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1. Introduction

In this contribution to the proceedings of Hadron2017 we summarise recent progress on the
properties of baryons and tetraquarks as obtained from the functional approach (Dyson-Schwinger,
Bethe-Salpeter, Faddeev and Faddeev-Yakubowsky equations) to QCD. Some of the topics (spec-
trum of light baryons) are also covered in much more detail in a recent review [1].

One of the key elements in unravelling the structure of the strong interaction is the understand-
ing of the baryon excitation spectrum of QCD extracted from experiments using electromagnetic
and other probes. Significant experimental progress has been made in the past years by the anal-
ysis of data from photo- and electroproduction experiments at JLAB, ELSA and MAMI [2, 3, 4]
resulting in a substantial number of additions to the PDG [5]. In the same time many interesting
candidates for unconventional ("exotic") hadron states have been identified which do not seem to fit
the conventional pattern of ¢g and gqq states. Some of these are potential candidates for four-quark
states with colour-neutral ggqg content, see e.g. [6, 7, 8] for reviews.

A number of non-perturbative methods contribute interesting aspects to our theoretical under-
standing of hadrons. While the quark model still serves as a kind of standard by which one may
define and distinguish the ‘expected’ from the ‘unexpected’ [9, 10], its ignorance of many aspects
of the dynamics of underlying QCD calls for more refined methods. For ground state masses, lat-
tice QCD contributes its share with small error bars and very good agreement between different
approaches. For excited states, however, a number of technical subtleties still prevent the emer-
gence of a clear picture.

In the past years functional methods to treat non-perturbative QCD using Dyson-Schwinger,
Bethe-Salpeter, Faddeev and Faddeev-Yakubowsky equations (DSEs, BSEs FEs, FYEs) have been
extensively explored. In contrast to many model approaches, this framework can be used to deal
with mesons, baryons and exotic states in the light and heavy quark sector using the same under-
lying approximation for the quark-gluon interaction. This unified treatment offers the possibility
to systematically explore and compare the effects of different elements of the QCD dynamics on
hadron spectra, structure and dynamics [1]. While we discuss corresponding results for the spectra
of three- and four-body states in this contribution, an overview of corresponding results for form
factors can be found in [1].

Our results for the octet and decuplet baryon spectrum will be discussed in Sec. 3. Results
for light scalar four-body bound states and resonances will be the topic of Sec. 4 together with an
outlook into the heavy quark sector. First, however, we outline the framework in the next section.

2. The functional approach to baryons

The masses and Faddeev amplitudes of baryons are extracted from their Faddeev equation,
shown in Fig. 1 (the Faddeev amplitudes are illustrated by the shaded half-spheres). Its ingredients
are the fully dressed quark propagator (solid line with open circle) as well as the quark two-body
and irreducible three-body interactions. Besides their colour and flavour parts, the fully relativistic
Faddeev amplitudes also contain a substantial number of Dirac tensor structures (64 for J = % and
128 for J = % baryons) with dressing functions dependent on the total and relative momenta of the
quarks inside the baryons.
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Figure 1: Three-quark Faddeev equation.
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Figure 2: Simplification of the Faddeev equation in Fig. 1 to the quark-diquark Bethe-Salpeter equation (up-
per panel). The lower panel shows the ingredients that enter in the equation and are calculated beforehand:
the quark propagator, diquark Bethe-Salpeter amplitudes and diquark propagators.

While the treatment of the three-body Faddeev equation has become well feasible in recent
years, it is instructive to compare its results with those in a quark-diquark approximation, shown
in the upper panel of Fig. 2, which simplifies matters considerably. Its main ingredients are again
the dressed quark propagator, together with the diquark propagator (double line with open circle)
as well as the diquark Bethe-Salpeter amplitude. In turn, the latter needs to be calculated from the
diquark Bethe-Salpeter equation (bottom center diagram of Fig. 2). The dressed quark propagator
is determined from its Dyson-Schwinger equation (bottom left diagram of Fig. 2).

