshine. As we will
discuss shortly, all instances of umbral moonshine, not just Mathieu moonshine, enjoy a close re-
lation to K3 elliptic genus, the quantity that captures the BPS states of K3 sigma models, and more
generally BPS states of superstring theory compactifications involving K3 surfaces. This tentative
connection to K3 string theories is what makes Mathieu and umbral moonshine so interesting for
many string theorists.

This is because K3 manifolds have the special property that they are the only non-trivial (i.e.
non-toroidal) Calabi—Yau manifolds in two (complex) dimensions, and the resulting string theory
compactifications are much more manageable than compactifications on generic Calabi—Yau three-
folds due to higher amount of supersymmetries, and contain much richer structure and information
than toroidal compactifications which are for many purposes too simple to be useful. As a result,
K3 compactifications have been playing a prominent role throughout the development of string the-
ory, being the playground for developing revolutionary new ideas including black hole microstates
counting [115] and AdS/CFT correspondence [116]. Furthermore, they also feature in important
dualities relating different string theories.

In this section we will review the observed relation between moonshine and K3 sigma models,
and outline the challenges to be overcome in order to understand the origin of this relation and to
find a physical system which provides the much wanted uniform construction of the umbral moon-
shine module. Finally, we will summarise the different ideas that aim to address these challenges,
along with their current status.

8.1 Mathieu moonshine and K3 elliptic genus

As mentioned in §3.3, the Calabi-Yau property of K3 together with the Jacobi form property
dictates that its elliptic genus is given by 2¢p 1 in terms of the familiar weak Jacobi form (2.31).
Recall that K3 is the only Calabi-Yau two-fold besides the four-torus. It possesses the special
property that it is not only Kéhler but also admits a hyper-Kihler structure. As a result, the U(1)
symmetry of the .4~ = 2 superconformal algebra discussed in §3.3 can be extended to SU(2), and
the sigma model has enhanced ./ = 4 superconformal symmetry for both the left and the right
movers. This leads to a specific decomposition of the elliptic genus of an .4 = 4 SCFT that we
will now explain.

Since the underlying CFT admits an action by the .#” = 4 superconformal algebra, the Hilbert
space decomposes into a direct sum of (unitary) irreducible representations of this algebra. Hence
the elliptic genus (3.34) can be written as a sum of characters of representations of this algebra with
some multiplicities. A natural embedding of the U(1) current algebra of the .4#” = 2 superconfor-
mal algebra into the SU(2) current algebra of the .#” = 4 superconformal algebra is obtained by
choosing JS ~ Jp. As a result, the .4~ = 4 highest weight representations are again labelled by two
quantum numbers £, ¢, corresponding to the operators Ly, Jg respectively, and the character of such
an irreducible representation V}, ; is defined as

chpy(7,2) :=Try,, ((fl)foyJoqLofc/zz;) .
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For central charge ¢ = 6, there are two supersymmetric (also called ‘BPS’ or ‘massless’) represen-
tations in the Ramond sector, and they have the quantum numbers

_ 1 _ 1
h=1,0=01.

Their characters have been computed to be [117, 118, 119]

6%(1,z2)
Ch%70(faz) = %3(1) U(Taz)a (8.1)
o 7é 61 (T,Z) 91(T7Z)2
Ch%,%(faz) =49 n3(T) - TIS(T) [.L(T,Z),

where (1(7,z) is the so-called Appell-Lerch sum defined in (5.2).

Notice that the supersymmetric representations have non-vanishing Witten index
chivo(T,Z: 0)=1, Ch%’o(‘t’Z =0)=-2.

The non-supersymmetric (or ‘non-BPS’ or *’) representations have

h= % +n, ¢
and their characters are given by

2
_—i4n 91 (T,Z)
C//I%Jrn’% (T,Z) =q °® W . (82)

By definition, their contribution to the Witten index vanishes, ch Lt (1,2 =0) = 0. This is why
the Witten index only receives contribution from quantum states that are of the form (massless; x
masslessg) in terms of ./~ = 4 representations, while the elliptic genus receives contribution from

(massless;, x masslessg) as well as (massive; X masslessg).

