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1. Introduction

The gradient flow [1, 2], alongside finite-size scaling methods, has been extensively used to
study the scale dependence of the gauge coupling constant. A variety of gradient-flow based renor-
malisation schemes have been introduced to this goal [3]-[6]. Perturbative calculations in these
schemes are, however, comparatively rare. In particular, next-to-next to leading order (NNLO)
matching to MS has been achieved in infinite volume for the SU(N) gauge group with N f flavours
of massless quarks [3, 7], while in finite volume it has been done, using numerical stochastic per-
turbation theory, for the SU(3) pure gauge theory in the Schrödinger functional scheme [8].

In these proceedings, we will report on our next to leading order (NLO) perturbative calcu-
lation of the SU(N) running coupling in the twisted gradient flow (TGF) scheme, a finite volume
scheme introduced by A. Ramos in [6] and used recently for a precise non-perturbative determi-
nation of the ΛMS parameter in SU(3) pure gauge theory [9]. This set-up has also been used, in
combination with the idea of twisted volume reduction [10]-[13], to determine the running of the
SU(∞) coupling constant on a one-site lattice, using the rank of the gauge group to implement step
scaling [14]. The calculation exploits the idea that in the large N limit space-time and colour de-
grees of freedom become entangled to the point where the former are redundant. This is reflected
in our finite volume prescription in the parametrisation of the running coupling in terms of an ef-
fective size l̃ that depends on both the physical size of the torus and the number of colours of the
theory. The general strategy for performing the perturbative calculation has been described in [15].

The perturbative computation will be done in the continuum, and will consist of a few main
steps: first, we will define the twisted gradient flow coupling. Then, we will expand the fields in
perturbation theory, and rewrite the leading order (LO) and NLO contributions in terms of either Ja-
cobi theta functions or a few integrals of Siegel theta functions. We will then explain the procedure
we devised to regularise the UV divergent integrals in dimensional regularisation by computing and
subtracting the asymptotic divergence. Lastly, we will relate our scheme to the MS one, computing
the ratio of Λ parameters, and present our numerical results.

2. The twisted gradient flow scheme

We will begin by defining the scheme with which we will work. Consider a pure gauge SU(N)

theory on a d-dimensional torus with twisted boundary conditions (TBC). Denoting lµ the length
of each side, and dt ≤ d an even number, the gauge fields satisfy:

Aµ(x+ lν ν̂) = ΓνAµ(x)Γ†
ν , ν = 0, . . . ,dt −1 , (2.1)

Aµ(x+ lν ν̂) = Aµ(x), ν = dt , . . . ,d . (2.2)

The Γµ matrices, known as twist-eaters, satisfy the consistency condition:

ΓµΓν = exp{i2πεµνk/lg}ΓνΓµ , lg = N2/dt , (2.3)

with k and lg taken to be two co-prime integers. We will henceforth set d = 4 and take dt = 2, with
ε01 =−ε10 = 1, and εµν = 0 elsewhere. The procedure can be extended to the case of dt = 4 with
εµν antisymmetric and εµν = 1 for µ < ν , where the twist becomes non-trivial in all planes.
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Under such boundary conditions, one can Fourier-expand the gauge fields using a momentum-
dependent basis of the SU(N) Lie algebra Γ̂(q) [12, 16], in terms of which:

Aµ(x) =V−
1
2

′

∑
q

Âµ(q)eiqx
Γ̂(q) , (2.4)

where all matrix structure is contained in Γ̂(q), V is the volume of the torus, and the prime
denotes the exclusion of all momenta proportional to lg. Defining several auxiliary variables,
θµν = l2

g lµ lν ε̃µν θ̂/(2π), θ̂ = k̄/lg, kk̄ = 1(mod lg), and ∑
ν

ε̃µνενρ = δµρ , the structure constants

in this basis are given by:

[
Γ̂(p) , Γ̂(q)

]
= iF (p,q,−p−q) Γ̂(p+q) , F (p,q,−p−q) =−

√
2
N

sin
(

1
2

θµν pµqν

)
. (2.5)

With this construction, momentum turns out to be quantised in units of 2π/(lµ lg) in the twisted
directions and 2π/lµ in the periodic ones. In order to have the same momentum quantisation in all
directions, we chose a torus of size l in the twisted directions and l̃ = lgl in the periodic ones [17].