An important question regarding the diquark approximation is how many diquarks to consider.
While in principle the diquark expansion of the four-quark correlator includes ground and excited
states of diquarks with any quantum numbers, in practice the two lightest types of diquarks, the
scalar and axialvector ones [11], constitute a minimal set sufficient to build J© = 1 /27 octet and
JP =3/2% decuplet baryons. For the remaining states, contributions from pseudoscalar and vector
diquarks have to be taken into account [12] and are included in the results discussed below.

The three-body and quark-diquark approximation can only be systematically compared when
the same underlying quark-gluon interaction is chosen. This is not possible in quark-diquark mod-
els that utilize ansaetze for the quark propagator and the diquark wave functions without contact
to the underlying QCD dynamics [13, 14, 15]. Below we discuss results obtained from a rainbow-
ladder type of interaction introduced in Ref. [16] and since used in many applications; details are
discussed e.g. in [17, 1]. Here the full interaction between two quarks is approximated by the
exchange of an effective dressed gluon. The two parameters of this interaction, a scale and a shape
parameter, are fixed in the meson sector: the scale is set by the pion decay constant, whereas the
shape parameter can be varied in a range of values with only small changes in most experimental
observables, see e.g. [18]. In addition, a third parameter adapted to the p — a; splitting is in-
troduced to mimic QCD’s different interaction strength in parity partner channels [19, 17]. The
quark masses are adapted such that the masses of pseudoscalar mesons are reproduced. Thus all
aspects of the quark-gluon interaction are completely fixed in the meson sector and the results for
the spectra of baryons (and tetraquarks) are predictions.
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Figure 3: Nucleon and A baryon spectrum for J* = 1/2% and 3 /27 states determined within rainbow-ladder
[17, 20]. The three-body results (open boxes) are compared to the quark-diquark spectrum with full diquark
content (filled boxes), together with the PDG values and their experimental uncertainties [5]. The widths of
our results represent an estimate of the systematic error based on the extrapolated eigenvalue curves of the
Faddeev equations, see [17] for details.

3. Light and strange baryon spectrum

In Fig. 3 we show the resulting spectra from the three-body calculation (open boxes) [21, 22],
the quark-diquark approximation (filled boxes) [17] and compare them with the two-, three- and
four-star states given by the PDG [5].

Let us first discuss the nucleon channel. In the left diagram we observe good agreement of
the three-body with the quark-diquark approach for the ground-state nucleon as well as the first
radially excited state. The mass of the latter agrees well with the Breit-Wigner mass of the Roper
shown as a red shaded box'. The next two excited states are (numerically) only accessible in
the quark-diquark framework and lie in the same ballpark as the PDG’s N(1710) and N(1880).
In the nucleon channel with negative parity the (p — a; adjusted) quark-diquark calculation shows
again ground and excited states in agreement with experiment. In particular the N(1535) is where it
should be and the experimental level ordering as compared to the positive parity channel is correctly
reproduced. Note that although the inclusion of the ’bad’ diquarks of type pseudoscalar and vector
is quantitatively important to reproduce the spectrum, the states in the negative parity channel are
still dominated by the *good’ diquarks of scalar and axialvector type due to their lower masses.
Thus, in agreement with the quark model and a recent quark-diquark model calculation [23], the
negative parity states are dominated by contributions with one unit of angular momentum (p waves),
although other contributions (s-wave and d-wave) are also present. In contrast, in the positive-parity
channel the ground-state nucleon is s-wave dominated, whereas the first excited state, the Roper,
is dominated by p-wave components which are absent in the quark model. This points towards the
extraordinary nature of this state which still needs to be explored further.

A similar picture is observed in the various A channels. The quantitative agreement between
the quark-diquark and the three-body approach is somewhat less pronounced than in the nucleon

The mass evolution of the Roper with varying pion mass is discussed in [17] and compared with results from lattice
QCD.
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Figure 4: Single, double and triple strange baryon spectrum for J” = 1/2% and 3/2* states determined
within rainbow-ladder [24, 20] compared to PDG values [5]. Light-blue checkered boxes contain more than
one state which are predicted in the same mass region but cannot yet be well enough resolved.

case but still satisfied on a semi-quantitative level. In general, not only the first radial excitations but
also the second and third ones are close to experimental states. We therefore arrive at a consistent
and quantitative description of the light baryon spectrum below 2 GeV.