We are now ready to describe the first physical interpretation of the specific way (5.1) of
decomposing the K3 elliptic genus, which makes the connection to M>4 manifest. From (5.1) and
(8.1)-(8.2), we see that EG(K3) can be expressed as

EG(K3) =20chy o —2chy 1 +n;cH(n) chi ) (8.3)

(S]]

where
H(t)=q¢'/8 (—2+ Y cH(n)q"> —2g7% (—14+45¢+2314*+7704°...) (8.4)
n=1

is the mock modular form given in (2.42). In particular, the multiplicities ¢y (n) of the massive mul-
tiplets are equal to the dimensions of the homogeneous component of the M»4-module K according
to Mathieu moonshine Conjecture 5.2.

As mentioned already in §5.1, it is then tempting to identify ¢, (5.3), encoding the McKay—
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Thompson series of Mathieu moonshine H,, as the elliptic genus twined by certain symmetries of
the K3 non-linear sigma model whose action preserves the ./” =4 SCA. While this is possible for
some g € M»a, this interpretation is proven to fail for some other group elements. We will discuss
this in §8.4.

8.2 Umbral moonshine and K3 elliptic genus

As alluded to before, the .#" = 4 decomposition is not the only possible interpretation for
the splitting (5.1) of the elliptic genus, into the part coming directly from the moonshine mock
modular form and the contribution from the Appell-Lerch sum u. A second interpretation, in terms
of the elliptic genus of singular spaces labelled by ADE root systems, yields the same result in this
case but the crucial difference is that it can be readily generalised to the other 22 cases of umbral
moonshine.

To explain this, we first associate a function EG(X;1,z) to each of the 23 root systems X in
the following way. Note that a common definition of the K3 surface is that it has at worst du Val
type surface singularities, i.e. singularities of the complex plane of the form C? /G, where G is a
finite subgroup of SU(2)c. These singularities have an ADE classification, in accordance with the
famous McKay correspondence. A conformal field theory description of string theory with these
ADE singularities as the target space was given in [120]. The form of their elliptic genus was
investigated in a number of papers, including [24, 27, 30, 29, 31, 121, 122]. Let EG(Y; 7, z) denote
the holomorphic part of the elliptic genus of the singularities corresponding to the root system Y.
(See also the remark at the end of §3.3.) Extending the definition to unions of the root systems,
EG(UY;;7,z) = Y, EG(Y;; 7,z), we obtain a definition of EG(X; 7,z) for each of the 23 Niemeier
root systems X. For instance,

. 67 (7.2)
EG(A;;7,2) = ch%p(r,z) = (0 u(t,z), (8.5)
and EG(24A;;7,z) =24 91;23((7:)) U (7,z) is the first term in the splitting of EG(K3) in (5.1).

Recall that, for each of the 23 Niemeier lattices N¥, uniquely determined by its root system
X, umbral moonshine associates a finite group G* and a weight one mock Jacobi form 1//;,‘ =
Y, H;,f,émJ for each g € GX. In [121], it was shown that there are 23 ways of splitting EG(K3) into
two part:

2

EG(K3;7,2) =EG(X;7,2) + zln(;(’;)) <21maawl//X(T,w)> ‘ (8.6)
where y* = yX is the optimal mock Jacobi form given in §5.2, encoding the graded dimension
of the umbral moonshine module, and the first term is the singularity elliptic genus discussed
above. As a result, the splitting (5.1) of the elliptic genus can also be interpreted as coming from
two contributions, one from the singularity elliptic genus corresponding to the root system X =
24A1, and one from the umbral moonshine function y?*41. Different from the .#" = 4 character
interpretation, this interpretation of the splitting is applicable for all 23 cases of umbral moonshine.
In other words, (8.6) is really 23 equalities, corresponding to all 23 Niemeier lattices NX.

This interpretation suggests a twined version of the function EG(K3;7,z), obtained by twining
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the right-hand side of the equality (8.6):

2
o3 (2. i=BG, w2+ SLED (L Ty e[ )
where g can be any element of G¥. The first term on the right-hand side is the (holomorphic part
of the) twined elliptic genus of the corresponding singularity sigma model. This can be computed
explicitly, since we know the GX—action on the Niemeier root system X, which translates into
an GX—action on the singularity CFT that preserves the superconformal structure, and leads to a
definition of its twined elliptic genus. The second term, on the other hand, is directly provided by
the McKay-Thompson series w§‘ of umbral moonshine. It is easy to check that this definition of ¢§(
for N = N2*41 Jeads to the same weak Jacobi forms as in (5.3) for the case of Mathieu moonshine.
Just like in the case of Mathieu moonshine, it is then tempting to interpret all the functions ¢?
arising from umbral moonshine as in (8.7), as the elliptic genus twined by certain symmetries of
the K3 non-linear sigma model whose action preserves the .4” = 4 SCA.

