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We report on the first dispersive calculation of the pion-pole contribution to hadronic light-by-light
scattering in the anomalous magnetic moment of the muon (g−2)µ . It is unambiguously defined
in terms of the doubly-virtual pion transition form factor, which is in principle directly accessible
in experiment. In the absence of a complete measurement covering all kinematic regions relevant
for (g−2)µ , we derive a dispersive representation that accounts for all the low-lying singularities,
reproduces the correct high- and low-energy limits, and proves suitable for the evaluation of
the (g− 2)µ loop integral based on the available data for π0 → γγ , e+e− → 3π , and e+e− →
e+e−π0. Our final result as a complete data-driven determination with fully controlled uncertainty
estimates, aπ0-pole

µ = 62.6+3.0
−2.5× 10−11, can be further improved in light of forthcoming singly-

virtual measurements.
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1. Introduction

The anomalous magnetic moment of the muon, aµ = (g−2)µ/2, is one of the prime physical
quantities to monitor signals coming from physics beyond the Standard Model (SM). Its current
value [1, 2] reveals a tantalizing deviation of about (3–4)σ from the SM prediction. More ambitious
upgraded experiments at Fermilab [3] and J-PARC [4] were planned for this reason, which demand
simultaneous advances in the prediction of the SM contributions.

The dominant SM uncertainty is due to hadronic effects [5 – 7]. The dispersive evaluation of
the first leading category, hadronic vacuum polarization (HVP) entering at O(α2), benefits from
improved experimental measurements of e+e−→ hadrons [8]. In contrast, a dispersive framework
for the evaluation of the second1 hadronic light-by-light (HLbL) scattering category at O(α3) based
on the general principles of analyticity, unitarity, and crossing symmetry was only recently devel-
oped [12 – 17]. Such a model-independent framework reconstructs the HLbL tensor from its singu-
larities and attributes the contributions to on-shell form factors and scattering amplitudes accessible
from experiment, complementary to lattice QCD calculations of HLbL scattering [18 – 22].

The simplest such singularities of the HLbL tensor arise from light pseudoscalar-meson poles.
The residue of the numerically dominant pion pole is determined by the doubly-virtual pion transi-
tion form factor (TFF) evaluated at all relevant space-like momenta. In the absence of double-tag
measurements for e+e− → e+e−π0, we employ the existing data for the π0 → γγ decay width,
the e+e−→ 3π cross section, and the space-like singly-virtual form factor from e+e−→ e+e−π0

to reconstruct the doubly-virtual pion TFF, owing to the constraints from analyticity and unitarity.
The constructed form factor representation

Fπ0γ∗γ∗ = Fdisp
π0γ∗γ∗+Feff

π0γ∗γ∗+Fasym
π0γ∗γ∗ (1.1)

has the following remarkable properties: its first dispersive part takes into account all low-energy
intermediate states; the second (small) contribution from higher intermediate states incorporates the
normalization and space-like high-energy data; and the asymptotic constraints for arbitrary virtual-
ities are implemented via the last term at O(1/Q2). The calculation of the pion-pole contribution
based on this comprehensive dispersive determination of the pion TFF completes a dedicated effort
to obtain a fully data-driven determination of aπ0-pole

µ [23 – 29].

2. Pion-pole contribution to aaaµµµ

In order to evaluate the HLbL scattering contribution to aµ , we define the full fourth-rank
HLbL tensor Πµνλσ , the Green’s function of four electromagnetic currents evaluated in pure
QCD [15]:

Πµνλσ (q1,q2,q3) =−i
∫

d4xd4yd4ze−i(q1·x+q2·y+q3·z)〈0|T { jµ(x) jν(y) jλ (z) jσ (0)}|0〉. (2.1)

The pion-pole contribution to aµ is attributed to the single-pion one-particle reducible piece of
Πµνλσ , as depicted in Fig. 1. It can be calculated with the help of projection techniques and simpli-
fies to a three-dimensional integral representation [5] after performing Wick rotations for the two-

1Higher-order insertions of HVP and HLbL scattering were considered in [9 – 11].
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Figure 1: The pion-pole contribution to HLbL scattering of aµ ; figure taken from [29].

loop integrals [30] and carrying out five out of six angular integrations resorting to Gegenbauer-
polynomials,

aπ0-pole
µ =

(
α

π

)3 ∫ ∞

0
dQ1

∫
∞

0
dQ2

∫ 1

−1
dτ

[
w1(Q1,Q2,τ)Fπ0γ∗γ∗(−Q2

1,−Q2
3)Fπ0γ∗γ∗(−Q2

2,0)

+w2(Q1,Q2,τ)Fπ0γ∗γ∗(−Q2
1,−Q2

2)Fπ0γ∗γ∗(−Q2
3,0)

]
, (2.2)

where Q2
3 = Q2

1 + 2Q1Q2τ +Q2
2, and τ = cosθ , the remaining angle between Q1 and Q2. The

dimensionless weight functions w1 and w2 are peaked at small momenta ranges such that aπ0-pole
µ

gets its most prevailing contribution from the low-energy region. Consequently, the dominant pion-
pole contribution can be obtained with well-controlled uncertainties as the pion TFF Fπ0γ∗γ∗ can be
precisely determined in our dispersive framework at low energy.

