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1. Introduction

PDFs are the most basic and important objects for us to understand hadron structures in modern
physics. Since PDFs are intrinsic properties of the hadron that include low energy degrees of
freedom, they can only be calculated with nonperturbative methods such as lattice QCD. Up to now,
our most precise knowledge about PDFs comes from global fits to experimental data [1, 2, 3, 4, 5],
despite that their low-order moments have been directly calculated with lattice methods [6, 7, 8],

In parton physics, PDFs are defined as the nucleon matrix elements of light-cone correlation
operators. For example, in dimensional regularization with d = 4−2ε , the bare unpolarized quark
distribution function is

qi(x,ε)≡
∫ dξ−

4π
e−ixP+ξ−

〈
P
∣∣ψ̄i(ξ

−)γ+W (ξ−,0)ψi(0)
∣∣P〉, (1.1)

where x is the momentum fraction, i is a flavor index, the nucleon momentum Pµ = (P0,0,0,Pz),
ξ± = (t±z)/

√
2 are the light-cone coordinates, and the Wilson line W is given by the path-ordered

exponential

W (ξ−,0) = Pexp
(
− ig

∫
ξ−

0
dη
−A+(η−)

)
. (1.2)

The renormalized PDFs q j(y,µ) are defined in the MS scheme as

qi(x,ε) = ∑
j

∫ 1

x

dy
y

ZMS
i j

(
x
y
,ε,µ

)
q j(y,µ) , (1.3)

ZMS is a function of x/y, the flavor indices i, j include the gluon, and µ is the renormalization
scale. The MS definition of the PDF has an interpretation as a parton number density in the light-
cone gauge A+ = 0, and is the most widely used definition for the PDF in factorization theorems.
The dependence of the PDF correlator on the light-cone makes it essentially impossible to directly
calculate them using lattice QCD in Euclidean space with imaginary time.

In Ref. [9], Ji proposed that instead of calculating light-cone correlations, one can start from a
spatial correlation—called a quasi-PDF—which can be calculated in lattice QCD. The bare quasi-
PDF is defined in momentum space (x) and coordinate space (z) as

q̃(x,Pz,ε)≡
∫

∞

−∞

dz
2π

eixPzzq̃B
i (z,P

z,ε) , (1.4)

q̃i(z,Pz,ε)≡ 1
2
〈
P
∣∣ψ̄(z)γzWz(z,0)ψ(0)

∣∣P〉 ,
where the spacelike Wilson line is

Wz(z,0) = Pexp
(
−ig

∫ z

0
dz′Az(z′)

)
. (1.5)

Unlike the PDF in Eq. (1.1) that is invariant under a boost along the z direction, the quasi-PDF
changes dynamically under such a boost, which is encoded by its nontrivial dependence on the
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nucleon momentum Pz. The quasi-PDF in coordinate space q̃ j(z,Pz, µ̃) is multiplicatively renor-
malized in dimensional regularization, so we can write

q̃i(z,Pz,ε) = Z̃X
i (z,P

z,ε, µ̃) q̃X
i (z,P

z, µ̃) . (1.6)

Here the position space renormalization factors Z̃X
i (z,ε, µ̃) are defined in a particular scheme X ,

such as MS, a momentum-subtraction scheme etc., and µ̃ is a renormalization scale for the quasi-
PDF (whose definition also depends on the scheme X). Fourier transforming to momentum space
as in Eq. (1.4), the renormalization for the quasi-PDF involves a convolution in the momentum
fraction,

q̃i(x,Pz,ε) =Pz
∫ +∞

−∞

dx′ Z̃X
i (x−x′,Pz,ε, µ̃) q̃X

i (x
′,Pz, µ̃) . (1.7)

The structure of the renormalization of the quasi-PDF in Eqs. (1.6) and (1.7) is similar to that of
the quark beam-function [10, 11], which is a proton distribution with separations along both the
plus and minus light-cone directions. Ref. [11] gives an all orders proof of the position space
multiplicative renormalization of the beam function, and this proof also implied that Zi j ∝ δi j,
so there is never parton mixing in this case. In dimensional regularization it has been explicitly
demonstrated that the quasi-PDF is multiplicatively renormalized to two loops [12]. Recently a
proof of the multiplicative renormalization has been given both non-perturbatively in Ref. [13]
and diagrammatically in Ref. [14]. The multiplicative renormalization property present in Eq. (1.6)
essentially follows from the known renormalization structure of QCD and of Wilson lines. Ref. [14]
has also demonstrated that there is no flavor mixing in the renormalization of the quasi-PDF.

For a nucleon moving with finite but large momentum Pz � ΛQCD, the quasi-PDF can be
matched onto the PDF through a momentum space factorization formula [9, 15]:1

q̃X
i (x,P

z, µ̃) =
∫ +1

−1

dy
|y|

CX
i j

(
x
y
,

µ̃

Pz ,
µ

|y|Pz

)
q j(y,µ)

+O

(
M2

P2
z
,
Λ2

QCD

P2
z

)
, (1.8)

where Ci j is the matching coefficient, and the O(M2/P2
z ,Λ

2
QCD/P2

z ) terms are higher-twist correc-
tions suppressed by the nucleon momentum (M is the nucleon mass). Here q j(y,µ) for negative
y corresponds to the anti-quark contribution. Note that the matching coefficient depends on the
quasi-PDF scheme choice X , and that for q j(y,µ) we always assume the MS scheme. Both sides
of Eq. (1.8) are formally µ independent, but both do depend on the scale µ̃ for the renormalized
quasi-PDF, and this dependence need not be small. The indicated power corrections are related
to higher-twist contributions in the quasi-PDF. Note that it is important to distinguish between the
renormalization of the PDF and quasi-PDF given by the Zi js and Z̃i js, and the matching coefficients
given by the Ci js. The renormalization constants occur in a relation between bare and renormalized
matrix elements for the same operators. On the other hand the matching coefficients occur in a
relation between renormalized matrix elements of different operators. The q̃ and q have the same

1In this formula we write µ/|y|Pz for the third argument of the matching coefficient. This has recently been proven
to be the correct result in Ref. [16].
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infrared (IR) divergences (which are collinear divergences in Minkowski space), and at perturbative
scales µ and µ̃ the Ci js can be calculated order by order in αs.

