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1. Introduction

Multi-Higgs doublet models (NHDM) offer simple yet attractive extensions of the Standard
Model due to the possibility to accomodate for extra CP violation as well as offering viable candi-
dates for Dark Matter[1].

The doublets in an NHDM are not unique. One can combine the doublets to form new com-
binations using a U(N) matrix. This is referred to as a change of basis. When writing down the
Lagrangian of the 2HDM, one has a freedom to write it down in any basis one wishes. This free-
dom is parametrized by the arbitrary U(N) matrix. The physics of the model cannot depend on
this arbitrary choice of basis and implies that all observables of the model that can be measured
in experiments, like for instance cross sections and decay rates, cannot depend on the choice of
basis. This naturally leads to the study of basis invariant quantities, since any observable must be
independent of the choice of basis. In the Standard Model we know that the potential is invariant
under a rephasing of the Higgs-doublet. This is exactly the U (1) freedom present in the model with
one doublet. None of the parameters of the potential change under this rephasing in the SM.

The simplest multi-Higgs extension of the Standard Model is the two-Higgs-doublet model
(2HDM) in which there is a U(2) freedom present. Unlike the SM, the parameters of the potential
do change when we use this freedom to change basis. Therefore, the study of basis invariants
and basis invariant techniques is important in NHDMs, and many papers have been written on this
subject[2, 3, 4].

We start by discussing the general form of the 2HDM potential, vacuum expectation values
and the transformation of these under changes of basis in section 2. In section 3 we study the mass
sector of the 2HDM in more detail, working out the transformation rules of both the rotation matrix
and the squared mass matrix under a basis change. We use these to show that the scalar masses
are invariant under a change of basis. Next, in section 4 we study both scalar and gauge couplings
and find that these are invariant under a basis change. We discuss systematic construction of basis
invariant quantities in section 5. A powerful and simple method for translating from parameters to
masses and couplings is presented in section 6 and applied to CP odd invariants in section 7 before
a short summary in section 8.

2. The potential, vacuum expectation values and basis transformations

2.1 Parametrizing the potential

The potential of the two-Higgs-doublet model shall be parametrized in the standard fashion as

1
V(@) = —3 {m%lcb{cpl + DD, + [m%zcbfcbz +h.c.}}
M i A t t
+51(<I’§‘1>1)2 + 32(‘195‘1’2)2 +23(] @1 ) (D] P2) + A (D] D2) (D] 1)

+% [ls(qffcbz)z +h.c.} + { [Aﬁ(qﬂ@l) +7L7(<1>§q>2)} (@] ,) —i—h.c.}

1 t +
= a!_Jq):;cDb + EZal_ch_(q)dq)b)(q)Eq)d)v (21)
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where the second form (which is also more compact) enables us to make the following identifica-

tions
2 2 2 \x 2
m m (mi,) m
Yllz—%, lez—%, Yo =— ;2 , Yzzz—%, (2.2)
and
Zin =M, Zon=»X, Zuxn=7Zni=2»MA,

Zimi=Znne=M, Zinn=2, Znu=As)",
Znn=Zinu="2%, Ziu=2Zi= )",
Ziom=Znin=»A1, Znn==72Zm = (M)". (2.3)

The second form, where we express the potential parameters in terms of the tensors Y,; and Z ;.7
is more convenient in the study of invariants as one may write down simple and compact rules for
how they transform under a change of basis, see section 5.

2.2 Basis transformations and the parameters of the potential

The potential is defined with respect to the doublets ®;. There is, however, nothing unique with
these (initial) doublets, and the potential may just as well be expressed in terms of the transformed
doublets ®;, which is related to the ®; by d; =U; ;@ ;. The matrix U can be any unitary 2x2 matrix.
This is what is referred to as a change of basis. Our theory can be formulated in terms of the
doublets in any basis we wish. Each choice of the matrix U brings us to another basis, so there are
infinitely many different bases in which the theory can be formulated. Naturally, physics cannot
depend on an arbitrary choice of basis, so quantities that do not depend on the matrix U play an
important role in the theory, and shall be referred to as physical or basis invariants of the theory.