For some of the g € GX, such an interpretation is not availble, as we will discuss in §8.4.
In particular, only subgroups of G¥ which preserve a four-plane, i.e. a four-dimensional oriented
subspace within N¥ ®z R, will acquire a role as a symmetry group of K3 sigma models. For later
use, for a given Niemeier lattice N = NX with non-trivial root system, we will denote the set of
Jacobi forms arising from (8.7) by

D(N¥) :={ (]);( | g is a four-plane preserving element of G*} . (8.8)

8.3 Conway moonshine and K3 elliptic genus

Recall the construction of the twisted Conway module V, descrlbed in §4.2. Given a fixed
n-dimensional subspace in A ®z C, there are different ways to bu11d U (1) currents by considering
bilinear combinations of the 24 fermions [79, 78]. In this theory, one can construct a U(1) current J
of level 2 from fermions associated to a four-plane, i.e. a subspace of (real) dimension four. Given
such a four-plane IT, fixing the U(1) current and the SVOA structure, breaks the symmetry of th;E
from Coy to its subgroup Gy preserving I1. Conversely, given a four-plane preserving Gr1 < Coy,
one can construct a U(1) current J such that th,E, when equipped with a module structure for J and
for the .#" = 1 superconformal algebra, has symmetry GH

Interestingly, the U (1)-charged graded character of V, ’ coincides with EG(K3) (up to asign)[78].
More generally, one can consider the U (1)-graded character of the twisted Conway module twined
by a four-plane preserving element of Cop (see §4.2 for notation):

9¢ = —Trys [3 gyhq } ; (8.9)
where Jj is the zero mode of the U (1) current. Explicitly, it is given by

0 (5/2)  BESP 1o12)
9 (7.6) = {e<ro> Ne(®  B(@07 ()
2
Zi((z (C))) —gM-¢(T) — (Z;)Cﬁ) gng(f)}a

(8.10)

63



TASI Lectures on Moonshine Miranda C. N. Cheng

where most special functions were defined in (4.28). The function Dy is defined by

12

12
De=v[] (=27 =T] (vi-vi"). (8.11)
i=1

i=1

where in H/ one skips the two pairs of eigenvalues associated with the fixed four-plane, for which
liil = 1. Notice that Dy is non-vanishing if and only if it fixes exactly a four-plane and not more. In
the latter case, Dy is determined up to a sign by the eigenvalues of g, since we are free to exchange
what we call A; and /'Li’l. As a result, for exactly four-plane preserving elements there are in fact
two choices of ¢§\, depending on the choice of the sign of D,, and we define

ot (2.0) = L [BBEP N4(1/2)  6u(1,0) me(c/2)
SETEIT 2 65(7,0)2 N_g(7) 0:(7,0)2 (1) o)
2 5 .
_mcg“(f)‘g 91,,(2)? D[ (7)|

where € = %1 encodes the sign ambiguity of D,.

In all cases, it was shown in [78] that the ¢£€ are Jacobi forms of weight 0 and index 1, for
some I’y C SL(2,Z), for every g € Cop that fixes at least a four-plane. For future use, denote the
set of all these functions by

DP(A) = {q)é} + ¢g’}_ | g is a four-plane preserving element of Coo} . (8.13)

We will mention a few observations about this set of functions and those arising from umbral
moonshine, the ®(NX) defined in (8.8). First, these sets of functions notably have a large overlap:
quite often Conway and umbral moonshine give rise to the same weak Jacobi form, albeit via very
different ways. An important difference is that a weak Jacobi form (;);( can be defined for all g € GX
via umbral moonshine (8.7), while in the Conway case one has to restrict to four-plane preserving
elements (in order to obtain a Jacobi form of index one). Second, the functions that only appear
in ®(A) tend to be realised as twined elliptic genera of K3 sigma models on the sub-loci in the
moduli space where the model admits a description as T*-orbifold. Note also that the geometry
of T*-orbifold connects nicely to the free field orbifold construction of the Conway module. In
fact, th,E is isomorphic to the Z, orbifold of a certain 7# model, when one (roughly speaking)
“forgets" about the distinction between left- and right-movers [78, 123, 124]. Third, the functions
that only arise from umbral and not from Conway moonshine have the property that they must
correspond to a symmetry which acts differently on the left- and right-movers of a K3 sigma model
[125]. We will discuss the connections between the moonshine symmetry groups and the stringy
K3 symmetry groups in the next subsection.