Based on Ji’s proposal, the procedure of calculating PDF from lattice QCD can be summarized
as:

1. Lattice simulation of the quasi-PDF;

2. Renormalization of the quasi-PDF in a particular scheme on the lattice;

3. Subtraction of higher-twist corrections;

4. Matching quasi-PDF in the particular scheme to PDF in the MS scheme.

Efforts have been made to use this proposal to calculate the iso-vector quark distributions fu−d ,
including unpolarized, polarized, and transversity distributions, as well as pion distribution ampli-
tude, from lattice QCD [17, 18, 19, 20, 21, 22, 23, 24]. For this channel the mixing is not important
and so the indicies i and j are dropped. The one-loop matching coefficients were first calculated in
a transverse momentum cutoff scheme in Ref. [25], which we denote as CΛT (x,ΛT/Pz,µ/pz). The
result was confirmed in Refs. [26, 18]. The nucleon-mass corrections of O(M2/P2

z ) have already
been included in the lattice calculations [17, 18, 19, 20, 21, 23, 24], and the O(Λ2

QCD/P2
z ) correction

was numerically fitted in Ref. [19]. (A direct lattice calculation of the O(Λ2
QCD/P2

z ) correction is
still desired from the theoretical point of view). In the analyses of Refs [17, 18, 19, 20] the renor-
malization of the lattice matrix element of quasi-PDF, i.e., Step 2, was absent. With increasing
nucleon momentum Pz, lattice renormalization will be the most important factor that limits the pre-
cision of the calculation of PDFs. Recently, renormalization of the quasi-PDF has been considered
Refs [27, 28, 29, 30, 22, 21, 23, 31, 13, 24]. In other recent work, a related pseudo-PDF distribution
was defined [32], which has been studied in [33, 34, 35].

One of the standard methods to renormalize operators in lattice QCD is the lattice perturbation
theory [36]. The perturbative renormalization of the quasi-PDF at one-loop order has recently be-
come available for the Wilson-Clover action [29, 30]. In practice, it requires a significant amount
of work to compute lattice Feynman diagrams for the quasi-PDF, which limits the ability to go to
higher loop orders, and thus the precision that can be achieved. Moreover, fixed-order perturba-
tive renormalization is not reliable when the operator suffers from power divergences under lattice
regularization. An alternative is nonperturbative methods, such as the regularization-invariant mo-
mentum subtraction (RI/MOM) scheme, that has been widely used to renormalize local operators
on the lattice [37]. Work in progress to calculate the lattice quasi-PDFs in the RI/MOM scheme
has been reported in [22, 23, 31, 24], and appears to be the most promising route for future higher
precision quasi-PDF determinations.2

In this paper we focus on Step 4 when the lattice quasi-PDF is defined in the RI/MOM scheme,
the details of which have been elaborated in Ref. [38] and applied to the analysis of Ref. [23]. In
particular we carry out a perturbative calculation of the matching coefficient that enables this lattice
quasi-PDF to be directly matched onto the MS PDF. We denote this matching coefficient by COM

and it will depend on the scale of the off-shell subtraction µR. The renormalized matrix elements

2Indeed, the result for the matching coefficient computed in this paper has already been used in the lattice calculation
in Ref. [23].
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in the RI/MOM scheme are independent of the UV regularization, so we carry out this matching
perturbatively with dimensional regularization. Our result for the matching coefficient COM also
exhibits insensitivity to a UV cutoff in the integral in Eq. (1.8), |y|< ycut, unlike the earlier result for
CΛT . As a biproduct of our calculations, we also determine CMS, which is the matching coefficient
to go between the MS quasi-PDF and MS PDF. We find that CMS behaves in a similar fashion to
CΛT .

An alternate to the approach we take here would be to convert the lattice quasi-PDF defined
with nonperturbative renormalization in the RI/MOM scheme back to the MS scheme perturba-
tively [30]. This would then allow the CMS matching result to be used. Our approach is more
direct, with only a single step involving a perturbative calculation. Nevertheless it would be inter-
esting to compare both approaches.

In Sec. 2 we elaborate on the procedure of implementing the RI/MOM scheme for the quasi-
PDF. Then in Sec. 3 we calculate the RI/MOM scheme quasi-PDF and the one-loop matching
coefficient between this quasi-PDF and the PDF in the MS scheme. We do this first in Feynman
gauge and then in a general covariant gauge. We also give the analogous matching coefficient
needed for the MS quasi-PDF, and quote the known result for the transverse cutoff quasi-PDF
for comparison. In Sec. 4 we analyze these results and give a numerical comparison between the
quasi-PDF obtained with the matching coefficients and the PDF. We conclude in Sec. 5.