3. Pion transition form factor

The pion TFF is defined by the matrix element of two light-quark currents

i
∫

d4xeiq1·x〈0|T { jµ(x) jν(0)}|π0(q1 +q2)〉=−εµναβ qα
1 qβ

2 Fπ0γ∗γ∗(q
2
1,q

2
2). (3.1)

The normalization of the form factor is related to the pion decay constant Fπ = 92.28(9)MeV [31],
dictated by a low-energy theorem [32 – 34],

Fπ0γ∗γ∗(0,0) =
1

4π2Fπ

. (3.2)

A Primakoff measurement of the π0 → γγ decay tested it up to 1.4% [35]. The chiral tree-level
prediction (3.2), along with its 1.4% uncertainty, is used as the central value and uncertainty es-
timate for the normalization of the TFF (for potential improvements, see [36]). Despite the lack
of double-tag measurements of the TFF thus far, there is ample experimental information for the
singly-virtual form factor [37 – 40]. These data sets cover primarily large virtualities, though the
low-energy region is most relevant for aµ . Recent theoretical activities on the pion TFF mainly
concern lattice QCD [41], light-cone sum rules [42 – 44], Dyson–Schwinger equations [45, 46],
and other frameworks [47 – 51]. We focus on the dispersive approach here.

3.1 Dispersion relations

We decompose the form factor into isovector and isoscalar virtualities

Fπ0γ∗γ∗(q
2
1,q

2
2) = Fvs(q2

1,q
2
2)+Fvs(q2

2,q
2
1) (3.3)

2



P
o
S
(
C
D
2
0
1
8
)
0
5
2

Pion-pole contribution to hadronic light-by-light scattering Bai-Long Hoid

to study its dispersion relations. Fvs(q2
1,q

2
2) fulfills a dispersion relation under the assumption of

maximum analyticity,

Fvs(q2
1,q

2
2) =

1
12π2

∫ siv

4M2
π

dx
q3

π(x)
(
FV

π (x)
)∗ f1(x,q2

2)

x1/2(x−q2
1)

, (3.4)

where siv is a chosen isovector cutoff and qπ(s) =
√

s/4−M2
π . The pion vector form factor FV

π (s)
and the γ∗s → 3π P-wave amplitude f1(s,q2) are the crucial building blocks in the unitarity relation.
The representation (3.4) in an unsubtracted form facilitates its smooth matching onto the asymptotic
behavior from perturbative QCD and the evaluation of a convergent aµ loop integral.

The building block FV
π (s) is described by different variants of the Omnès representation [52]

fit to the data measured in τ decays [53]. We consider ππ P-wave phase shifts from [54, 55] and an
extension of [54] including the ρ ′(1450) and ρ ′′(1700) resonances in an elastic approximation [24].
In contrast, the analytic structure of f1(s,q2) is much more complicated. The normalization a(q2)

of its iterative solution [26] is determined by another low-energy theorem [56 – 60] at q2 = 0, and
is accessible in e+e−→ 3π in the decay region q2 > 9M2

π . We have improved the parameterization
derived in [26] by introducing a conformal polynomial to account for the effects from inelastic
channels. This indeed substantially improves the fit results above the φ peak and allows us to
describe the low-energy data [61 – 63] with a reduced χ2/dof∼ 1, as shown in Fig. 2.

In this manner, the representation (3.4), in principle, already determines the general doubly-
virtual form factor. But we derive a more compact form advantageous to the evaluation in the entire
space-like region by applying yet another dispersion relation in the isoscalar variable

Fvs(−Q2
1,q

2
2) =

1
π

∫ sis

sthr

dy
ImFvs(−Q2

1,y)
y−q2

2− iε
, (3.5)

with an isoscalar cutoff sis and an integration threshold sthr. This leads to a double-spectral repre-
sentation of the form factor

Fdisp
π0γ∗γ∗(−Q2

1,−Q2
2) =

1
π2

∫ siv

4M2
π

dx
∫ sis

sthr

dy
ρdisp(x,y)(

x+Q2
1

)(
y+Q2

2

) +
(
Q1↔ Q2

)
,

ρ
disp(x,y) =

q3
π(x)

12π
√

x
Im
[(

FV
π (x)

)∗ f1(x,y)
]
. (3.6)

3.2 Asymptotic behavior

The expansion of the pion TFF along the light cone for large momenta reads [64 – 66]

Fπ0γ∗γ∗(q
2
1,q

2
2) =−

2Fπ

3

∫ 1

0
du

φπ(u)
uq2

1 +(1−u)q2
2
+O

(
q−4

i

)
, (3.7)

with an asymptotic pion distribution amplitude φπ(u) = 6u(1− u). The Brodsky–Lepage (BL)
limit limQ2→∞ Q2Fπ0γ∗γ∗(−Q2,0) = 2Fπ and the operator product expansion (OPE) limit [67, 68]
limQ2→∞ Q2Fπ0γ∗γ∗(−Q2,−Q2) = 2Fπ/3 follow from (3.7).