8.4 Symmetries of K3 string theory and moonshine

In the previous subsections we have seen a close mathematical relation between the K3 elliptic
genus and the functions of umbral and Conway moonshine. It is therefore natural to compare the
moonshine groups and the symmetries of K3 sigma models. In fact, it was known that symmetries
of K3 surfaces have a close relation to sporadic groups. In particular, a celebrated theorem by
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Mukai [126] established the role of M»3, one of the 26 sporadic groups and a subgroup of My,
as the finite group that “organises” the symmetries of K3 surfaces. More precisely, in [126] it was
shown that there is of a bijection between (isomorphism classes of) M3 subgroups with at least five
orbits and (isomorphism classes of) finite groups of K3 symplectomorphisms. A generalisation of
this classical result to “stringy K3 geometry” was initiated by Gaberdiel, Hohenegger, and Volpato,
who in [127] classified the symmetry groups of all (non-singular) K3 sigma model using lattice
techniques in a method closely following the simplified proof of the Mukai theorem by Kondo
[128]. From the spacetime (D-branes) point of view, the results of [127] can be viewed as classify-
ing symplectic autoequivalences (symmetries) of derived categories on K3 surfaces [129]. See also
[130] for a related discussion on symmetries of appropriately defined moduli spaces relevant for
curve counting on K3. In [125] the classification was extended to theories corresponding to the sin-
gular loci in the moduli space of K3 sigma models. This is necessary if one is interested in the full
string theory and not just the sigma models. Despite the fact that the type IIA worldsheet theory be-
haves badly along these loci, the full type IIA string theory is not only completely well-defined but
also possesses special physical relevance in connection to non-Abelian gauge symmetries [131].
The spacetime gauge group is enhanced from U (1)?* to some non-Abelian group at these loci, and
the ADE type gauge group is given by the ADE type singularity of the K3 surface [132, 131]. The
existence of such loci with enhanced gauge symmetries in the moduli space, though not immedi-
ately manifest from the world-sheet analysis in type IIA, is clear from the the dual description in
terms of heterotic 7# compactification.

To state the classification result, let us first review some general properties of sigma models
on K3 (see [133, 134]). The moduli space of non-singular non-linear sigma models on K3 with
A = (4,4) supersymmetry is given by an open subset in

M = (S0(4) x 0(20))\O ™ (4,20)/0T(T"**%) (8.14)

where (SO(4) x 0(20))\O™ (4,20) is the Grassmannian of positive four-planes I, a four-dimensional
oriented positive-definite subspace within R*?0 =2 *20 ©, R, and I'*? is the even unimodular lat-
tice with signature (4,20). In other words, choosing a point in the moduli space .# is equivalent
to choosing a four-plane inside I'*?° © R. The complement in .7 of this open subset is the set

of singular four-planes IT (i.e. orthogonal to a root v € I'*?0, 2

= —2) and correspond to certain
singular limits of sigma models on K3. The whole space .7 is also the moduli space of type IIA
string theory at a fixed finite value of g;. In the singular cases, the full supersymmetry-preserving
symmetries of the corresponding type IIA string theory contains a continuous non-Abelian gauge

symmetry which we will mod out to obtain the discrete symmetry group Gyja. As a result, we have
Ga (IT) = Stab(IT) /W (8.15)

where Stab(IT) is the subgroup of O (I'*??) which stabilises the four-plane IT pointwise, and W
is the Weyl group generated by reflections with respect to all root vectors orthogonal to IT, if there
are any.

In [125] (Corollary 4) it was then shown that the groups Gy, realised somewhere in ., are in
bijection with the four-plane preserving subgroups of the twenty-four finite groups Gy associated
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to the twenty-four even self-dual lattices of rank twenty-four (cf. (1.13)), including the twenty-
three umbral groups GX and the Conway group Cop. In particular, it means that generically the
umbral group G¥, and in particular G>**1 2 M,,, cannot be the symmetry group of any individual
K3 sigma model as they are not four-plane preserving subgroups of Coy.

