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1. Introduction

The fact that in principle QCD admits an expansion in 1/Nc should be reflected in effective
field theories (EFTs). The many indications that general consequences of the 1/Nc expansion
seem to be manifested at Nc = 3, as shown by phenomenology and also by lattice QCD (LQCD),
emphasizes the need of that implementation. The consequences in the case of baryons are very
significant, as it was realized long ago [1–4], in particular due to the emergence of spin-flavor
symmetry at large Nc. In the case of BChPT, spin-flavor symmetry requires the inclusion of spins
1/2 through Nc/2 baryons, and gives constraints on the low energy constants (LECs), leading to a
combined chiral and 1/Nc expansion. Following the lead of Ref. [5] and subsequent works [6–9],
BChPT × 1/Nc in the case of flavor SU(3) was implemented in detail at one-loop [10], work that
is reported here. The approach is based on HBChPT and considers the ’tHooft large Nc expansion,
i.e., fixed number of flavors. The non-commutativity between the chiral and 1/Nc expansion 1

requires linking them: the natural choice that leaves non-analytic contributions unchanged is the
power counting O(p) = O(1/Nc) ≡ O(ξ ): the theory is then consistently expanded in powers of
ξ . In [10] the calculation of masses, SU(3) breaking in the vector charges, and the axial couplings
were carried out to one-loop (generic O(ξ 3)), with the respective renormalization. In addition,
the results were provided for generic Nc, so that possible future LQCD calculations at Nc > 3 will
help study the Nc dependencies, which in the effective theory also reside in the LEC’s, as these
themselves admit a 1/Nc expansion.

The first good lead is given by the transition axial coupling (see definition in [10]) g∆N
A =

1.235± 0.011 (obtained from the ∆ decay width), which at large Nc should be equal to gN
A =

1.267±0.004. This indicates a small violation of the spin-flavor symmetry, which in this case is a
violation suppressed by O(1/N2

c ) [3, 4]. Other relations, as discussed below, serve to confirm the
remarkably good validity of spin-symmetry, and thus support the need for 1/Nc consistency in the
EFT.

2. Baryon masses

The LO Lagrangian is determined in terms of three LECs in addition to Fπ :

L
(1)

B = B†
(

iD0 + g̊AuiaGia−CHF

Nc
Ŝ2 +

c1

2Λ
χ̂+

)
B, (2.1)

where B is the baryon spin-flavor multiplet field, Ŝ2 is the square of the spin operator, and Gia

are spin-flavor generators of SU(6). g̊A is identified with 6/5gN
A at LO, and CHF gives the octet-

decuplet mass splitting. The quark mass effects are in the term c1 (see [10] for details).
To one loop, the baryon self-energy is calculated to O(ξ 3) (NNLO). The following observa-

tions are made: i) the wave function renormalization factor has a piece that is O(Nc) which is a spin-
flavor singlet, which is essential for the mechanism of eliminating Nc power counting violations in
individual loop diagrams involving operators such as currents or amplitudes such as π-N scatter-
ing. ii) baryon masses receive UV divergent pieces driven by contributions of baryons of a different
spin in the loop which are spin-flavor singlet O(p2N0

c ), and spin-flavor non-singlet O(p2/Nc), and

1The non-commutativity has its origin in the appearance of the small mass difference m∆−mN = O(1/Nc).
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non-analytic pieces O(ξ 2 & ξ 3). The important mass relations, namely Gell-Mann-Okubo (GMO)
and Equal Spacing (ES) are unchanged and exactly satisfied at NNLO tree level and arbitrary Nc,
and one can thus calculate the deviations only in terms of the LO LECs g̊A/Fπ (Fπ = O(

√
Nc))

and CHF and the π and K masses. In particular, the deviation of the GMO relation turns out to be
O(1/Nc) in the strict large Nc limit, and it is mildly dependent on CHF . Numerically is given by:
∆GMO ∼ (g̊A/Fπ)

2×1.68×105 MeV3, which has to match the physical value∼ 29 MeV (upon cor-
recting by EM effects). It turns out that about 43% of the contribution is from the octet baryons in
the loop: the decuplet is thus very important!. If the theory works, one can use ∆GMO to obtain the
value of g̊A/Fπ which controls the GB-baryon couplings in the loop calculations. One should note
that only 43% of ∆GMO is due to the 8 baryons in the loop. ∆GMO gives then g̊A/Fπ significantly
smaller than the corresponding physical ratio gN

A/Fπ , which is also required for a consistent fit to
the axial couplings (see next). This sort of consistency between fits to ∆GMO and axial couplings
turns out to be entirely absent in ordinary BChPT with only 8 baryons.

Spin-symmetry also gives at tree level the relation involving octet and decuplet hyperons
(Gürsey-Radicati): mΞ∗ −mΣ∗ − (mΞ−mΣ) = 0, whose deviation is affected by one LEC (h2 in
the O(ξ 3) Lagrangian [10]) and a non-analytic contribution, all UV finite; the small deviation of
this relation is also O(1/Nc) and small in practice.

LQCD results for baryon masses can be used to fix LECs and test the theory. Using the results
of Ref. [11] (obtained with ms kept approximately fixed and mu = md such that 210 MeV < Mπ <

430 MeV), one finds that in the range Mπ < 310 MeV they can be fitted along with the physical
masses with natural size LECs; in part this is possible due to the still rather large error bars of the
LQCD results, which, as evident from the trend in the results, has difficulties with the hyperfine
8−10 hyperfine mass splitting as Mπ decreases. Fig. 1 illustrates the results obtained in [10]).
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Figure 1: Fits to physical and LQCD [11] masses. g̊A/Fπ fixed using ∆GMO. The bands correspond to the
67% and 95% confidence intervals. The squares are the theoretical values for the values of Mπ and MK of
the corresponding data point.