2. Renormalization of Quasi PDF in the RI/MOM Scheme

In the RI/MOM scheme we will define the renormalization constant Z̃OM(z, pz
R,Λ,µR) in

Eq. (1.6) by imposing a condition on the quasi-PDF evaluated with massless quark states |ps〉
of momentum p and spin s with p2 6= 0. We study the iso-vector (non-singlet) case, so that we do
not have to consider operator mixing. Here the RI/MOM renormalization condition is

Z̃OM(z, pz
R,Λ,µR)

−1
∑
s
〈ps|ψ̄(z)γzW (z,0)ψ(0)|ps〉

∣∣∣p2 =−µ2
R

pz = pz
R

= ∑
s
〈ps|ψ̄(z)γzW (z,0)ψ(0)|ps〉

∣∣∣
tree

= 4 pze−izpz
ζ

∣∣∣
pz=pz

R

, (2.1)

where in general pµ = (p0,0,0, pz),

ζ =
1

4pz ∑
s

ūs
γ

zus (2.2)

contains the non-singlet spinor factor and the sum over spins s, and µR is the renormalization scale.
In Eq. (2.1) Λ denotes the UV cutoff and this definition applies for both lattice QCD calculations
where Λ = a−1 is the inverse lattice spacing, and for continuum dimensional regularization calcu-
lations where Λ = ε . In addition to fixing p2 =−µ2

R, the choice of the momentum pz is also a free
parameter that is part of what specifies the scheme, and which, for example, does not have to be
equal to the proton momentum Pz. For this reason we have denoted this dependence in Z̃OM by
pz

R. This slightly generalizes Eqs. (1.7) and (1.8) since now there are two arguments pz
R, and the
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momentum of the state Pz appearing in the quasi-PDF matrix element. The factorization formula
for matching in Eq. (1.8) with the quasi-PDF in the RI/MOM scheme therefore becomes

q̃OM
i (x,Pz, pz

R,µR) =
∫ +1

−1

dy
|y|

COM
i j

(
x
y
,

µR

pz
R
,

µ

|y|Pz

)
q j(y,µ) . (2.3)

On the lattice the renormalization is imposed with a Euclidean momentum, p2 =−p2
E , and we

set p2
E = µ2

R in the condition in Eq. (2.1). For an on-shell vector current matrix element the unique
Dirac structure would be γz, but since the external state is off-shell, the Feynman diagrams will
lead to additional structures such as pz/p/p2. To deal with this, we evaluate the external states with
Dirac spinors ū(p,s) and u(p,s) and replace

∑
s

ū(p,s)ϒ(z)u(p,s)→ Tr
[
/pϒ(z)

]
ζ , (2.4)

in order to fully define our off-shell prescription for evaluating the matrix element on the LHS of
Eq. (2.1).

An alternate to using Eq. (2.4) would be to reduce the Dirac structure of ϒ to a minimal basis
of {γz, /p} terms, and then only utilize the coefficient of the term proportional to γz to define the
RI/MOM quasi-PDF,

∑
s

ū(p,s)ϒ(z)u(p,s)→ ϒ(z)
∣∣∣
γz

ζ . (2.5)

This alternate definition of the RI/MOM scheme has been studied in Ref. [38].
A key advantage of using the RI/MOM scheme is that although the renormalization factor Z̃OM

and bare matrix element depend on the choice of regulator, the renormalized quasi-PDF does not,

q̃OM(z,Pz, pz
R,µR) = Z̃OM(z, pz

R,Λ,µR)
−1〈P|ψ̄(z)γzW (z,0)ψ(0)|P〉 , (2.6)

where the state |P〉 may be a proton for the proton quasi-PDF, or a quark for the quark quasi-PDF,
etc. Here the Λ dependence formally cancels out between Z̃OM and the matrix element on the RHS,
and the final result for the renormalized quasi-PDF is independent of the choice of UV regulator.
For this reason q̃OM(z,Pz, pz

R,µR) is referred to as regulator independent. In practice there may be
power suppressed cutoff dependence in the renormalized quasi-PDF due to approximations used

for its calculation. For example, on the lattice there are discretization effects of O(apz,a
√

p2
E ,aµR)

which are small in the region ΛQCD� pz,
√

p2
E ,µR� 1/a, and only formally vanish in the contin-

uum limit. These effects can be reduced to O(a2) with improved action methods [37].
In the lattice implementation it should be emphasized that the renormalization constant in

Eq. (2.1) is computed in Euclidean space, but still properly renormalizes the Minkowski space
matrix elements. The quasi-PDF proton matrix element in Eq. (2.6) is computed as a Minkowskian
matrix element, and hence has the same infrared behavior as the standard PDF, a point that is crucial
for the matching in Eq. (1.8). Thus the difference between collinear singularities in Minkowski
space and the Euclidean space [39] does not affect the quasi-PDF paradigm. This issue has been
addressed in detail in Refs [40, 41].
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As has been shown in Ref. [25], the quasi-PDF has a linear ultraviolet (UV) divergence. The
linear divergence arises from the self energy of the finite length space-like Wilson line W (z,0) in
the quasi-PDF, which can be renormalized as [42, 43, 44]

W B(z,0) = Zzeδm|z|W R(z,0) , (2.7)

where “B" and “R" stand for bare and renormalized. The exponential factor eδm|z| introduces coun-
terterms that cancel the linear divergences δm ∼ Λ, whereas the rest of the renormalization factor
Zz depends on the end points of the Wilson line, including the coordinates 0 and z, and includes
only logarithmic divergences. We can generalize this renormalization relation to gauge-invariant
nonlocal quark bilinear operators, as was proven in [13, 14], so that the quasi-PDF renormalization
can be split into two parts

Z̃(z, pz
R,Λ, µ̃) = eδm|z|Z̃ψ(z, pz

R, µ̃) , (2.8)

where δm contains all linear divergences ∝ Λ, while Z̃ψ(z, pz
R, µ̃) depends on the end points and

includes all logarithmic divergences. Both δm and Z̃ψ can in principle depend on the UV cutoff
Λ, renormalization parameter µ̃ , and momentum of the state used to specify the renormalization
scheme pz

R. In order to specify a well defined renormalization scheme with the split in Eq. (2.8),
a distinct definition must be given for δm and Z̃ψ . It would be useful if we can redefine the
quasi-PDF to make it free of linear divergence, such as the treatment for transverse momentum
distributions [45, 46], or the gradient flow method [47, 48], but a practical solution on the lattice
has not yet been proposed or carried out. With a lattice regulator δm will include a linear divergent
term ∝ 1/a, and properly canceling these linear divergences is important numerically. One strategy
is to determine δm non-perturbatively from the renormalization of Wilson loop that corresponds to
the static quark-antiquark potential [49, 27, 21, 31], which has been explicitly verified to cancel the
linear divergence in the quasi-PDF at one loop [27].

