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The spectra of charged and neutral ρ and π mesons in the framework of the vacuum correlator
method obtained from the relativistic Hamiltonian in external homogeneous magnetic field (MF).
The spectra of all 12 spin-isospin s-wave states generated by qq̄ light mesons with different spin
projections are calculated analytically as a function of the field strength. Three types of the
asymptotic behaviour in strong field limit are found: two of them grow with MF and the last one
tend to be a constant (zero mode). The mass of the zero mode becomes small in MF whcih can be
the source of the meson collapse. The potential collapse has two different sources – colormagnetic
hyperfine interaction and one-gluon exchange and it doesn’t occur for the MF eB < 2 GeV 2. The
results are in agreement with recent lattice calculations.
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1. Introduction

High intense magnetic fields up to eB∼ Λ2
QCD ∼ 1019 G are generated during the early stages

of heavy ion collisions at RHIC and LHC. The question is what happens with meson mass in strong
MF eB ∼ m2

π , m2
ρ . If quark dynamics inside the hadron is determined by confinement string with

tension σ ' (0.15−0.18) GeV 2, one can define critical MF as Bσ = σ/|e| ' 1019 G. MFs stonger
than Bσ provide strong influence to the internal structure of hadron because Larmor radius of each
quark lB ' 0.6 f m is smaller than the typical hadron size. If one takes ρ as an elementary particle it
should collapse in MF when m2

ρ +eB(1−gρ)< 0. However, one should take to the account internal
meson structure, when quark Larmor radius lB = 1√

eB
reaches the meson size ∼ 1√

σ
. We calculated

mass spectrum of the light mesons through the relativistic Hamiltonian was obtained with Vacuum
Correlator Method (VCM) to see an interplay between the MF and confinement that prevents the
collapse of the meson.

2. Stochastic Vacuum Correlators Method

Feynman-Fock-Schwinger representation for the meson Green’s function in MF

Gq1q̄2(x,y) =
∫

∞

0
ds1

∫
∞

0
ds2(Dz(1))(Dz(2))〈T̂Wσ (A)〉A× exp

(
ie1

∫ x

y
A(e)

µ dz(1)µ − ie2

∫ x

y
A(e)

µ dz(2)µ

)
×

exp
(

e1

∫ s1

0
dτ1(σB)− e2

∫ s2

0
dτ2(σB)

)
× exp(−K1−K2)

(2.1)

QCD vacuum is filled by the Euclidean stochastic gluonic field is characterized by gaussian corre-
lator with the characteristic length λ ∼ 1 GeV−1. Wilson loop 〈T̂Wσ (A)〉A after the averaging over
the vacuum background

〈Wσ (A)〉A = exp
(
−
∫

τE

0
dtE

[
σ |z1− z2|−

4
3

αs

|z1− z2|

])
(2.2)

Proper times s1, s2 for each quark are considered as fluctuations around the Euclidean monotonous
time tE in the absence of pair production proportional to ∼ α4 (Z-graphs) in the leading order

z4(τ) = tE(τ)+∆z4(τ), ωi =
T
2si

, T = |x4− y4| (2.3)

Green’s function in terms of relativistic Hamiltonian Hqq̄ after the averaging over time fluctuations

Gq1q̄2(x,y) =
T
8π

∫
∞

0

dω1

ω
3/2
1

dω2

ω
3/2
2

〈
x
∣∣Tr(T̂ e−Hq1 q̄2 T

∣∣y〉 (2.4)

We are intersted in the ground state energy, T→∞ leads to the stationary point analysis for integrals
over ωi

Ĥψ = Mnψ,
∂Mn(ωi)

∂ωi
= 0, (2.5)
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where Mn is non-perturbative mass spectrum, ωi - ”dynamical” quark masses (constituent mass
analog for heavy quarks). Total meson mass is a sum of non-perturbative part and first–order
perturbative corrections

Mtotal = Mn + 〈ψ|VOGE |ψ〉+ 〈Ψ|VSS|ψ〉(σ1 ·σ2)+∆MSE , (2.6)

where 〈VOGE〉 - color Coulomb correction, spin-spin colormagnetic interaction 〈VSS〉 and self-
energy ∆MSE are originated from the 1-st order perturbative series of vacuum-averaged 〈(σB)(σB)〉A
correlators.

3. Relativistic Hamiltonian for Meson in MF

Relativistic Hamiltonian for meson which included all non-perturbative dynamics has the form

Hqq̄ =
2

∑
i=1

(p(i)− eiA(i))2 +m2
i +ω2

i + eiσ iB
2ωi

+σ |z(1)− z(2)| (3.1)

Method of constituent separtation (CS) introduced in [1] provides an analytical solution of the
spectral problem for neutral and charged mesons. In this picture quarks may be considered quasi-
independent in ⊥ B plane for eB� σ . One can fix the c.m. position at the origin and to introduce
an effective MF-dependent string tensions σi(σ ,eiB) [1] to reproduce results were obtained for
neutral mesons with Pseudomomentum procedure [2]