Of course this does not mean that beyond rainbow-ladder effects, like pion-cloud and coupled-
channel effects, or further non-Abelian corrections on the gluon level are absent [25]. First of all,
effects that would reduce a baryon’s mass and the pion decay constant by the same percentage
trivially drop out in our plots since we set the scale by the experimental value of f;. Thus, only
the net effects remain visible. Our results then merely suggest that such net effects are opposite
in sign and largely cancel each other in the nucleon and A(1232) channels, whereas in the other
channels there is a net effect that can be largely absorbed by a (the third) parameter of the effective
interaction. In fact, in the meson sector there are strong indications that cancellations between non-
Abelian corrections [26] and pion cloud effects [27] occur. Both effects have already been explored
for baryons on an exploratory level [28, 29] and work will continue in this direction.

Our results for the spectrum of single, double and triple strange baryons again from the three-
body equation [24] as well as in the quark-diquark picture [20] are shown in Fig. 4. We use the
same underlying quark-gluon interaction as for the light quarks assuming that a potential flavour
dependence of the (dressed) quark-gluon interaction is mild, at least within flavour SU(3). The re-
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sulting spectrum is again in overall good agreement with the experimental results, where available.
In the single strange A sector we obtain good agreement with the data for ground and excited states
with J = 1/2% with a general tendency of a slight overestimation of the masses in our approach.
The exception is the A(1405), which comes out much too heavy. This, however, ties in with the
decades-long debate on this state indicating a composite structure beyond a three-quark description,
see e.g. [30, 31, 32, 33, 34] and references therein. In the channel with / = 3/2 the tendency of
slight overestimation of the masses is repeated again and we predict additional excited states above
the experimentally seen A(1520) and A(1690). The situation in the opposite parity channel with
J =3/2" is interesting, with the experimentally well-established A(1890) sitting right in between
the two states we find in this channel below 2 GeV. Certainly, this requires further studies on the
theory as well as the experimental side. Note also that a similar situation is encountered in the
quark model of Ref. [35].

In the single strange X sector the experimental situation is less developed than for the A
baryons. Whereas the well-established ground states are well reproduced by our approach, the
matching of the excited states needs further clarification, at least for the channels other than the
J =1/2", where we find one-to-one agreement. On the other hand, the experimental analysis has
made tremendous progress and is continually improving: An analysis of data on strangeness pro-
duction by the Bonn-Gatchina group suggests three states in the / = 1/2~ channel [36] with masses
in agreement with our prediction (and the one of the quark model [35]). Similarly interesting may
be an analysis in the J = 3/2~ channel, where our calculation predicts at least four states below 2.2
GeV in contrast to three states in the quark model [35] with only two states in the PDG so far.

Finally, we enter uncharted territory in the double and triple strange baryon sector. Our results
for the ground states are in good agreement with the experimentally established ones; all excited
states and even the quantum numbers and masses of some ground states are predictions which
can be explored in current and future experiments such as LHCb and PANDA/FAIR. Also very
encouraging are the results for the strange baryon sector reported for the three-body framework
in [24]. Here the masses of ground-state octet and decuplet baryons have been reproduced on the
few-percent level, while the calculation of excited states still needs to be performed.

4. Four-quark states

Solving the Bethe-Salpeter and Faddeev equations in the Dyson-Schwinger framework is by
now an endeavour that is technically well established and under control, see [37] for a summary on
the technical aspects. In contrast, the technical challenges of the four-body equation are far more
advanced due to the proliferation of tensor structures and independent momenta. All results so far
must therefore be considered exploratory [38, 39, 40]. Nevertheless, a number of interesting points
can be made, in particular with respect to the possibility to treat not only bound states but also
resonances in this framework.