In the RI/MOM scheme it is not necessary to separately define δm and Z̃ψ , and we can simply
use Z̃OM which includes all divergences. Both linear and logarithmic UV cutoff dependence cancel
out in Eq. (2.6), and this cancellation relies only on the multiplicative renormalizability in Eq. (1.6).
This appears to be the simplest approach when carrying out a fully nonperturbative renormalization
on the lattice. (If Z̃ψ(z) is calculated in lattice perturbation theory, then it is likely beneficial to sep-
arately define and calculate δm non-perturbatively.) This also suffices for our purposes for defining
the renormalized quasi-PDF, since it is only needed as input for our calculation that matches di-
rectly onto the MS PDF by determining the coefficient COM to be used in Eq. (1.8). We exploit
the independence of the RI/MOM scheme to the choice of UV regulator to carry out this matching
calculation using dimensional regularization.

3. Matching between quasi-PDF and PDF

In this section we calculate the one-loop matching coefficient that converts the renormalized
quasi-PDF in the RI/MOM scheme to renormalized PDF in the MS scheme. To do the matching,
we compare the two matrix elements in an off-shell quark state with momentum pµ = (p0,0,0, pz),
and p2 < 0. In dimensional regularization with d = 4− 2ε and an expansion about ε = 0, we do
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not see the linear divergence. Although the operator is gauge invariant, its off-shell matrix element
is generally not. As a result, the renormalization constant defined in the momentum subtraction
scheme will be gauge dependent too. We will start by carrying out this calculation in the Feynman
gauge. The result in a general covariant gauge will then be given in Sec. 3.1, which includes the
Landau-gauge result that is the most relevant for lattice simulations.

p

k k

p

z

q̃
(1)
vertex(z)

p
k

p

z

p

k
p

z

q̃
(1)

sail(z)

p p

z

q̃
(1)

tadpole(z)

Figure 1: One-loop Feynman diagrams for the quasi-PDF. The standard quark self energy wavefunction
renormalization is also included.

Although in this section we carry out the matching using the off-shellness as an IR regulator,
the result for the matching coefficient is independent of the choice of IR regulator. Therefore if
we carry out the calculation with an on-shell IR regulator like dimensional regularization we will
obtain the same matching coefficient between the RI/MOM quasi-PDF and MS PDF.

To define the off-shell quark matrix element we will use the definition in Eq. (2.4). For the
quasi-PDF, we use the momentum space Feynman rules for the coordinate space q̃(z, pz,ε) [27].
At tree level we obtain

q̃(0)tree(z, pz) = 4pz
ζ e−izpz

. (3.1)

The one-loop Feynman diagrams are shown in Fig. 1. With the quark wavefunction renormalization
corrections, the bare quasi-PDF in the Feynman gauge is [38]

q̃(1)(z, pz,0, p2) =
αsCF

2π
(4pz

ζ )
∫

∞

−∞

dx
(

e−ixpzz− e−ipzz
)

×



1√
1−ρ

[
1+ x2

1− x
− ρ

2(1− x)

]
ln

2x−1+
√

1−ρ

2x−1−
√

1−ρ
− ρ

4x(x−1)+ρ
+1 x > 1

1√
1−ρ

[
1+ x2

1− x
− ρ

2(1− x)

]
ln

1+
√

1−ρ

1−
√

1−ρ
− 2x

1− x
0 < x < 1

1√
1−ρ

[
1+ x2

1− x
− ρ

2(1− x)

]
ln

2x−1−
√

1−ρ

2x−1+
√

1−ρ
+

ρ

4x(x−1)+ρ
−1 x < 0

,

(3.2)

where

ρ ≡ (−p2− iε)
p2

z
, (3.3)

and the −iε allows us to easily analytically continue ρ from ρ < 1 to ρ > 1. For x→ ±∞ the
integrand in Eq. (3.2) is ∝ 1/x and hence log-divergent (behavior that is cured by the RI/MOM
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subtraction). On the other hand, the x integral is convergent at x = 1. Here the exp(−ixpzz) term
gives a “real” contribution with support in −∞ < x < ∞, while the exp(−ipzz) gives a “virtual”
contribution proportional to δ (1− x), and together they provide a well defined result at x = 1. The
one-loop correction to the local vector current is exactly zero as the above integral vanishes at z= 0.

By imposing the condition in Eq. (2.1), we obtain the counterterm

q̃(1)CT(z, pz
R,µR) =− q̃(1)(z, pz

R,0, p2)
∣∣∣

p2=−µ2
R

. (3.4)

To simplify the presentation of various formulae below we define the dimensionless ratio

rR ≡
µR

2

pz2
R

. (3.5)

In Euclidean space, p2
E = p2

4+ pz2
R ≥ p2

z , so the renormalization scale µR one can reach on the lattice
by setting p2

E = µ2
R always satisfies µ2

R ≥ pz2
R . Therefore, we can consider q̃(1)CT after analytically

continuing to the region rR > 1, which is easy to accomplish using the iε in Eq. (3.3).
Together these results give the renormalized one-loop quasi-PDF in the RI/MOM scheme [38]

q̃(1)OM(z, pz, pz
R,µR) = q̃(1)(z, pz,0, p2� pz2)+ q̃(1)CT(z, pz

R,µR) . (3.6)

As indicated, to setup the matching of the quasi-PDF to the PDF, we must keep our physical
IR regulator p2 small, i.e. ρ � 1. Thus we identify the logarithmic IR divergences by Taylor
expanding q̃(1) in ρ . At one-loop order there will only be a lnρ term, corresponding to the leading
logarithmic IR singularity which will also appear in the PDF. Also, our notation in Eq. (3.6) makes
clear that the momentum pz of the state for which we are considering the quasi-PDF in general
need not be equal to the momentum pz