After classifying the symmetry groups as abstract groups, we would like to know how they
act on the spectrum of supersymmetric states. This information is captured by the elliptic genera
twined by these symmetries, as defined in (3.35). In [125], it was conjectured (among other finer
conditions) that any twined K3 elliptic genus realised anywhere in the moduli space .# coincides
with at least one of the functions in one of the twenty-four sets of functions ®(N) defined in (8.8)
and in (8.13), where N is either one of the twenty-three Niemeier lattices NX or the Leech lattice A.
Conversely, it was conjectured that all elements of ®(N) play a role in capturing the symmetries
of BPS states of K3. Strong evidence for the above conjecture was recently found in [135] by
considering string theories closely related (by orbifolding) to type IIA string theory compactified
on K3 x T2, and by requiring the analyticity structure of the BPS-counting functions is compatible
with the physics of wall-crossing. It is however not yet understood why umbral moonshine func-
tions should have such a close relationship to K3 sigma model twined elliptic genera. See §8.5 for
more discussions.

8.5 Beyond perturbative string theory

The most important lesson from the previous subsection is that supersymmetry-preserving
symmetries of K3 CFTs are closely related to the symmetries of umbral moonshine, but fall short of
explaining umbral moonshine: many umbral groups simply cannot be realised as symmetries of K3
sigma model anywhere in the moduli space. In particular, while the conjectures discussed in §8.4
state that all umbral and Conway moonshine functions associated to four-plane preserving group
elements play a role as the twining genera of K3 sigma models, and in fact capture them completely,
the physical relevance of the umbral (including Mathieu) moonshine functions corresponding to
group elements preserving only a two-plane remains unclear. There is at the moment no consensus
regarding what the precise physical setup relevant for umbral moonshine is. At the same time,
it is precisely this necessity to go beyond perturbative string theory, and the possibility of having
moonshine involved in non-perturbative setups such as stringy black holes or in a novel type of
supersymmetric structure, that makes the possible connections between umbral moonshine and
string theory so exciting. Here we briefly discuss a few possibilities that have been discussed to
different degrees in the literature.

Combining symmetries. The idea is to find a way to combine symmetries realised at different
points in the moduli space and in this way generate a larger group, a “meta” group which is not
restricted to a specific point in the modili space, which also contains two-plane preserving elements.
This possibility was first raised as a question “Is it possible that these automorphism groups at
isolated points in the moduli space of K3 surface are enhanced to M»4 over the whole of moduli
space when we consider the elliptic genus?” in the original article [81]. It is motivated by the
fact that the elliptic genus receives only contributions from BPS states and is invariant across the
moduli space. As a result, the protection of supersymmetry can lead to a “meta” object admitting
the action of the “meta symmetry group” that we are after. Concrete steps towards realising this
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idea in the context of Kummer surfaces, i.e. K3 surfaces obtained as torus orbifolds 7 /Zy, were
taken in [136, 137, 138] and further explored in [139]. In particular, it was shown that it is possible
to combine the geometric symmetries of three specific Kummer surfaces, given by the groups

Go:=73x(Zax L), G :=Z5xAy, Gy:=73xS5, (8.16)

into the so-called octad group G = Z‘QL x Ag. This is a maximal subgroup of My4 but too large to
be the automorphism group of a single K3 sigma model. The work of [139] supplied evidence that
G indeed acts on the twisted sector BPS states that survive after moving away from the Kummer
loci in the moduli space. This suggests the possibility that G, a maximal subgroup of M»4, indeed
acts as an “overarching" symmetry within the Kummer moduli space. Finally, this idea is also
explored in [140] in the context of Landau—Ginzburg models flowing to K3 signa models in the
IR. A challenging aspect of this approach is that it is technically very hard to follow a path in the
moduli space to a generic point which does not correspond to a torus orbifold or admits a Landau—
Ginzburg UV description. As a result it is not straightforward to combine symmetries which are
realised in a generic K3 sigma model.

Lower-dimensional compactifications. A second approach is to consider string compactifica-
tions where larger groups are realised at given points in the moduli space as symmetry groups of
the full string theory, and not just for the perturbative string states and not just the BPS sector.
For theories with 16 supercharges, this is only possible for compactifications with less than six
non-compact dimensions. This idea was first discussed in [83], where the implications of Mathieu
moonshine for four-dimensional BPS black holes, arising in type Il superstring theory compactified
on K3 x T?, were explored. It was futher developed in [141], and has led to nice new insights into
string dualities [114].