We will implement a finite volume scheme similar to the one defined in [6], introducing a flow
time parameter t, and a new gauge field Bµ(x, t) driven by a modified flow equation:

∂tBµ(x, t) = DνGνµ(x, t)+Dµ∂νBν(x, t), Bµ(x,0) = Aµ(x) , (2.6)

where Gµν and Dµ are the field strength tensor and covariant derivative of the B fields. The twisted
gradient flow coupling is then defined as in [14]:

λTGF(l̃) = Ng2
TGF(l̃) = F (c)

〈
t2E(t)

N

〉∣∣∣∣
t=c2 l̃2/8

, E(t) =
1
2

Tr
(
Gµν(x, t)Gµν(x, t)

)
, (2.7)

where F (c) is a normalisation constant introduced so that λTGF = λ0 +O(λ 2
0 ), and c is a scheme-

defining parameter relating the energy scale to the effective size of the torus, µ = 1/
√

8t = 1/cl̃.

3. LO and NLO terms in perturbation theory

With our coupling defined, we can start the expansion of 〈E(t)〉 around Aµ = 0. The general
procedure is similar to the infinite volume one in [3], though the computations and regularisation
procedure turn out to be quite different. We first rescale the gauge fields in the Lagrangian, Aµ(x)→
g0Aµ(x), and determine the Feynman rules in momentum space, which are essentially the usual
ones replacing the group structure constants with F(p,q,−p− q); see for instance [18] and [19]
for an analogous perturbative computation on the lattice. We then expand the flowed fields in
powers of the bare coupling:

Bµ(x, t) = ∑
k

gk
0B(k)

µ (x, t), B(k)
µ (x, t) =V−

1
2

′

∑
q

B(k)
µ (q, t) eiqx

Γ̂(q) , (3.1)

and bring this expansion into E(t), discarding all terms beyond O(g4
0). This leaves us with a sum

of terms containing the expectation values of products of B(k)
µ (p, t) fields, which have to be related
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to the original Aµ(p) fields by solving the flow equations order by order in momentum space. The
solution up to third order is enough for NLO results, and so the final result is expressed as a series
expansion in the bare ’t Hooft coupling λ0, parametrised as:〈

E(t)
N

〉
≡ λ0 E (0)(t)+λ

2
0 E (1)(t)+O

(
λ

3
0
)
. (3.2)

The LO term in that expansion reads:

E (0)(t) =
1
2
(d−1)l̃−d

′

∑
m∈Zd

e−8tπ2m2/l̃2 ≡ (d−1)
2(8πt)d/2 A (2ĉt ′), (3.3)

where we introduced two auxiliary variables ĉ = πc2/2 and t ′ ≡ 8t/(cl̃)2 (to be set to one when
computing the coupling), and a function A , which in terms of Jacobi theta functions θ3 is:

A (x)≡ xd/2
′

∑
m∈Zd

e−πxm2
= θ

(d−dt)
3

(
0,

i
x

){
θ

dt
3

(
0,

i
x

)
− 1

N2 θ
dt
3

(
0,

i
xl2

g

)}
(3.4)

The LO infinite volume expression corresponds to the c→ 0, l̃ → ∞ limit, with cl̃ kept fixed. In
that limit, A (2ĉt ′)→ 1−1/N2 and one recovers the result from [3].

The NLO contribution, on the other hand, can be rewritten after quite a bit of algebra in terms
of twelve basic multi-dimensional integrals Ii whose integrand is given in terms of the functions:

Φ(s,u,v) = N ∑
m,n∈Zd

e−π ĉ(sm2+un2+2vmn)(1−Re e−2πiθ̂nε̃m), N =
ĉ2

32π2 l̃(2d−4)
, (3.5)

The integrals involve flow time integration and Schwinger parameters. For instance, one of the
twelve contributing integrals reads:

I10(Φ, t ′) =
∫

∞

0
dz
∫ t ′

0
dxx∂t ′Φ

(
2t ′+ z,2t ′,x

)
. (3.6)

These Φ functions, incidentally, can be rewritten in matrix form in terms of Siegel theta functions,
which are often implemented in computational software such as Mathematica:

Φ(s,u,v) = N {Θ(0|A(s,u,v, θ̂ = 0))−Θ(0|A(s,u,v, θ̂))}, Θ(z|A)≡ ∑
M∈Z2d

eiπ(Mt AM+2z·M) , (3.7)

with the 2d×2d matrix A conveniently chosen to reproduce eq. (3.5).