R that we use for the RI/MOM counterterm.
The renormalized quasi-PDF in the RI/MOM scheme is therefore [38]

q̃(1)OM(z, pz, pz
R,µR) =

αsCF

2π
(4pz

ζ )
∫

∞

−∞

dx
(

e−ixpzz− e−ipzz
)

×



1+ x2

1− x
ln

x
x−1

− 2√
rR−1

[
1+ x2

1− x
− rR

2(1− x)

]
arctan

√
rR−1

2x−1
+

rR

4x(x−1)+ rR
, x > 1

1+ x2

1− x
ln

4(pz)2

−p2 −
2√

rR−1

[
1+ x2

1− x
− rR

2(1− x)

]
arctan

√
rR−1 , 0 < x < 1

1+ x2

1− x
ln

x−1
x

+
2√

rR−1

[
1+ x2

1− x
− rR

2(1− x)

]
arctan

√
rR−1

2x−1
− rR

4x(x−1)+ rR
, x < 0

,

(3.7)

and the coupling αs = αs(µ) is taken to be in the standard MS scheme. Note that the collinear
divergence lnρ only appears in the physical region of the PDF 0 < x < 1. For x→±∞ the inte-
grand for the renormalized quasi-PDF in Eq. (3.7) now behaves as ∝ 1/x2 and hence the integral
converges.

For the momentum space one-loop quasi-PDF q̃(1)OM(x, pz,µR) the difference of exponentials in
Eq. (3.7) cause the functions of x to act like plus-functions in each of the regions. To see this note
that for any position space test function g(zpz) that∫ dz

2π
g(zpz)

(
e−ixpzz− e−ipzz

)
=
[
g(x)−g(1)

]
, (3.8)
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where g(x) is the momentum space test function. We therefore define the following plus functions
with subtractions at x = 1

∫
∞

1
dx [h(x)]⊕ g(x) =

∫
∞

1
dx h(x)

[
g(x)−g(1)

]
,∫ 1

0
dx
(

h(x)
1− x

)
+

g(x) =
∫ 1

0
dx

h(x)
1− x

[
g(x)−g(1)

]
,∫ 0

−∞

dx
[
h(x)

]
	 g(x) =

∫ 0

−∞

dx h(x)
[
g(x)−g(1)

]
, (3.9)

for arbitrary functions h(x) and g(x). The renormalized momentum space quasi-PDF in the RI/MOM
scheme in Feynman gauge is therefore [38]

q̃(1)OM(x, pz, pz
R,µR)

=
αsCF

2π
(4ζ )

×



[
1+ x2

1− x
ln

x
x−1

− 2√
rR−1

[
1+ x2

1− x
− rR

2(1− x)

]
arctan

√
rR−1

2x−1
+

rR

4x(x−1)+ rR

]
⊕

x > 1[
1+ x2

1− x
ln

4(pz)2

−p2 −
2√

rR−1

[
1+ x2

1− x
− rR

2(1− x)

]
arctan

√
rR−1

]
+

0 < x < 1[
1+ x2

1− x
ln

x−1
x

+
2√

rR−1

[
1+ x2

1− x
− rR

2(1− x)

]
arctan

√
rR−1

2x−1
− rR

4x(x−1)+ rR

]
	

x < 0

.

(3.10)

Next we consider the PDF calculated with the same off-shellness regulator, once again using the
same identity in Eq. (2.4) to uniquely define our treatment of the spinors when working off-shell.
With this definition the renormalized one-loop matrix element of PDF in the MS scheme is given
by

q(1)(x,µ) =
αsCF

2π
(4ζ )


0 x > 1[

1+ x2

1− x
ln

µ2

−p2 −
1+ x2

1− x
ln
[
x(1− x)

]
− (2− x)

]
+

0 < x < 1

0 x < 0

.

(3.11)

Considering the factorization formula in Eq. (2.3), the matching coefficient COM between the renor-
malized quasi-PDF in the RI/MOM scheme and standard PDF in the MS scheme is then determined
by the difference between the momentum space quasi-PDF and PDF results

COM
(

ξ ,
µR

pz
R
,

µ

pz

)
= δ (1−ξ )+

1
4ζ

[
q̃(1)OM (ξ , pz, pz

R,µR)−q(1) (ξ ,µ)
]
+O(α2

s ) , (3.12)
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which gives the one-loop matching coefficient [38]

COM
(

ξ ,
µR

pz
R
,

µ

pz

)
(3.13)

=δ (1−ξ )+
αsCF

2π

×



[
1+ξ 2

1−ξ
ln

ξ

ξ −1
− 2(1+ξ 2)− rR

(1−ξ )
√

rR−1
arctan

√
rR−1

2ξ −1
+

rR

4ξ (ξ −1)+ rR

]
⊕

ξ > 1

[
1+ξ 2

1−ξ
ln

4(pz)2

µ2 +
1+ξ 2

1−ξ
ln
[
ξ (1−ξ )

]
+(2−ξ )− 2arctan

√
rR−1√

rR−1
1+ξ 2− rR/2

(1−ξ )

]
+

0 < ξ < 1,

[
1+ξ 2

1−ξ
ln

ξ −1
ξ

+
2√

rR−1

[
1+ξ 2

1−ξ
− rR

2(1−ξ )

]
arctan

√
rR−1

2ξ −1
− rR

4ξ (ξ −1)+ rR

]
	

ξ < 0

where rR is given in Eq. (3.5). This is the result for the matching between quasi-PDF in the
RI/MOM scheme and PDF in the MS scheme for the non-singlet case in Feynman gauge. As
expected, COM is independent of the IR regulator −p2 since the logarithmic IR singularities cancel
between the quasi-PDF and PDF.