More recently, it was shown that in three there are points in the moduli space of string the-
ory compactifications to three dimensions which admit the Niemeier groups as discrete symmetry
groups [142]. In the type IIA frame, these are given by compactifications on K3 x T3. The action
of these symmetry groups on the 1/2-BPS states of the theory has been analyzed [142], and it would
be interesting to understand the action on the 1/4-BPS states. However, it is currently unclear how
functions related to the umbral moonshine McKay-Thompson series lpjf can be obtained in this
physical setup. Recently, a further compactification on K3 x T# was also explored in [143].

Heterotic K3 compactifications. The plausibility of the relevance of this setup lies in the fact
that its moduli space contains the moduli space of .4#" = (4,4) K3 CFT as a sub-locus. It is hence
imaginable that moving away from the sub-loci will allow us to see more symmetries. At a technical
level, we have less means to compute the spectrum due to smaller number of supersymmetries. This
route has been somewhat explored in [144, 145], but a lot remains to be done.

Five-brane dynamics. The connection between umbral moonshine and the double scaled little
string theory, describing the perturbative dynamics in the presence of NS five-branes in type IIB su-
perstring theory, has been investigated in [146, 147]. This idea is natural in that it incorporates new
non-perturbative elements (NS fivebranes) into the physical setup, and that the double scaled little
string theories admit an ADE classification which also plays an important role in the construction
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of umbral moonshine. It would be interesting to understand the finite group symmetries present in
this setup.

Relations to certain VOA. As we have seen in the previous subsections, umbral and Conway
moonshine are related, as they are both closely related to K3 sigma models. In [79], a variant of
the Conway moonshine module is shown to exhibit an action of a variety of two-plane preserving
subgroups of Coy, including M»3, and yields as twining genera a set of weak Jacobi forms of weight
zero and index two. In addition, the mock modular forms which display M;3 representations appear
to be very closely related to the mock modular forms which play a role in M4 moonshine. It might
be fruitful to gain a deeper physical understanding of this apparent connection and see if one can
“tweak” the better understood Conway module in some ways to accommodate the umbral modules.

Total unknown. As none of the above approaches has led to a definite answer so far, a possible
scenario is that the connections we observed between K3 elliptic genera and umbral moonshine are
just a coincidence and the physical context (if any) of umbral moonshine lies completely some-
where else.

Finding the correct physical setup in which the umbral moonshine modules can be constructed
in a natural and uniform way is an active research area and is currently the holy grail in the study
of umbral moonshine.

9. Other connections

MSW strings.  Another physical setup which delivers examples of modular objects connected
to finite groups is M5 branes wrapping divisors of Calabi—Yau three-folds [18]. These give rise to
effective strings, the so-called MSW strings, with (0,4) worldsheet supersymmetry [19]. In [18],
it was pointed out that the generalised elliptic genera of the MSW string theories are examples of
skew-holomorphic Jacobi forms (cf. §2.2), a type of modular object playing a starring role in the
family of moonshine generalising the Thompson moonshine, but whose role in physics has thus
far not been highlighted. In particular, the generalised elliptic genera for one or two M5 branes
wrapping the surfaces P?, del Pezzo 8, and half-K3 were examined in [18]. In the first case, it
was known that two M5 branes wrapping the surface P? leads to mock skew-holomorphic forms
that are closely related to the generating function of the class number mock modular form (2.49).
This connection suggests the possibility that M5-branes on P give a starting point from which we
may pursue a geometric understanding of Mathieu moonshine for (rescaled) Hurwitz class numbers
described in §6.

For the other cases, one finds that a weight 3 /2 modular form governing the generalised elliptic
genus of a single M5 brane wrapping the del Pezzo 8 and half-K3 surfaces is f(!) = Esn 7. (See
§2.1 for the definition of E4 and 1. ) In [18] it was shown that f (1) is the graded superdimension
of a supermodule for the Mathieu group M, and the corresponding graded characters fél) for all
g € My, are explicitly given. It would be very interesting to have a geometric and string theoretic
understanding of this M/,-supermodule.
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