The most general U(2) matrix can be parametrized as

: cos 6 e €sin0
U=¢Y ‘ ‘ . 2.4
¢ ( —e%sin@ ¢ X5 cos O ) 24

Naturally, the parameters of the potential will change under a basis transformation. The transfor-
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mation rules are given explicitly in [5], we repeat them here for the reader’s convenience,

M3, = m?}, cos’ 0 +m3,sin’ 0 + Re (m?,e'® ) sin 26, (2.5)
M3, = m}, sin”> 0 +m3, cos> @ — Re (m?,¢')sin26), (2.6)
i, = %(—m%l +m3,)sin20 + Re (m2,¢'®) 0820 + ilm (m},e') | e %, 2.7

A = Aycos* 0+ Aysin® 0 + %)L345 sin”26 + 2sin26Re [cos’ 0™ + sin? Bk7ei5], (2.8)
Ay = Aysin* 0+ A, cos* 6 + %1345 sin?26 — 2sin26Re [sin2 026e™ + cos> 9)L7ei5], (2.9)

A3 = i $in?20(A1 + A2 — 2A345) + A3 — sin260 cos 20Re [(Ag — A7 )e'®], (2.10)

Ay = % sin?20 (A1 + Ay — 2A345) + A4 — sin26 cos 26Re [(Ag — 2,7)ei5], (2.11)

>
(9]
Il

(i sin?20 (A + Ay —2A345) + Re (lsezié) +ic0s26Im (k5€2i‘§)

— sin260 cos20Re [(Ag — A7)e’®] — isin261m [(Ag — M)ei‘g]) e 2 (2.12)

Ae = (—% sin260[A, cos? 0 — Ay sin” 0 — A345 c0s 20 — ilm (/1562i5 )]
+cos 0 cos 30Re (A€’ ) 4 sin O sin36Re (A7¢™°)
+icos? BIm (Age™® ) + isin® OIm (A7 )) e X, (2.13)
A = (—% sin20[A; sin? O — A, cos? 0 + A345 c0s 26 + iIm (l5e2i5 )]
+sin @sin36Re (Age™®) + cos 6 cos 36Re (A7)
+isin® Im (Age’®) 4 icos? OIm (/l7ei§)> e i, (2.14)

Even though the parameters of the potential change under a basis transformation, some combi-
nations of potential parameters remain unchanged under a basis transformations. A few simple
examples that can be readily verified from the above rules are

iy i3y = ity +md, (2.15)
11 +12+213 = A+ +245, (2.16)
11 +12+224 =M +A+24. .17

These three simple basis invariants are all linear in the parameters of the potential, and they repre-
sent physical quantities of the theory due to the fact that they are basis invariant.
2.3 Vacuum expectation values and basis transformations

For a physically viable theory, the electroweak symmetry must be spontaneously broken so that
we get non-zero vacuum expectation values (VEVs), representing the minimum of the potential.
These in turn give rise to masses of the particles. The most general form of the VEVs that conserves

1 0 1 0
1) = V2 <v1ei§] ) - (P = V2 <v2ei‘f2> ’ (2.18)

electric charge is
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where v% + v% =v? = (246GeV)2. We shall introduce the notation & = &, — & for the difference
in phase between the two doublets. If we transform to a new basis, the VEVs will also change. We
find that the parameters of the VEVs transform as

71 = 1/v}cos? 8 +v3sin? @ + v vysin20 cos(&y — &), (2.19)

7y = \/visin? @ +13cos2 @ — v vysin20 cos(Ey — &), (2.20)

and

cosEy = 71(2v1v2(cos26 cos(&y — &) cos x —sin(&y — &) siny) + (v3 —v3)sin20 cos x)
S P (V2 +v3 — (v3 —v3) c0s20 +2v vy cos(&y — €)sin26) ’

2.21)

sinky = 71(2v1v2(cos20 cos(&y — &) siny +sin(&yy — E) cos x) + (v3 —v3)sin20 siny)
2 (v +v35 — (v — 1) c0s20 +2v vy cos(&yy — &) sin26) ’

(2.22)

and we immediately see that 7 + 73 = v +v3. Thus, v2

must represent a physical quantity of the
theory that can be observed in experiments, as is of course already well known. With the form of the
VEVs given above, demanding that the potential should possess a minimum for these VEVs, one
finds the stationary-point equations given in eqgs. (A.1) - (A.3) of [6]. Enforcing that the stationary
point is indeed a minimum is done by enforcing that the squared masses of the physical scalars (to
be encountered in the next section) are positive so that the potential has the needed curvature for

the VEVs to represent a minimum.