The result in the RI/MOM scheme in Eq. (3.13) also exhibits convergent behavior as ξ →±∞.
In section 3.2 below we compare this behavior with the results obtained with the quasi-PDF in the
MS and transverse cutoff schemes.

3.1 Landau and General Covariant Gauge

In lattice QCD, the RI/MOM scheme is most easily implemented in the Landau gauge, so in
this section we extend our calculation to give the matching result for a general covariant gauge
where the gluon propagator is

iDµν

τ (k) =− i
k2

[
gµν − (1− τ)

kµkν

k2

]
. (3.14)

Here τ = 0 corresponds to the Landau gauge. We write the quasi-PDF in a general covariant gauge
as the τ = 1 Feynman gauge result plus a correction

q̃OM
τ (x, pz, pz

R,µR) = q̃OM(x, pz, pz
R,µR)+∆q̃OM

τ (x, pz, pz
R,µR) .

The correction from the (1− τ) term in Eq. (3.14) is at one-loop given by [38]

∆q̃OM
τ (x,ρ,rR) = (1− τ)

αsCF

2π
(4ζ )



(
(1−2x)r2

R

2(1− x) [rR +4x(x−1)]2

)
⊕

x > 1

0 0 < x < 1(
−(1−2x)r2

R

2(1− x) [rR +4x(x−1)]2

)
	

x < 0

. (3.15)
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For the PDF with an off-shell momentum regulator, there is also an additional contribution,

q(1)τ (x,µ) = (1− τ)
αsCF

2π
(4ζ )


0 x > 1(

1−2x
2(1− x)

)
+

0 < x < 1

0 x < 0

. (3.16)

As a result, the matching coefficient for a general covariant gauge is given by the Feynman gauge
result from Eq. (3.13) plus an additional term [38]

COM
τ

(
ξ ,

µR

pz
R
,

µ

pz

)
=COM

(
ξ ,

µR

pz
R
,

µ

pz

)
+(1− τ)

αsCF

2π



(
(1−2ξ )

2(1−ξ )

r2
R

[rR +4ξ (ξ −1)]2

)
⊕

ξ > 1(
−(1−2ξ )

2(1−ξ )

)
+

0 < ξ < 1(
− (1−2ξ )

2(1−ξ )

r2
R

[rR +4ξ (ξ −1)]2

)
	

ξ < 0

.

(3.17)

When utilizing the matching equation with the RI/MOM scheme in a chosen gauge, we note that
the RI/MOM quasi-PDF q̃OM

τ is gauge dependent, as is the matching coefficient COM
τ , and in both

cases this is induced by the presence of the gauge dependent RI/MOM UV counterterm. Therefore
this gauge dependence is the same and yields a gauge invariant result for the MS PDF order by
order in αs. When the quasi-PDF is renormalized non-perturbatively and the matching is carried
out perturbatively, then the cancellation will be incomplete, and it would be reasonable for example
to look at the residual gauge dependence as a means of assessing an uncertainty from higher orders
in perturbation theory. However we will see in Sec. 4 that at one-loop the gauge dependent terms
are much smaller than the residual scale dependence, and hence this is unlikely to be a significant
source of uncertainty. For our numerical analysis in Sec. 4 we will consider both the Feynman
gauge result from Eq. (3.13), denoted COM, and the Landau gauge result obtained from Eq. (3.17)
with τ = 0, and denoted COM

τ=0.

3.2 Comparison to Other Schemes

The one-loop matching coefficient between the quasi-PDF and PDF was originally calculated
in Ref. [25] in an on-shell scheme with the UV divergence regulated by a finite transverse momen-
tum cutoff ΛT , using Feynman gauge. Using our notation for the plus functions the result for this
scheme is [25]
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CΛT
(

ξ ,
µ

pz ,
Λ

Pz

)
= δ (1−ξ )

+
αsCF

2π



[
1+ξ 2

1−ξ
ln

ξ

ξ −1
+1+

1
(1−ξ )2

ΛT

Pz

]
⊕

ξ > 1[
1+ξ 2

1−ξ
ln

4(pz)2

µ2 +
1+ξ 2

1−ξ
lnξ (1−ξ )+1− 2ξ

1−ξ
+

1
(1−ξ )2

ΛT

Pz

]
+

0 < ξ < 1[
1+ξ 2

1−ξ
ln

ξ −1
ξ
−1+

1
(1−ξ )2

ΛT

Pz

]
	

ξ < 0

.

(3.18)

This result was used in the lattice calculations of fu−d in Refs. [17, 18, 19, 20]. Note that the
linear divergence is not subtracted in the quasi-PDF in this scheme, so there is no renormalization
scale µR associated with it.

In the recent works [30, 22], the quasi-PDF is renormalized in the RI/MOM scheme and
matched to the quasi-PDF in the MS scheme. Eventually, the quasi-PDF in the MS scheme needs
to be matched to PDF in the MS scheme. In this case, the matching coefficient is very similar to
that in Ref. [25] except for the vanishing of the linear divergence, and a different polynomial ξ

dependence in the 0 < ξ < 1 region [38],

CMS
(

ξ ,
µ

pz

)

= δ (1−ξ )+
αsCF

2π



[
1+ξ 2

1−ξ
ln

ξ

ξ −1
+1
]
⊕

ξ > 1[
1+ξ 2

1−ξ
ln

4(pz)2

µ2 +
1+ξ 2

1−ξ
lnξ (1−ξ )+(2−ξ )− 2ξ

1−ξ

]
+

0 < ξ < 1[
1+ξ 2

1−ξ
ln

ξ −1
ξ
−1
]
	

ξ < 0

.