σ |z(1)− z(2)| → σ1|z(1)− z(c.m.)|+σ2|z(2)− z(c.m.)|. (3.2)

4. Meson Trajectories Spltting

Meson mass trajectories are splitted in MF due to the magnetic moment operator B
(

e1
2ω1

σ1 +
e2

2ω2
σ2

)
in (3.1) and hyperfine term from (2.6). |++〉, |+−〉, |−+〉, |−−〉 basis in spin space is conve-
nient for eB� σ asymptotics analysis. Three types of behaviour are possible - zero field seeking
(ZFS) asymptotic tends to be constant with MF increasing and two types of low field seeking
(LFS1,LFS2) asymptotics grow with MF [1]:

• ZFS: e1σ
z
1 > 0, e2σ

z
2 > 0: MZFS(eB→ ∞) = 2

√
σ

• LFS1: e1σ
z
1 > 0, e2σ

z
2 > 0: MLFS1(eB→ ∞) =

√
e1B+

√
2σ

• LFS2: e1σ
z
1 < 0, e2σ

z
2 < 0: MLFS2(eB→ ∞) = 2

√
e1B+2

√
e2B

There are 12 mass trajectories for (π,ρ) mesons composed from u,d quarks and antiquarks due to
spin-isospin splitting (see Fig. 2,3,4).

5. Perturbative Corrections and Collapse Prevention

Color Coulomb interaction is a potential source of the collapse for ZFS states because of the
unbounded fall of the 〈Voge〉 matrix elemnt (dashed line) (see Fig.1) at eB ∼ 10 GeV 2. Virtual
qq̄-pairs embedded into MF screen the Coulomb potential (solid line) and prevent the collapse [3].
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The second source of the collapse is due to the colormagnetic spin-spin interaction

VSS =
8παs

9ω1ω2
δ (r)(σ1 ·σ2) (5.1)

In strong MF the ground state wave function acquires the form of an ellipsoid elongated in the

direction of the MF with characteristic radii r⊥ '
√

2
eB

, rz '
1√
σ

. This means the magnetic

”focusing” of the wave function |ψ(0)|2 ∼ eB at the origin and provides boundless decrease of
〈VSS〉. The collapse is prevented due to the natural cutoff parameter in VCM for (5.1)

δ (r)→
(

1
λ
√

π

)3

e−
r2

λ2 ; λ ∼ 1 GeV−1, (5.2)

where λ is the correlation length of the stochastic vacuum (gluelump length). We also note that in
[6] a general theorem was proven according to which the eigenvalues of the relativistic Hamiltonian
in MF are positive.

These two scenarios prevent collapse for all ZFS except the π0 meson [1]. Chiral properties
should be consided to explain an absence of the collapse in MF for the π0.

6. Pion Chiral Dynamics in MF

Chiral properties of the π meson were restored with Gell-Mann-Oaks-Renner relation

m2
π f 2

π = mq|〈ūu+ d̄d〉|; 〈q̄q〉= NcM(0)
∞

∑
n=0

(
ψ

(+−)
n (0)|2

2m(+−)
n

+
ψ

(−+)
n (0)|2

2m(−+)
n

)
, (6.1)

where the chiral condensates 〈q̄q〉 ∼ eB and decay constants fπ were calculated with VCM method
and effective chiral lagrangian in terms of non-chiral meson spectrum [1]. One can see the resulting
mass trajectories for chiral π0 in Fig.3 and for π− in Fig.4.

7. Resulting Meson Spectra in MF and Conclusions

Below we present the results of our analytic calculations in comparison with the recent lattice
results from [1, 4, 5]. The ρ− meson mass evolution in MF is shown in Fig. 2. In Fig.3 results
for π0 and ρ0 are exposed. Here we emphasize that uū and dd̄ components give rise to their own
trajectories with scale factor

√
2. In Fig. 4 we present mass evolution of chiral and non-chiral π−

in comparison with lattice data.
In the presented work we have calculated the trajctories of π and ρ masses as functions of the

external MF. An internal meson structure and pion chiral dynamics were taken into account. An
expicit calculation shows an absence of the collapse for 0 < eB < 2 GeV 2. Two possible sources
of the collapse were discussed. The analytic calculations of meson mass trajectories give results
which are in agreement with recent lattice data [4, 5, 7].
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Figure 1: Color Coulomb potential
with screening by the qq̄ pairs in
MF(solid line) and without screen-
ing (dashed line). The saturation
of the 〈VOGE〉 matrix element pre-
vents the "hadron Coulomb catas-
trophe".
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Figure 2: ρ− meson trajectories in comparison with lattice
data from [1]

Figure 3: (π0,ρ0) trajectories in MF for uū
quark constituents. Another 4 trajectories for
dd̄ demonstrate the same behaviour up to the
scale factor

√
2 is defined by the qu/qd ratio.

Lattice data is from [1, 5]
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Figure 4: Chiral π− meson (dotted line) loose
its chiral properties with MF eB > 0.5 GeV 2

and becomes non-chiral (dashed line). Analyt-
cal results are in good agreement with lattice
data from [1, 4]
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