3. The physical scalars and basis invariance of the masses

We follow the same approach as in [6] and parametrize the doublets as

i, o .
®; =% J . j=12. 3.1
e ((V./+7?j+i7(j)/\5> ’ Gb

In the charged sector we extract the massless Goldstone bosons by introducing orthogonal states,

G\ [ vi/v w/y o
O

Here, G* represent the massive Goldstone fields while H* represents the massive charged scalars.
Their masses are found to be given by

V2

M,%,i Re (m%z - v%?L(, - \%17 — ViV [14 cos &y + 2,56’[521} ) . 3.3)

N 2\/1\/2 Cos 521
Replacing each of the parameters in this expression with its basis-transformed counterpartner (i.e.
putting a bar over each of the parameters) and applying the transformation rules for changes of
basis listed in the previous section, we find that the expression for Mgli is invariant under a change
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of basis. The implication of this is that the charged mass is physical and can be observed in
experiments, just as we expect it to be.

Next, we turn to the neutral sector in which we introduce orthogonal states in the same way
that we did in the charged sector,

Go . V1/V V2/V 21
<n3>_<_"2/vvl/v> (;@) (3.4)

Then Gy becomes the massless neutral Goldstone boson, and the remaining mass terms can be
written as

m

1

S(mmm )| ns . (3.5)
n3

The elements of the squared mass matrix .# 2 are given explicitly in egs. (A.5) - (A.10) of [6].
In order to extract the physical neutral scalars, we form combinations of the 1; by the use of an
orthogonal 3x3 matrix R so that the squared mass matrix becomes diagonal,

H, m
Hy | =R| m |, (3.6)
Hj n3
where
Ri1 Ri2 Ry3
R=| Ry R Ry |, (3.7
R31 R3; R33
giving
RAR = diag(M?, M3, M3). (3.8)

The rotation matrix needed in order to diagonalize .#* will depend on the choice of basis. How-
ever, we must end up with the same physical fields, hence the same diagonalized mass matrix for
any choice of basis. This implies that for two different choices of basis we must have

n
n

Since we know how the doublets ®; transform under a change of basis, we can use this to figure
out how the 7; transform under a change of basis. Combining this with the above, we arrive at the
transformation rules for the rotation matrix R,

R=RP, (3.10)
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where P is an orthogonal 3x3 matrix with elements given by

cos 0(vycosB +vysinBcos(&p — &)

Py 2 ’ 3.11)
. _sm@(vzcos%OS(fzzl —&)—w Sln9)7 (.12)
in20 si —
Py — Vv sin flri(ézl 5)’ (3.13)
2V1va
By — smG(vlcochos(flzl—é)-l—vzsme)7 (3.14)
Py — COSO(VchSG—v;zlnecos(gzl —5))’ (3.15)
120 i B
p,, — _wisin Zflli(izl 5)’ (3.16)
Viva
120 si _
p, _ _vsin 9s111(<§z1 5)7 (3.17)
2\/1
190 si _
p,, — Usin 98111(521 5)’ (3.18)
2vs
2v1vac0s20 + (V% - V%) sin26 cos (&1 — &)
o , 3.1
33 2V G

By equating the diagonalized mass matrices for two different choices of basis,
R#’R" =RAR", (3.20)
we find the transformation rules for the squared mass matrix under a basis transformation,
M* = PTH*P. (3.21)

We make note of the fact that none of the elements of the rotation matrix or the squared mass
matrix are invariant under a change of basis, so none of their elements are physical. By combining
elements of the squared mass matrix like the trace, the sum of principal cofactors or the determinant
we find basis invariant expressions, meaning that those combinations are physical. Indeed, we
know that they can be expressed in terms of the three eigenvalues (masses) of the neutral sector.
The characteristic equation of the squared mass matrix is