(3.19)

This result for CMS is gauge invariant, which follows because on-shell definitions of the quasi-
PDF and PDF in the MS scheme are gauge invariant (or alternatively because any gauge depen-
dence associated with off-shell regulation of the infrared physics will be identical for the quasi-PDF
and PDF).

4. Numerical Analysis

In this section we numerically analyze the quasi-PDF by studying how the matching coefficient
in Eq. (1.8) changes the PDF. To calculate the convolution between the momentum space matching
coefficient COM(x/y) and a PDF f (y) we note that for−1 < y < 1 and fixed x the variable x/y goes
over the range −∞ < x/y <−|x| and |x|< x/y < ∞, and we can simply implement the integration

12
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Figure 2: Comparison between the PDF x fu−d and the quasi-PDF result obtained from x(COM⊗ fu−d) in
Feynman gauge. The orange and blue bands indicate the results from varying the factorization scale µ by
a factor of two. Left: x(COM⊗ fu−d) and x fu−d . Right: differences between x(COM⊗ fu−d), x fu−d , and
x fu−d(x,4 GeV).

using the plus functions in Eq. (3.9). Suppressing the µ/pz and µR/pz
R arguments, and absorbing

the limits θ(1−|y|) in the function f (y) this gives∫
dyCOM

(x
y

) f (y)
|y|

=
∫

dy′COM
r (y′)

[
x

y′2
f (x/y′)
|x/y′|

− x
f (x)
|x|

]
=
∫

∞

−∞

dy
[

1
|y|

COM
r

(x
y

)
f (y)− 1

|x|
COM

r

(y
x

)
f (x)

]
.

Here the subscript r on COM
r denotes the pure function, which are the argument of the plus func-

tions. For the first equality in Eq. (4.1) we changed variable to y′ = x/y and then applied the plus
functions. For the last equality in Eq. (4.1) we changed variable back to y = x/y′ in the first term,
and to y′ = y/x in the second term.

As an example we use for our analysis the unpolarized iso-vector parton distribution,

fu−d(x,µ) = fu(x,µ)− fd(x,µ)− fū(−x,µ)+ fd̄(−x,µ), (4.1)

where we include fū(−x,µ) =− fū(x,µ) and fd̄(−x,µ) =− fd̄(x,µ), the anti-parton distributions.
We use the next-to-leading-order iso-vector PDF fu−d from “MSTW 2008" [3] with the corre-
sponding running coupling αs(µ). For the numerical calculation we impose a UV cutoff on the
y-integral so that |y| < ycut = 10n for any x and some n > 1. Results in the RI/MOM scheme are
independent of this cutoff, whereas we will show below that the transverse cutoff and MS schemes
exhibit sensitivity to ycut. We also test soft cutoffs |y| > 10−m and |y− x| > 10−m with m > 3, but
find that the results in all schemes are independent of this m.

As default values for our figures we take Pz = 2
√

2GeV, use the Feynman gauge RI/MOM
matching result COM from Eq. (3.13) and the MS renormalization scale µ = 4GeV. To specify
the RI/MOM scheme parameters we take the renormalization scale µR = 4 GeV and momentum
pz

R = Pz. We consider variations about each of these default choices.
First consider Fig. 2 which shows a comparison of the RI/MOM quasi-PDF q̃OM(x,Pz, pz

R,µR)=

(COM⊗ fu−d) (red solid line) and the MS PDF fu−d(x,µ) (blue dashed line). In this figure and in
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Figure 3: Comparison between the PDF x fu−d and the quasi-PDF obtained from x(COM⊗ fu−d) in the
Landau gauge. The orange, blue, and green bands indicate the results from varying the factorization scale µ

by a factor of two.

Figure 4: Left panel: Comparison between the PDF x fu−d and the quasi-PDF from x(COM⊗ fu−d) deter-
mined at different µRs. Right panel: The Pz dependence of the quasi-PDF x(COM⊗ fu−d), compared to the
PDF x fu−d which is independent of Pz. In both panels the blue band indicates the µ renormalization scale
dependence of the PDF from variation by a factor of two.

others below we multiply by x in order to more easily observe the small x region. The left panel
shows the direct comparison, and the right panel makes the comparison subtracting x fu−d(x,µ).
We see that the quasi-PDF and PDF are close to one another, which is appealing for the conver-
gence of perturbation theory. In Fig. 2 we also vary the factorization scale µ by a factor of two,
from µ = 2GeV to µ = 8GeV, showing the result by the blue and orange bands about the PDF
and quasi-PDF respectively. For the quasi-PDF from Eq. (3.13) the dependence on µ cancels out
between C and q, order by order in perturbation theory, whereas the PDF has a dependence on µ

at leading-logarithmic order, and this decrease in the µ dependence is observed as expected. As
shown in Fig. 2, the COM⊗ fu−d has small non-zero values outside the region −1 < x < 1. To
examine these differences more closely, we subtract the central curve x fu−d(x,µ = 4 GeV) from
both x fu−d(x,µ) and x(COM⊗ fu−d), and plot their differences in the right panel of Fig. 2.

Next we examine the gauge dependence of the quasi-PDF in the RI/MOM scheme. The result
for Landau gauge (τ = 0) is shown in the left panel of Fig. 3, which is plotted in the same way as
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Fig. 2, and appears very similar. To examine the change to the quasi-PDF we therefore plot the
difference between the Landau gauge and Feynman gauge result in the right panel of Fig. 3. We
see that the the τ-dependent contribution in the matching coefficient are very small, on average
being only a 1% correction. Thus switching gauge only results in a small change to the matching
coefficient.