4. Identifying and regularising the divergences

We have so far set up a TGF scheme to define a running coupling in perturbation theory and
have expanded it up to NLO, expressing it in terms of twelve basic integrals, some of which are
UV divergent. In order to regularise them we will identify the asymptotic divergence within each
momentum sum and subtract it from the integrand, and then deal with the subtracted term using
dimensional regularisation. The sums over momenta entering the definition of Φ can be shown to
be UV convergent provided su− v2 > 0. As the quantity α ≡ s− v2/u is always positive definite
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within our integration ranges, the UV divergences will appear whenever u = 0. The asymptotic
divergence at u = 0 is easily identified if one uses Poisson resummation to rewrite:

∑
m,n∈Zd

e−π ĉ(sm2+un2+2vmn)−2πiθ̂nε̃m = (ĉu)−
d
2 ∑

m,n∈Zd

e−π ĉαm2− π

ĉu (n−θ̂ ε̃m)2−i2π
v
u mn (4.1)

The divergent behaviour at u = 0 on the right hand side occurs whenever n = θ̂ ε̃m ∈ Zd , and so
by excluding those particular momenta from the sums the integrals are regularised. The final result
for each UV-divergent integral 1 can be expressed in terms of a finite piece given by:

Ifin
i (t ′) = Ii(Φ−Φ

(0), t ′)+ Ii(Φ
(0), t ′)−A (2ĉt ′) Ii(Φ

∞, t ′) , (4.2)

and a divergent one requiring analytical continuation to four dimensions:

Idiv
i (t ′) = A (2ĉt ′) Ii(Φ

∞, t ′) , (4.3)

where:
Φ

(0)(s,u,v) = A (ĉα)Φ
∞(s,u,v) , Φ

∞(s,u,v) = N ĉ−d (uα)−d/2 . (4.4)

Ii(H, t ′) stands for the corresponding multiple integral, evaluated replacing the original integrand Φ

with H. To evaluate the finite piece numerically, we used C++ and Mathematica codes developed
for the task. The divergent piece, directly given by the product of A (2ĉt ′) times the infinite volume
result, was evaluated analytically in dimensional regularisation.

5. The TGF running coupling

With the divergences regularised, we can finally gather the results of everything done so far.
Plugging the expansion of the observable into the definition of the coupling, we have:

λTGF(l̃) = λ0

{
1+

λ0(4πc2 l̃ 2)ε

16π2

(
11
3ε

+
52
9
−3log3+C1

)}
, (5.1)

where C1 denotes the sum of all finite contributions we separated in the previous section (with their
corresponding coefficients), evaluated at t ′ = 1. The infinite volume result from [3] corresponds to
C1 = 0 and is correctly reproduced by our formula. The bare coupling constant can be replaced by
its expression at 1-loop in the MS scheme to give:

λTGF(l̃) = λMS(µ)

{
1+

λMS(µ)

16π2

(
11
3

γE +
52
9
−3log3+C1

)}
, (5.2)

with the MS scale µ = 1/(cl̃). As for the ratio between Λ parameters in both schemes:

log
(

ΛTGF

ΛMS

)
=

1
32π2b0

(
11
3

γE +
52
9
−3log3+C1

)
. (5.3)

Using the integration codes mentioned in the previous section, we computed C1 for a range
of values of c, k̄ and N. The results for SU(3) with magnetic flux k̄ = 1 at various values of c
are presented on fig.1 2. Figure 2 displays the value of C1 as a function of θ̂ = k̄/lg, obtained
for several gauge groups (N = 2,3,4,5,6,7) with magnetic flux k̄ = 1, as well as for the sets
(k̄,N) = (2,5),(2,7),(3,7),(3,8),(5,11). A full list of results including smaller values of c and an
analysis of the large N and infinite volume limits will be presented in [20].

1Except for one of them, which requires a similar but slightly more convoluted procedure we will not detail here.
2The present plots correct an error found in the plots shown in the presentation slides.
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Figure 1: C1 results for k̄ = 1 in SU(3)
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Figure 2: C1 full results for several θ̂ = k̄/N

6. Summary and future prospects

We have considered a pure gauge SU(N) theory in the continuum, defined on a finite volume,
four-dimensional torus with twisted boundary conditions on one plane and periodic boundary con-
ditions in the rest. The torus was chosen to have a period of l in the twisted directions and l̃ = Nl
in the rest, so as to have all momenta quantised in terms of a single scale. We used the gradient
flow to define a renormalised running ’t Hooft coupling from the action density of the theory, using
l̃ as the energy scale for the running. We determined the expressions of both the LO and the NLO
perturbative contributions in terms of quantities that can be computed numerically. The NLO was
parametrised in terms of twelve basic integrals, some of which were divergent. We devised a way
to regularise such integrals by isolating the divergent terms and relating them to infinite volume
integrals treatable in dimensional regularisation. We then numerically computed the finite part of
these integrals for several SU(N) gauge groups and a range of values of the twist related factor
θ̂ = k̄/N and c, and presented the results.

In the future, we plan to repeat this computation non-perturbatively on the lattice, defining a
running coupling in terms of l̃ and computing its running for SU(3) using step scaling techniques.
The inclusion of adjoint fermions, and an estimation of the extent of finite volume corrections in
relation to the matter of volume independence conjectures would also constitute interesting contin-
uations of this work.
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