A +bA*+cA+d=0, (3.22)

with
b= —(AMP+ M3+ M), (3.23)
¢ = M{Mp+ MM+ My M5 — (MB) — (M) — (M), (3.24)

d = MY (M) + Mo (ME) + M M) — MY My M5 — 2 M M M. (3.25)

Here, a, b and ¢ are now basis invariant expressions. Introducing the (also basis invariant) com-
binations p = ¢ — b*/3 and g = (2b> — 9bc +27d) /27, we may write the three solutions of the
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characteristic equations as

, (3.26)

—b [— _1 — 2

M% = ?4—2 ?pcos garccos (;Z p3> — ;] ) 3.27)
b — 1 _

M3 = ?#—Z\ITPCOS 3 arccos <;Z ;)] . (3.28)

Since the three neutral masses can be written as functions of basis invariant quantities, this means
that the neutral masses must also be basis invariant, again as we expect them to be.

4. Some important couplings and basis invariance

4.1 Scalar couplings

We shall find the couplings between one neutral and two charged scalars as well as the coupling
between four charged scalars useful. We can read the coefficients of these combinations of fields
directly off of the potential. In the general basis they become

g; = Coefficient(V,H;H H™)

ViR +ViRin P viva(vaRi1 +VviR2)
P 2

Re 15

2 2
= —=Ruhi +-—5"Rpla + A4
v v

Vv [(VaRi1 +ViRi) c0s2Ey; — VRi3sin2&5 |
2
v

N viva [(vaRi1 +VviRp2) sin2&;1 + vR;3 c0s 2851 ]
2

Im 15
%

V) ( [(V% - ZV%)RH + V1V2Ri2] cos &1 —vpRj3sin 521)
2
» ( [(V% - ZV%)RM + v V2R,'2] sin&y1 +vwyRi3c0s 521) Im A
2
v
V1 ( [(V% — 2V%)Rl‘2 + V1V2R,‘1] COS 521 — VV]RB sin 521)
2

Re Ag

+ Re 17

%

e ( [(V% —2V3)Rin + vlszizl] sin&y; +vwiRi3cos &y ) Im s, @1
%
g = Coefficient(V,H H H*H™)
v V202
271412 + %(l} + 14 + C082€21Re 2,5 — sin2§21Im 15)
% %

4
V2
= —=1
24 1+
2v1v3 213
— v14v2 (cos&Re Ag —sin &y Im Ag) — v14V2 (cos&Re A7 —sinéyIm 7). (4.2)
% %

Again, upon investigating how these expressions transform under a change of basis, we conclude
that both the g; and ¢ are basis invariant expressions. Hence, they are physical and can be measured
in experiments. Again, this is as it should be, as the couplings of the theory appear in the Feynman
amplitudes and are directly related to observables.
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4.2 Gauge couplings

The kinetic term of the Lagrangian in the 2HDM may be written

S = (Du®) (D' ®)) + (D ®2) T (DM ,), 4.3)
with
. /
i
Ho— gH Egc,-wi“ n i%B“, (4.4)
1
Wl = — (W +wH, 4.5)
i
Wy = —(WH—wH), 4.6
Wi = cos OwZ" + sin OwAH, 4.7)
B* = —sinOwZ* + cos BwA*. (4.8)
The couplings between scalars and gauge bosons can now be read directly off from the kinetic
term, i.e.
Coefficient (.,%k [H]EZHD — ewe’ e 4.9)
2
Coefficient (L, H:Z"Z") = 400gT9wei v, 4.10)
2
Coefficient (.Zk,H,-W“‘W*V) = %eig“v. 4.11)
The factors e; appearing in these couplings are given by
ei = ViR +vaRp, (4.12)

and satisfy e + 3 + e% =12 = (246GeV)?. Upon performing a change of basis, we easily find
that V| R;; +72Rj» = viR;1 +v2R;p, implying that the e; are basis invariant quantities. Hence, these
gauge couplings are also physical and can be measured in experiments.

5. Systematic construction of invariants

Invariants can also be constructed in a systematical way by using tensors and their transforma-
tion properties under a change of basis. We have already encountered the Y- and Z-tensors. Let us
also introduce the V-tensor defined by

VgV 1 V2 Vivae i
Vap = ‘Lzb:< [ ) (5.1)

V2 \ vyveie Vs

Under a change of basis, the transformation rules of the tensors can be found in [5] and are given
by!

