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In the Wilson’s lattice formulation of QCD, a fermionic Fock space of states can be explicitly
built at each time slice using canonical creation and annihilation operators. The partition function
Z is then represented as the trace of the transfer matrix, and its usual functional representation as
a path integral of exp(−S) can be recovered in a standard way. However, applying a Bogoliubov
transformation on the canonical operators before passing to the functional formalism, we can
isolate a vacuum contribution in the resulting action which depends only on the parameters of
the transformation and fixes them via a variational principle. Then, inserting in the trace defining
Z an operator projecting on the mesons subspace at each time slice and making the physical
assumption that the true partition function is well approximate by the projected one, we can also
write an effective quadratic action for mesons. We tested the method in the renowned ’t Hooft
model, namely QCD in two spacetime dimensions for large number of colours, in Coulomb gauge.
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Lattice QCD2 effective action with Bogoliubov transformations Mauro Pastore

1. Motivation

Confinement implies that the relevant degrees of freedom in QCD at low energy are not the
fundamental ones (quarks and gluons), but effective composites, as the mesons. The situation
shares some affinity with the BCS theory of superconductivity, where the macroscopic behaviour of
the model cannot be explained in terms of non-interactive conduction electrons. In that framework,
the superconductive phase is caused by the existence of an energy gap between the naive ground
state and a more favorable one where the electrons are coupled in Cooper pairs. The first vacuum
state is related to the other via a Bogoliubov transformation, which maps the set of canonical
operators of the fermions into the one of the quasiparticles, through a non trivial mixing between
creators and annihilators.

Except for some remarkable cases that we do not have space to mention here (see [1]), the
application of this approach to QCD confinement, in spite of its intuitiveness, has been somewhat
limited, because of the difficulty to work with canonical formalism in the relativistic setting of
gauge theories.1 Some years ago, in [2 – 6], a method has been developed to pass from a lattice
operatorial description, where the Bogoliubov transformations can be implemented, to a functional
formalism, using well-known tools as the expansion of the transfer matrix on a suitable basis of
coherent states. In this way a theory of quasiparticle excitations above a non perturbative vacuum
can be formulated. Moreover, the theory can be completely bosonized through a projection over the
subspace of the relevant composite degrees of freedom, so that the description in term of effective
fields arise from the fundamental fermionic theory in a coherent fashion.

Here we apply this method to the ’t Hooft model [7], that is QCD2 for large number of colours,
where canonical formalism has been already applied fruitfully in the past, for example in [8, 9],
and where we can carry out our program to the end. In section 2 we present the model, in Wilson’s
lattice formulation, in Coulomb gauge and in transfer matrix formalism. In section 3 we find the
gap equation in our framework and build a theory of quasifermions. In section 4 we show how an
effective theory for mesons can be formulated in this setting. For details, we refer to [10].

2. QCD2 in Wilson’s lattice formulation

2.1 Wilson action, Coulomb gauge

In functional formalism, the model is described by the Euclidean action S = SF +SG . On a 2D
rectangular lattice with spacings a0 and a1, the fermion part of the action is

SF = a0a1 ∑
x∈(a0Z)×(a1Z)

{(
m+

r0

a0
+

r1

a1

)
ψ̄(x)ψ(x)

−
1

∑
µ=0

[
ψ̄(x)

rµ − γµ

2aµ

Uµ(x)ψ(x+aµ µ̂)+ ψ̄(x+aµ µ̂)
rµ + γµ

2aµ

U†
µ(x)ψ(x)

]}
. (2.1)

The terms proportional to the Wilson parameters rµ are introduced to solve the fermion doubling
problem. The fermion fields are in the fundamental representation of the gauge group SU(Nc), and

1Of course, Bogoliubov’s ideas have been applied extensively in QCD to study colour superconductivity, but that’s
a different problem.
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the corresponding link variables are Uµ(x) = exp
[
igaµAµ(x)

]
, with Aµ algebra-valued Hermitian

fields and g coupling constant. The pure gauge action is

SG =
1

a0a1
∑
P

1
g2

[
2Nc−Tr

(
UP +U†

P

)]
, (2.2)

where, as usual, P denotes an elementary plaquette and UP the ordered product of link variables
around it.

Since [7], we know that the model can be solved in the ’t Hooft limit, which is the double-
scaling (large-Nc, weak -coupling) limit Nc→∞, g→ 0, g2Nc fixed. We will work, as in [11, 8, 9],
in Coulomb gauge, which in 2 spacetime dimensions takes the simple form

U1(x) = 1 ⇐⇒ A1(x) = 0 . (2.3)

In the weak-coupling approximation, the remaining link variable can be expanded as

U0 = 1+ iga0A0−
1
2

g2a2
0A2

0 + · · · , (2.4)

so, from (2.2), we obtain the free gauge propagator Gab
00(x,y) = 〈Aa

0(x)A
b
0(y)〉, where

Gab
00(x,y) = δab

δx0,y0

a0

∫
π/a1

−π/a1

dp
2π

eip(x1−y1)

p̂2

a0→0
a1→0−−−→ −1

2
δabδ (x0− y0)

∣∣x1− y1∣∣ . (2.5)

Thus, in QCD2 the interaction mediated by the gluons is instantaneous and confining at perturbative
level already, because of the linearity of the Coulomb potential in the spatial separation.