The implementation of the asymptotic constraints proceeds as follows. Firstly, it has been ob-
served that (3.7) can be transformed into a dispersion relation by a simple change of variables [69].
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Figure 2: Fit to the e+e−→ 3π cross section from SND [61, 62] and BaBar [63], in comparison
to [26] (HKLNS14). Figure taken from [28].

Furthermore, we find that identifying the discontinuities in the second variable leads to a new
double-spectral representation for the asymptotic expression:

Fπ0γ∗γ∗(q
2
1,q

2
2) =

1
π2

∫
∞

0
dx
∫

∞

0
dy

ρasym(x,y)
(x−q2

1)(y−q2
2)
, (3.8)

where
ρ

asym(x,y) =−2π
2Fπxyδ

′′(x− y) (3.9)

is a double-spectral density. This defines an asymptotic contribution after introducing a continuum
threshold sm,

Fasym
π0γ∗γ∗(q

2
1,q

2
2) = 2Fπ

∫
∞

sm

dx
q2

1q2
2

(x−q2
1)

2(x−q2
2)

2 , (3.10)

which ensures consistency with (3.7) for non-vanishing virtualities.
As a final step, we present how to incorporate high-energy TFF data in our representation (1.1).

This is achieved by introducing an effective pole term subsuming the contributions from higher
intermediate states,

Feff
π0γ∗γ∗(q

2
1,q

2
2) =

geff

4π2Fπ

M4
eff

(M2
eff−q2

1)(M
2
eff−q2

2)
, (3.11)

where the coupling geff is determined by imposing the sum rule for the normalization (3.2) and
the mass parameter Meff is fit to the space-like singly-virtual data [37 – 40]. The resulting param-
eters geff and Meff are found to be around 10% and (1.5–2)GeV respectively, consistent with the
assumption of an effective pole.

4
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Figure 3: The singly-virtual form factor Q2Fπ0γ∗γ∗(−Q2,0) and the diagonal form factor
Q2Fπ0γ∗γ∗(−Q2,−Q2) versus Q2, in comparison to the experimental data [37 – 40] and the LMD+V
(lowest meson dominance + vector) model fit to the lattice data [41]. The dashed horizontal lines
indicate the BL and OPE limits. Figures taken from [29].

Concerning the error analysis, we vary geff within the 1.4% precision determined by the
Primakoff measurement [35]. We define our central value as the fit to all data but BaBar [39]
above 5GeV2 to retain the prediction of the low-energy region. A very generous uncertainty band
+20
−10% around the central value fully incorporates systematic effects from the tension of the BaBar
data [39] both with the BL limit and the other data sets. In particular, the results of the TFF along
the singly-virtual and diagonal directions are shown in Fig. 3.

4. Consequences for aaaµµµ

Our final result for the pion-pole contribution reads

aπ0-pole
µ = 62.6(1.7)Fπγγ

(1.1)disp(
2.2
1.4)BL(0.5)asym×10−11

= 62.6+3.0
−2.5×10−11, (4.1)

where the numerical integration uncertainty is negligible. Therefore all uncertainties derive from
the TFF: ±1.4% Fπγγ normalization uncertainty varying geff; the dispersive error defined as the
maximum deviation from the central result of all variants of the dispersive formalism; the +20

−10% BL
uncertainty varying Meff; and the asymptotic error from the variation of sm = 1.7(3)GeV2.
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Our central value is in the same ballpark as most recent phenomenological evaluations [70 –
72], while it provides a rigorous uncertainty estimate in contrast to the model-based analyses. Our
result is also consistent with lattice QCD employing a LMD+V model fit [41], of which upcoming
high statistical data will allow for a model-independent direct comparison. Our determination is
already safely below the level required for the upcoming experiments. These uncertainties can
be controlled further by virtue of future more precise measurements both in low and high-energy
regimes [73, 74].

5. Conclusions and outlook

We have presented a dispersive treatment of the doubly-virtual pion TFF, which is key for the
pion-pole contribution to aµ . The low-lying 2π and 3π singularities in the isovector and isoscalar
virtualities were considered first. We have found the leading-order, leading-twist light-cone expan-
sion (3.7) can be reformulated in terms of an asymptotic double-spectral density. The correspond-
ing asymptotic contribution provides the correct high-energy behavior of the TFF for non-vanishing
virtualities. Finally, an effective pole term was introduced to remedy the normalization of the form
factor and account for constraints from space-like singly-virtual data.

This detailed study of the pion TFF accumulates to the first dispersive determination of the
pion-pole contribution to aµ . Our data-driven evaluation provides for the first time a determination
which fulfills the constraints from analyticity, unitarity, crossing symmetry, and perturbative QCD.

The pion-pole contribution to aµ is the largest indispensable piece of a complete data-driven
evaluation of HLbL scattering. Furthermore, the conceptual advances in the incorporation of high-
energy constraints will shed light on similar studies for the η and η ′ poles [75 – 78].
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