To this end we briefly need to introduce some conventions concerning total and relative mo-
menta. Consider the four-quark Faddeev-Yakubowsky equation displayed in Fig. 5, where we have
omitted diagrams with irreducible three- and four-body forces simply due to lack of ability to treat
these numerically. From the four momenta of the individual (anti-)quarks we can form three inde-
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Figure 5: Four-quark Faddeev-Yakubowsky equation.
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Each of these contains total momenta of different internal two-body clusters. For example, the
momentum p contains the total momenta of two quark-antiquark states where the (anti-)quarks 2
and 3 as well as 1 and 4 are combined. The momentum ¢ contains the total momenta of the other
possible combination of two quark-antiquark states, whereas the momentum k describes the total
momenta of an internal diquark and an internal antidiquark in the four-quark state. These clusters
are interesting since they may go on-shell provided that the sum of the masses of the clusters are
smaller than the mass of the four-body state. If this occurs in color-singlet channels, the four-quark
state becomes a resonance in the two-body hadronic system of the corresponding clusters.

A prime example of this possibility occurs in the light quark sector: the lightest scalar meson
nonet has long been advocated to correspond not to quark-antiquark systems but to ones with four-
quark content [41, 42]. The resulting mass ordering is then (and only then) in agreement with the
experimentally observed spectrum. Indeed, the lightest state in this nonet, the f,(500), is recon-
structed in pion scattering events [43, 44] and thus a resonance in the 77 system. Translated into
our four-body description, we expect strong and resonant contributions to the four-body equation
from contributions in the momenta p or ¢ which allow for the dynamical clustering of (anti-)quarks
forming pions.

In order to allow for this to happen, two conditions have to be satisfied: (i) The two-body
interaction has to support chiral symmetry breaking is such a way that pions as (pseudo-)Goldstone
bosons may emerge. This is indeed the case for the rainbow-ladder interaction used in the previous
chapter (as discussed and celebrated in many publications, see e.g. [45] for an early review), which
consequently has also been employed in the four-body equation [40]. (ii) The technical treatment
of the equation has to be sufficiently rich such that the momentum dependencies in question are
taken into account. In this respect an ordering scheme according to the permutation group Sy
classified in [39] is extremely helpful. It allows one to consider linear combinations of the Lorentz-
invariant variables p?, g%, k%, p-q, p- P, etc. such that they form multiplets of the permutation
group. Without going into technical details (discussed in [39, 40]) it is sufficient to note that there
is a singlet which mainly plays the role of setting the scale of the problem, a doublet containing all
possibilities of resonances in sub-clusters as described above, and two triplets which turn out to be
not tremendously important.
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Figure 6: Left panel: tetraquark masses at fixed strange quark mass and varying light quark mass. The
bands contain the extrapolation errors and the dotted curve is the two-pion threshold. The vertical dotted
line shows the physical u/d mass and the vertical bars are the experimental values for the masses [5]. Right
panel: quark-mass dependence of the tetraquark mass with four identical quarks. The band is the present
result from the four-body equation with extrapolation errors, compared to that obtained with coupled meson-
meson/dg-dq equations (dash-dotted curve) [38]. The dotted curves are the respective thresholds.

Keeping in mind that four internal up/down quark propagators each describe a (anti-)quark
with a mass of roughly 350 MeV in the low momentum limit (see e.g. [1]), it is interesting to
follow the evolution of the resulting four-body mass with scalar quantum numbers J7¢ = 0+
using different levels of approximations in its the wave function: If only the singlet variable in the
momenta is taken into account, or the singlet variable is combined with triplets, one finds masses of
the order of 1.2 ...1.5 GeV. These are typical for bound states of four constituents with the masses
of the quarks. If, however, the wave functions are also allowed to depend on the momentum
variables sitting in the doublet, the picture changes completely and the resulting mass of the four-
body state is of the order of 350...400 MeV. This is the mass region expected for a four-body state
that is a resonance in the w-system — the f(500). Indeed, close inspection of the equation reveals
that the two-body clusters with pseudoscalar quantum numbers dominate the calculation.

