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1. Introduction

Precise Standard Model determinations of CKM matrix elements are essential to understand
the flavor puzzle. Lattice QCD simulations allow to compute hadronic matrix elements from weak
decays, which provide determinations of the CKM parameters and different flavor observables.

We have developed a setup that focuses on controlling systematic effects for heavy quark
physics. We use a mixed-action setup with a twisted mass [1, 2, 3] valence sector with N f = 2+
1+1. In the sea sector we employ CLS N f = 2+1 [4, 5] ensembles with open boundary conditions
in the time direction [6, 7] and periodic boundary conditions in the spatial directions. We set the
valence sector to maximal twist in the light sector, which ensures automatic O(a) improvement up
to residual sea quark mass effects [8].

We present preliminary results for quark and meson masses and decay constants in the charm-
quark sector using CLS symmetric point ensembles where all the masses are degenerate mu =md =

ms. We also study the chiral behavior of those observables at a fixed lattice spacing along the chiral
trajectory trMq = const, where Mq is the N f = 2+1 quark mass matrix.

For study of charm-quark observables using CLS ensembles with a Wilson regularization we
refer to [9].

2. Setup

2.1 Sea Sector

We use CLS gauge configurations [4], that are obtained with a tree-level improved Lüscher-
Weisz gauge action. The fermion action contains O(a) improved Wilson fermions with N f = 2+1
flavors and a non-perturbative determination of cSW.

The ensembles are located on a chiral trajectory where the trace of the bare quark mass matrix
is kept constant,

trMq = 2mq,u +mq,s = const, (2.1)

where mq,f is the subtracted bare quark mass of a flavor f.

Id β Ns Nt mπ [MeV] mK[MeV] mπ L

H101 3.40 32 96 420 420 5.8

H400 3.46 32 96 420 420 5.2

N202 3.55 48 128 420 420 6.5
N203 3.55 48 128 340 440 5.4
N200 3.55 48 128 280 460 4.4
D200 3.55 48 128 200 480 4.2

N300 3.70 48 128 420 420 5.1

Table 1: List of CLS Nf = 2+ 1 ensembles [4] used in the present study. The values of the inverse bare
coupling, β = 6/g2

0, correspond to the following approximate values of the lattice spacing: a = 0.087fm,
0.077fm, 0.065fm and 0.050fm [10]. In the third and fourth columns, Ns and Nt, refer to the spatial and
temporal extent of the lattice. Approximate values of the pion and Kaon masses are provided.
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2.2 Valence Sector

The valence sector is composed by Wilson twisted mass fermions with a clover term

Dtm =
1
2

γµ(∇
∗
µ +∇µ)−

a
2

∇
∗
µ∇µ +

i
4

acSWσµνFµν +m0 + iµ0
γ5, (2.2)

where the twisted mass matrix µ0 is set to µ0 = diag(µl,−µl,−µs,µc). We fix our setup to be at
maximal twist (ω = π/2) by setting the standard mass to the critical value m0 = mcr1.

In order to fix the value of the standard mass to its critical value, we have tuned the values of
the bare quark such that the PCAC quark mass, defined with the axial Ward identity in the twisted
field basis, vanishes in the light sector. This condition guarantees the light sector to be at maximal
twist exactly. The twist angle for the strange (outside the symmetric point) and charm quarks, on
the other hand, will be maximal only up to cutoff effects.

The matching between sea and valence has been performed by imposing that the pseudoscalar
masses are equal in both sectors

φ2|v ≡ 8t0 m2
π

∣∣
v =̂ φ2|s ,

φ4|v ≡ 8t0

(
1
2

m2
π

∣∣
v + m2

K

∣∣
v

)
=̂ φ4|s .

(2.3)

Alternatively, we have also studied a matching procedure at the level of renormalized quark
masses. A more detailed study can be found in Ref. [11]. Alternative matchings for the strange
quark will be explored in the future.

The matching procedure for the charm sector requires a different strategy, since in our setup
the charm is not a dynamical fermion. In order to establish a connection with physics, we require
that some charm observable Oc is equal to its physical value on each ensemble. The matching
condition ensures the correct limit once chiral and continuum extrapolations are performed.

In this work we study two different matching strategies based on different charm observables.
We have chosen the mass of the Ds meson mDs and the spin-flavor-averaged mass combination
MX = (2mD+6mD∗+mDs +3mD∗s )/12. The matching of the observables has been computed using
three different values of the charm twisted mass µc, and linearly interpolating the results to the
matched value µmatched

c .

In figure 1, we show the masses m
D(∗)

s
in the symmetric point with two different matching

strategies. The first matching is performed by setting the mass mDs to its physical value at each
lattice spacing, whereas the spin-flavor-averaged matching is performed by imposing that the mass
combination MX(ml = ms) = (mDs + 3mD∗s )/4 is fixed to a constant in the symmetric point. We
study the chiral behavior of the mass difference mD∗s −mDs at a fixed lattice spacing (β = 3.55) in
figure 2.