Our next step is to fix the factorization scale at µ = 4 GeV and vary the renormalization scale
µR in the quasi-PDF. From Eq. (3.10) we see that the definition of the RI/MOM quasi-PDF depends
on the scale parameter µR, so different µRs correspond to different quasi-PDfs. For µR = 4,8,16
GeV, we plot in the left panel of Fig. 4 a comparison between x(COM⊗ fu−d)(x,µR) and x fu−d(x,µ)
with µ = 4GeV (blue dashed line). The blue band shows how the PDF changes when we take µ = 2
or 8GeV. We see that the RI/MOM quasi-PDF is quite sensitive to the choice of µR, exhibiting
larger variations than that of varying the renormalization scale µ in the PDF. We also observe that
the quasi-PDF moves away from the PDF when µR > µ .

In the right panel of Fig. 4 we hold µR = 4
√

2GeV fixed, and vary Pz. We observe that in
the tails (x > 1 and x < −1) that the RI/MOM quasi-PDF approaches the PDF in the anticipated
power-law fashion as Pz gets large. On the other hand, in the central region−1< x< 1 the matching
coefficient becomes a finite function in the Pz → ∞ limit, and hence there is always perturbative
conversion needed between the quasi-PDF and PDF.

Finally we consider the comparison between our RI/MOM results and the matching results in
the transverse cut-off and MS schemes. At Pz = 2

√
2 GeV, µ = µR = 4 GeV, and ΛT = 4GeV,

we calculate CΛT ⊗ fu−d and CMS⊗ fu−d with ycut = 101,102,104 and plot the results with com-
parison to fu−d in Fig. 5. Unlike the COM⊗ fu−d , both CΛT ⊗ fu−d and CMS⊗ fu−d suffer from
UV divergences in the integration over y, and they differ significantly from fu−d . This means that
when one inverts the factorization formula in Eq. (1.8) to determine the PDF from the quasi-PDF,
that there must be a large cancellation of UV divergences between the quasi-PDF from lattice QCD
and the matching coefficient in the convolution integral. Since the UV region of a matching factor
C(x/y) is near y = 0, it is necessary to test the sensitivity of the convolution integral to the smallest
momentum fraction of the quasi-PDF for the lattice calculations in Ref. [17, 18, 19, 20, 22]. Using
the RI/MOM scheme avoids this complication. Another advantage of the RI/MOM scheme is that
in the unphysical regions |x| > 1 the αs corrections to the matching coefficient fall as 1/(Pz)2 as
Pz→ ∞, so the quasi-PDF will vanish in this region. This is not the case for the quasi-PDF in the
transverse cutoff and MS schemes, where the quasi-PDF asymptotes to a non-trivial function for
|x|> 1 when Pz→ ∞.

The reason why COM⊗ fu−d has better UV convergence than the other two schemes is that
only the RI/MOM scheme introduces a counterterm to the quasi-PDF which will cancel out the UV
divergences that arises when one integrates over y. The matching result in the RI/MOM scheme
therefore yields only a bounded small effect which one can be more confident about treating pertur-
batively. Thus, to reduce the uncertainties, our results imply that it is reasonable to favor RI/MOM
over the other two schemes.

5. conclusion

We have described the procedure of nonperturbative renormalization of quasi-PDF in the
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Figure 5: Results for the quasi-PDF in other schemes compared to the PDF fu−d . The left panel shows
x(CΛT ⊗ fu−d) with three different values for ycut. The right panel shows x(CMS⊗ fu−d) also with three
different values for ycut.

RI/MOM scheme. The z-dependent renormalization constant is obtained by imposing Eq. (2.1)
on the off-shell quark matrix element of the spatial correlation operator in lattice QCD. Then the
renormalization constant is applied to the nucleon matrix element of the same correlation operator
whose Fourier transform gives the quasi-PDF on the lattice. In RI/MOM the renormalized quasi-
PDF is regularization invariant and can be related to PDF in the MS scheme through a perturbative
matching condition, which is calculable in the continuum theory with dimensional regularization.
Since all the large corrections in lattice perturbation theory are absorbed into the nonperturbative
renormalization constant, the uncertainty of this procedure comes from lattice discretization effects
and perturbative matching in the continuum theory. Our numerical results show that the one-loop
matching for the RI/MOM scheme has nice UV convergence and reasonable magnitude for a pertur-
bative correction, which is in contrast to the matching results for the MS or transverse-momentum
cutoff schemes. This indicates that the theoretical uncertainty in the perturbative matching for
the RI/MOM scheme is small and controllable, thus making it more favorable than the MS and
transverse-momentum cutoff schemes. Furthermore, the matching in the RI/MOM scheme is con-
sistent with the quasi-PDF vanishing in the unphysical region |x|> 1 as Pz→ ∞, unlike the results
in the transverse cutoff or MS schemes. To increase the accuracy of our results in the future, one
can study the O(a) improvement for the lattice simulation of quasi-PDF and calculate the match-
ing coefficient to higher orders in perturbation theory. As the capabilities for doing simulations
with larger nucleon momentum on the lattice continue to improve, we believe that our results will
provide an important ingredient for future lattice calculations of PDF with the desired accuracy.

It should be noted that on the lattice there are not only discretization errors, but also mixings
between the quasi-PDF and other operators due to the broken symmetries. We should include
all the possible operators that mix with the gauge-invariant quark bilinear and determine their
renormalization constants nonperturbatively [22, 30, 23, 31]. We must also be aware of the fact
that one can only calculate the spatial correlation for the quasi-PDF at a finite number of discrete
z’s on the lattice. As a result, its Fourier transform into momentum space will exhibit an oscillatory
behavior due to the truncation at |zmax| [22, 23, 31]. Nevertheless, if we derive the parametric
behavior of the spatial correlation at large |z|, we can use a proper set of basis functions to fit the
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data points and obtain a smooth curve. Then we can Fourier transform this smooth curve to obtain
the quasi-PDF, which is free of the truncation error and should capture the correct behavior in the
small x region that can only be probed at large |z|. The choice of the basis functions could be based
on results from global fits to the PDF with matching correction in Eq. (1.8). Two other approaches
to reduce the truncation error were also proposed in the recent paper [24].
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