This consideration can be extended to include strange quarks such that masses for the k and the
ap/ fo mesons can be extracted. These are shown in the bands on the left panel of Fig. 6 together
with the experimental values of the masses [5]. The qualitative agreement is very satisfactory
considering the exploratory nature of the calculation [40]. In the right panel we show the transition
from a resonance with mass larger than 2m; to a bound state, when the bare mass of the up/down
quark is increased. This transition happens slightly below the charm quark region, such that the
four-charm tetraquark is a bound state (at this level of approximation). Also shown are results from
a two-body version of the Faddeev-Yakubowsky equation in analogy to the diquark approximation
of the baryon, see [38] for details.

The main point to learn from this exploratory calculation is that it is possible in principle
to describe resonances in the DSE/BSE framework and that the equation itself teaches us which
internal clusters are the most important ones. That the scalar four-quark state is dominated by a
configuration with the quantum numbers of two pions is not an input, but a result of the calculation.
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by the labels p?> = 0 etc. which define the border of the shaded integration region inside the Faddeev-
Yakubowsky equation.

This becomes even more interesting when combinations of heavy and light quarks are consid-
ered. Much of the present discussion of potential exotic states in the charm quark energy region
revolves around the question whether candidates for exotic four-quark states are better described by
a meson molecule picture, a tetraquark picture in terms of diquarks and anti-diquarks, or a hadro-
charmonium picture with two heavy (anti-)quarks sitting in the center of a system where they are
enveloped by a light quark-antiquark pair. In principle this can be decided by the kinematics of the
four-quark system. In Fig. 7 we display the kinematic situation in the plane spanned by the two
doublet momentum variables a and s,

2 2 2 272](2
PV el ,_Pta 7
48y 4S8y

4.2)

with Sp = (p? 4 ¢* +k?) /4. The shaded region is the integration region of the four-body equation.
For bound states, the kinematical situation where one of the internal clusters can get on-shell, dis-
played by the dashed and double lines, are outside the integration region. If one of these clusters
comes close to the boundary of the integration region, then the corresponding states start to in-
fluence the four-body calculation; for resonances such as the light meson nonet discussed above,
the cluster poles actually move inside the integration region and dominate everything. Of course,
whether a given cluster pole does or does not influence the calculation depends on the masses of
the clustered objects. For a state such as the X(3872), which has a mass very close (or identical)
to the D°D?* threshold, the corresponding clusters in the meson-molecule direction sit right on the
edge of the integration region, which definitely will have a strong impact. Whether the resulting
state (and other candidates for exotics) can be described well in the present framework is a highly
non-trivial, technically very difficult and therefore open question that is interesting to be further
explored in the future.

5. Conclusions

Hadron spectroscopy remains a very active and lively field. Dedicated experiments at many fa-
cilities such as Jefferson Lab, BESIII, ELSA, J-PARC, LHCb, MAMI and the future PANDA/FAIR
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experiment are contributing and will continue to contribute to our understanding of the non-exotic
and exotic hadronic sectors. On the theory side, the past years have seen continuous advances in
connecting the underlying quark and gluon interactions of QCD with baryon phenomenology.

The challenges in functional approaches are to improve the approximation schemes beyond
simple modelling. However, much can be achieved in the way of understanding the underlying
mechanisms that generate the observed phenomena without the need to enter the realm of high
precision physics on the sub-percent level. Indeed, using a well-established rainbow-ladder ap-
proximation we found a spectrum of ground and excited states of light and strange baryons in
mostly one-to-one agreement with experiment. This highly non-trivial result is very encouraging
and suggests further extensions of our work to quantum numbers beyond J = 1/2 and J = 3/2.
Predictions for ground and excited states in the strange quark sector may be tested in the future.

On the other hand, we have seen that exploratory calculations in the four-quark sector promise
the possibility to explore bound states and resonances in the light but also the heavy-light and heavy
quark sector. Provided that the multitude of technical difficulties associated with these calculations
can be overcome, this seems to be a very promising line of research in the future with a lot of poten-
tial for creating a complementarity tool to effective theories and lattice QCD for the interpretation
of these states.
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