The matching conditions in the light and charm sectors impose different constrains in the
meson masses m

D(∗)
s

. The light sector matching constrains the mass difference, whereas the charm
matching constrain the Ds mass or the spin-flavor-averaged mass combination. This has to be taken
into account when interpreting the results.
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Figure 1: Continuum limit scaling of mDs and mD∗s in terms of the scale t0 with different matching conditions
in the symmetric point mu = md = ms. The plots correspond to the mDs (left panel) and MX (right panel)
matching respectively. Both matching conditions are expected to coincide in the continuum limit at physical
value of light and strange quark masses.
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Figure 2: Preliminary results for the chiral extrapolation of the mass difference mD∗s −mDs in terms of the
scale t0 with different matching conditions at β = 3.55 (a' 0.065 fm). The plots correspond to the mDs and
MX matching respectively. The band represents a linear fit in φ2.

3. Computation of observables

In order to compute matrix elements and decay constants, we set the source of the two-point
functions in the bulk. The source is set at a fixed physical distance y0 ' 5

√
8t0 from the bound-

ary. We have found that this separation is enough to render boundary effects negligible. We then
compute the two-point function

f c,q
P (x0,y0) = a6

∑
~x,~y
〈Pq,c(x)Pc,q(y)〉 , (3.1)

where Pc,q is the pseudoscalar density with flavor indices c,q= l,s. We finally determine the meson
mass and pseudoscalar matrix element

f c,q
P (x0,y0)≈

∣∣〈D(s)|Pc,q|0〉
∣∣2 e−mD(s)

(x0−y0) (3.2)
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Figure 3: Continuum limit extrapolation of the decay constant fDs and renormalized charm quark mass in
terms of the reference scale t0 at the symmetric point mu = md = ms. The charm-quark mass is matched by
fixing mDs to its physical value.

at sufficiently large time separations (x0− y0). Decay constants can be computed in this setup by
taking advantage of the PCVC relations in the twisted basis,

fD(s) = (µq +µc)

(
2

m3
D(s)

L3

)1/2 ∣∣〈D(s)|Pc,q|0〉
∣∣ . (3.3)

These relations allow to compute decay constants through pseudoscalar matrix elements. More-
over, there is no explicit dependence on renormalization constants

Renormalized charm quark masses are obtained with the non-perturbative determination of
the renormalization constant Ztm

M in Ref. [12] and the matched value of the twisted charm mass
µmatched

c .
In order to have accurate estimates of the heavy propagators, needed to build correlators in the

heavy sector, we use the distance preconditioning technique [13] as it was formulated in [14]. We
are exploring the use of new smearing techniques in order to tame the signal to noise ratio problem
in these observables. A more detailed discussion on those topics will appear on future publications
(see also [8]).

4. Preliminary Results

We perform a continuum limit extrapolation of the decay constant fDs at a fixed value of the
light quark masses and a subset of the available statistics to validate the O(a2) scaling of our setup.
Furthermore, we study the continuum limit behavior of the renormalized charm quark mass.

In order to compare both matching conditions for the charm mass, we allow the chiral limit ex-
trapolation along the chiral trajectory trMq = const at a given lattice spacing. We compute leptonic
decay constants fD(s) and the renormalized charm mass by applying both matching conditions.

Figure 3 shows the continuum limit behavior of the decay constant fDs and the renormalized
charm quark mass at a fixed value of the light-quark masses. A smooth continuum-limit scaling of
fDs and of the renormalized charm quark mass at the symmetric point (mu = md = ms) is observed
in our setup.
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Figure 4: Chiral extrapolation of the decay constants fD, fDs and of the renormalized charm quark mass in
terms of the reference scale t0 at β = 3.55 (a' 0.065 fm). The charm mass is matched by fixing mDs to its
physical value. The dashed vertical line denotes the physical value φ2.

Figures 4 and 5 present the chiral behavior of the decay constants fD(s) and of the renormal-
ized charm quark mass at a fixed value of the lattice spacing as a function of φ2 = 8t0m2

π , using
two different matching procedures. Universality ensures that both matching procedures provide
compatible results in the continuum at physical value of the light quark masses. We observe that,
when comparing the two matching procedures of the charm-quark mass, the linear chiral extrapo-
lations to the physical value φ2 are compatible at the 1-sigma level at a ' 0.065 fm for the three
observables. We observe that linear extrapolations in φ2 describe well the chiral behavior in the
charm-light mesonic sector. A more detailed study of the chiral behavior will appear in a future
publication.
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Figure 5: Chiral extrapolation of the decay constants fD, fDs and the renormalized charm quark mass in
terms of the reference scale t0 at β = 3.55 (a ' 0.065 fm). The charm mass is matched by fixing the spin-
flavor-averaged mass combination MX to its physical value. The dashed line denotes the physical value
φ2.

5. Conclusions and Outlook

We have presented preliminary results from a mixed-action setup for fD(s) decay constants and
the charm quark mass on a subset of the available set of CLS N f = 2+ 1 ensembles. In order to
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improve the determination of the leptonic decay constants a complete analysis with the complete
set of ensembles and with full statistics is still required. Furthermore, a detailed analysis of the
systematic uncertainties is still needed.
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