The Hellman-Feynman study of the σ -terms using the physical and LQCD masses will be
presented elsewhere [12].
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3. Axial couplings

Axial couplings are a particularly important test of BChPT × 1/Nc. The reason is that they
explicitly manifest the role of spin-flavor symmetry through cancellations of the Nc violating terms
among the loop contributions. Those cancellations require the presence of the baryons of different
spin in the loop (the large loop effects found in ordinary BChPT (with only 8 baryons) are in fact
due to Nc power counting violating terms). The definitions of the axial couplings, and the details of
the renormalization are given in [10]. Here we summarize the key points: i) axial couplings receive
corrections O(1/Nc) which are spin-flavor singlet, ii) the quark mass dependent contributions are
all O(1/Nc) or higher, iii) in the strict large Nc limit, the cancellation of Nc power counting violating
terms is very drastic: it actually eliminates also the contributions O(N0

c ) to the axial couplings,
terms which are not excluded by the counting. These facts seem to be precisely what is needed
in order to explain the very mild quark mass dependency of the axial couplings found in LQCD
calculations. Such calculations for the 8 and 10 baryons have only recently being initiated [13],
where the axial couplings of the neutral axial currents Aa

µ = 1
2 q̄λ aγµγ5 q (a = 3, 8) were calculated.

These results show the small quark mass dependency for all baryons. One finds that a LO fit, which
only fits g̊A gives already a good approximation (χ2

dof ∼ 4). At one loop g̊A cannot be fitted, and
instead it is necessary to give g̊A/Fπ in order to calculate the loop contributions. Since the LQCD
axial-couplings used in the study show the well known issue of being systematically too small,
that input cannot be extracted from ∆GMO at present; nonetheless, using a somewhat smaller value
than the one determined that way, one finds consistent fits to the LQCD results with natural size
LECs. Results are illustrated in Fig 2. The LQCD results lead to a significantly smaller gN

A than
the physical one, an issue that is slightly exacerbated by fitting to the rest of the axial couplings.
The most important fact is that BChPT × 1/Nc very naturally describes the LQCD results, and
that the mentioned cancellation of loop contributions are key to describing the small quark mass
dependencies of the couplings. Continuous progress in LQCD calculations of axial couplings,
including 8−10 transition ones, will be useful for further testing the EFT.
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Figure 2: Fits to the axial couplings obtained in LQCD, Tables IV and V of Ref. [13]. The couplings have
been redefined as explained in [10].

4. Flavor SU(3) charges

Effects of SU(3) breaking on the SU(3) vector-current charges are suppressed according to
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Charge
f1

f SU(3)
1

f1

f SU(3)
1

−1

[14] [18] [17] [19]
HBChPT×1/Nc HBChPT with 8 and 10 HBChPT only 8 RBChPT with 8 and 10

Λp 0.952 −0.048 −0.080 −0.097 −0.031
Σ−n 0.966 −0.034 −0.024 0.008 −0.022
Ξ−Λ 0.953 −0.047 −0.063 −0.063 −0.029
Ξ−Σ0 0.962 −0.038 −0.076 −0.094 −0.030

Table 1: Results from different versions of BChPT for the corrections to the |∆S|= 1 SU(3) charges.

the Ademollo-Gatto theorem (AGT). At tree level, those effects start at O(p4) =O(ξ 4) in the EFT,
and therefore at O(ξ 3) they are given by calculable non-analytic loop contributions. The detailed
study in BChPT × 1/Nc was presented in [14], and in the strict ξ -expansion in [10]. A summary
of results is given in Table 1. Although hyperon leptonic decays at the present level of accuracy
cannot provide a sensitive test of the predicted corrections, there is in principle a test based in
LQCD. Calculations of |∆S| = 1 SU(3) charges in LQCD are still in early stages; Refs. [15, 16]
illustrate the present status, where it is obtained [16]:

(
f1

f SU(3)
1

)
ΣN

= 0.9571(60),

(
f1

f SU(3)
1

)
ΞΣ

= 0.9755(39). (4.1)

The BChPT predictions depend on the value of the LO axial coupling, and thus it has an
uncertainty that we estimate to be of the order of 10-20% or so. Within such an error estimate,
the LQCD results nicely agree with the BChPT × 1/Nc prediction and to a slightly lesser extent
with the other calculations that include 10 baryons, while it disagrees with the ordinary BChPT
one [17]. As in the case of axial couplings, further progress in the LQCD calculations of SU(3)
breaking effects in the charges will be very useful for a finer test of the EFT.

5. Summary

There is clear evidence that the baryon decuplet plays a key role in BChPT . On one hand it is
required for consistency with Nc power counting, and also by consistency with both phenomenol-
ogy and LQCD results. An important observation is that calculations in BChPT × 1/Nc at one
loop can describe well the various observables discussed in this contribution, something that is
not possible with ordinary BChPT . Additional applications, such as in the case of magnetic mo-
ments [20,21], and others currently in progress further support that evidence. The important future
tasks are to extend the applications to observables, those in particular that can be calculated in
LQCD, in order to test the theory and also derive predictions. One such an application to σ terms
will be presented soon [12].
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