Y5 = UdY, Udb’ 5.2)
Vi = UadVoqUs, (5.3)
Zipei = UaeUegZe iU U (5.4)

IThe barred indices can be used to see which indices transform with U and which transforms with U.
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In order to construct a basis invariant from these three tensors we must write down an expression
that does not depend on the unitary matrix U. We put together an arbitrary number of Y-, V- and
Z-tensors, pairing together barred and unbarred indices that are not already summed over. Next,
we sum over the indices we pair together, exploiting the unitarity of U to get an expression that is
independent of U, hence basis invariant. The simplest examples are

Vi = 1, (5.5

1
Yoa = _i(m%l +m3,), (5.6)
Zoapp = M+ A+ 223, 5.7
Zipa = M+ +2M. (5.8)

We recognize those basis invariant expressions that we already encountered in eqgs. (2.15) - (2.17).

6. From parameters to physical quantities

We have seen that the masses of the scalars as well as some couplings involving scalars are all
invariant under a change of basis. As for invariants constructed by contracting barred and unbarred
indices from the tensors, our desire is to express these in terms of masses and couplings, and
thereby relating them to physical quantities. It has been pointed out by several groups [2, 7] that
the 2HDM has only 11 independent physical parameters. This is consistent with our findings, that
all basis invariants can be expressed in terms of the following set of masses and couplings already
encountered,

‘@E{MI%Ii7M127M227M32761’627e35q1aq25q3aCI}' (6.1)

We have explicitly shown that all masses and couplings are basis invariant. The challenge ahead
of us is to find a way to translate a basis invariant expression into a combination of masses and
couplings contained in the physical parameter set 2. The method developed uses the freedom to
choose a particular basis, namely the Higgs-basis in which only the first doublet has a non-zero

VEYV, which is real.
1 0 0
(D = —= @ =
(®1)uB ﬁ(v)’ (®P2)uB <0>

Next, we find the relation between parameters and physical quantities we seek in this particular
basis. Finally, we use the fact that the quantities we translated into a combination of physical
masses/couplings is basis invariant, hence the relations we found in the Higgs-basis must be valid
in any basis.

6.1 The translation

We start by working out the stationary-point equations in the Higgs-basis. They become

V2

Y = —3211117 (6.2)
2

RCYIZ = —%Rezmz, (63)
2

IIIlY12 = —%Imng. (64)
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Next, we find the masses of the charged scalars,

2 v?
My =Y+ Ezmz-

The neutral-sector squared mass matrix is given by

M* = R diag(M?, M3, M3)R

Zin ReZii12 —ImZ1»
=v’ | ReZiz 3(Ziz+Zio1 +ReZppn) + 2 —3ImZja1,
—ImZn —3ImZpp 1 (Zim+Zio1 —ReZpn) + %

We treat (6.5) and (6.6) as seven equations and solve them to get

2
) V
Yo = My — ?lezz,

2 2 P2 As2 L P2 g2
7o — Ry M7 + R5Mj + Ry, M3
1 = ;

2
v
7 —2Mj. + (R}, + Ri3)M7 + (R3, + R33)M; + (R3, + R33) M3
1221 — B 5
v
R11R12M? + Ry RyoM3 + R31 R3pM?
ReZj = ] 2 2 3,
- R11R13M? + Ry 1 Ro3M3 + R31 Ryz M3
ImZjjo = — 2 )
_ (RT, — Ri3)M7 + (R3, — R3;)Mj + (R3, — R3;)M3
ReZppp = 2 ,
R12R13M? + Ry Ry3M? + Ry R33M?
ImZppy — —2 12R13M7 + RooRosM5 + R32R33 5

V2
Next, we work out the scalar couplings to find

gi = V(RiZ1122 + RnRe Z1220 — RizIm Z21,),

1

= —Zn.
q 3 2222

We treat these as four equations and solve to get

Ri1g1 +R1q2 +R3193

Zin = "
Ri12g1 +Ra2q2 + R32q3
ReZipn = 1 vq 1 ;
Ri3q1 +Ry3q2 +R33q3
ImZjpp = — 1 vq 1 ;
Z»n = 2q.

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)
(6.15)

(6.16)
(6.17)

(6.18)
(6.19)

We are now able to replace all the parameters of the potential with masses, scalar couplings and el-

ements from the rotation matrix R. It turns out that all the combinations of rotation-matrix elements

appearing in basis invariants during this translation is expressible in terms of the three elements R;;

of the first column using the fact that R is orthogonal. Finally, we turn to the factors appearing in

10
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the gauge couplings. In the Higgs-basis these are simply ¢; = vR;1, so indeed we manage to express

all invariants in terms of the physical parameters of Z.
Applying the translation technique oulined above, we find

1 1
Yoo = M. — ﬁ(e%Mlz +e3M3 +AM3) — 5(61Q1 +e292 +e3q3),

1 2
Zoavh = 29+ vj(é’%M]z +e5M; +e3M3) + vj(elql +e2q2 +e3q3),

4 1 2
Zipba = 29— V*ZM;%# - vj(e%M% + M5 + e3M3) + Vﬁ(M%+M§+M32)7

all now translated into masses and couplings.

7. Applying the technique to CP odd invariants

CP violation in the bosonic sector of the 2HDM has been extensively studied by many groups
with different approaches [8, 9, 5, 10, 11, 12, 13, 14, 15, 16, 17]. The three invariants we translated
at the end of the previous section were all CP even since they contain no imaginary part. In [5],

the conditions for CP conservation were formulated in terms of three CP odd invariants expressed
using the tensors Y, V and Z. If at least one of these is non-zero, then the 2HDM violates CP, and

if all three invariants vanish it is CP conserving. The three invariants are
2
ImJ1 = —ﬁlm [VdﬁYaBZbEcJ] N

4
Iy = I [V,3VactieY . Z,ay4].

a

Im J3 =1Im [V EVdEZbggéZcfzh_fZed.ftf] .

a

We translate these using the technique described to get

1
2
ImJ, = = Z Sl’jle- eierq;,
Viigk
e1e€3

ImJ, =2
mdJy V9

(M} — M3)(M5 — M3) (M3 — M}),
2
ImJ; = =5 [(e1M7 + M3 + M)+ (e1q1 + 22 + e3qs) + 27 M- ] Im

4
+ImJ, + 7 Z SijkeiMf'ejqk + 2Im J3,
i7j7k

where

1
ImJ;p = s Z &jkqiMie qr.
i7j7k

(7.1a)

(7.1b)
(7.1c)

(7.2)

(7.3)

74)

(71.5)

These results were obtained and presented in [6], where a more complicated technique than the

one presented here was used. If ImJ; = ImJ; = 0, we find that ImJ3 = Im J3g, so a simpler

way to express the conditions for CP conservation is to say that the model conserves CP iff
ImJ; = ImJ; = ImJ3g = 0. Othervise it violates CP. Putting ImJ; = ImJ>, = Im J39 = 0, we

11
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immediately find the following six cases of CP conservation:
Case 1: M| = M, = M3. Full mass deceneracy.

Case 2: M1 = M2 and e1qr = exqi.

Case 3: Mz = M3 and e qsz = eszqr.

Case4: ¢; =0and g; =0.

Case 5: e; =0 and g, =0.

Case 6: e3 =0 and g3 =0.

If none of these are satisfied, the model violates CP.

The technique can also be applied on the four invariants needed to determine if CP is violated
explicitly or spontaneously presented in egs. (23) - (26) of [5], arriving at much simpler conditions
given in terms of masses and couplings, presented in eqs. (IIL.5) - (II1.7) of [18].

8. Summary

We have discussed the importance of basis invariants in the 2HDM and shown how the
masses and some couplings of the theory are invariant under a change of basis. We have also
discussed how to construct basis invariants in a systematic way by use of the Y-, V- and Z-tensors.
We have presented a simple, yet powerful method to translate invariant expressions into
combinations of 11 masses and couplings and demonstrated its powerfulness and simplicity by
applying the method to some CP-even invariants as well as the three CP-odd invariants needed to
determine the CP properties of the theory. The technique can be applied to any invariant
expression of the 2HDM. This technique could be extended also to the three-Higgs-doublet model
in order to study the CP properties of the 3HDM.
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