2.2 Canonical formalism and transfer matrix

The quantum theory descends from the partition function

Z =
∫

DU Dψ Dψ̄ e−S[ψ,ψ̄,U ] =
∫

DUe−SG[U ]
∫

Dψ Dψ̄ e−SF [ψ,ψ̄,U ] =
∫

DUe−SG[U ] ZF , (2.6)

in path-integral representation. However, the fermionic Fock space of states can be constructed
explicitly on the lattice. At a fixed time-slice, the ladder operators for fermions are, in the standard
basis,

ψ̂ =

(
û
v̂†

)
. (2.7)

The operator û† i
p (v̂† i

p ) creates a quark (antiquark) with spatial momentum p and colour i. Given
that, the space of states is built acting with these ladder operators on the vacuum |0〉, such that

û |0〉= 0 , v̂ |0〉= 0 . (2.8)

In this setting, the partition function can be expressed as the trace of the Boltzmann factor:

ZF = lim
β→∞

TrF e−β ĤF = TrF
∏

t
JtT̂t,t+1 . (2.9)

The operator T̂t,t+1 is the transfer matrix, which maps the Hilbert space defined at a certain time t
into the next one. In QCD, this operator is self-adjoint and strictly positive, as it has been proven

2
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long ago in [12], so a lattice Hamiltonian can be defined as in (2.9). Moreover, the transfer matrix
takes the form

T̂t,t+1 = T̂ †
t V̂t T̂t+1 , (2.10)

where

T̂t = exp
[
−û†Mt û+ v̂Mt v̂†]exp [v̂Nt û] , V̂t = exp

[
û† lnU0,t û− v̂ lnU†

0,t v̂
†
]

(2.11)

and Mt , Nt , U0,t are matrices in internal (colour) and space (but not time, which is just a label)
indices, with the last one defined as [Uµ,t ]n1n2 ≡ δn1n2(Uµ)n1,t . The extra factor Jt appearing in (2.9)
is simply

Jt = exp
[
Tr
(

Mt +M†
t

)]
. (2.12)

The bridge between the functional representation (2.6) and the operatorial one of the partition
function goes through the choice of a basis of the Hilbert space on which the trace in (2.9) can be
evaluated explicitly. In particular, it is convenient to take the basis of canonical coherent states,
defined by

|ρσ〉= exp
(
−ρ û†−σ v̂†) |0〉 , (2.13)

where ρ , σ are anticommuting (Grassmannian) symbols, such that2

û |ρσ〉= ρ |ρσ〉 , v̂ |ρσ〉= σ |ρσ〉 . (2.14)

Inserting the identity operator

Î=
∫

∏
K

dρ
†
K dρK dσ

†
K dσK e−ρ†ρ−σ†σ |ρσ〉〈ρσ | (2.15)

in the trace at each time slice, grouping the Grassmann fields in a Dirac spinor

ψ
i
t,p =

(
ρ i

t,p

σ
†i
t,p

)
(2.16)

and confronting with the functional integral representation (2.6), the form of the matrices

Mt =
1
2

log
Bt

2κ0
≡ 1

2
log

I−κ1r1

(
U1,tT1 +T †

1 U†
1,t

)
2κ0

, (2.17a)

Nt =−iκ1B−1/2
t

(
U1,tT

(+)
1 −T (−)

1 U†
1,t

)
B−1/2

t (2.17b)

follows, with κ0, κ1 hopping parameters and T (±) shift operators in the spatial direction. In weak-
coupling and at lowest order in the lattice spacings, we can write, in momentum space,

eM(q) = 1+
ma0

2
+O(a0a1) , (2.18a)

N(q) = a0q+O(a0a1) , (2.18b)

because of translational invariance.
2Note that, because of the fact that they are associated to Grassmannian eigenvalues, the fermionic coherent states

are not, strictly speaking, part of the Hilbert space. However, all can be defined in a proper way, using the holomorphic
formalism.
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3. Effective action with Bogoliubov transformations

An equivalent description of the model can be obtained after a unitary linear transformation on
the vector space of the Dirac operators. This is realized defining a new set of canonical operators
at each time slice as

â = R1/2 (û−F†v̂†) ,
â† =

(
û†− v̂F

)
R1/2 ,

b̂ =
(
v̂+ û†F†) R̊1/2 ,

b̂† = R̊1/2 (v̂† +Fû
)
,

(3.1)

where F is an arbitrary matrix in space and colour indices and

R =
(
1+F†F

)−1
, R̊ =

(
1+FF†)−1

, (3.2)

assuring the new operators, called quasiparticle operators, still to be canonical (see [4] for details).
In QCD2, assuming the transformation to be translational invariant and proportional to the iden-
tity in colour space, the matrices F can be parametrized with a single angular variable for each
momentum:

F(p,q) = 2πa1δ (p+q)F(q) , with F(q) = tan
θq

2
= F†(q) . (3.3)

The so-called Bogoliubov transformation (3.1) was first introduced to study superfluidity and super-
conductivity in condensed matter, where in the low-temperature phase the systems are in a ground
states with energy strictly below the one of the naive vacuum of the original fermionic excitations.
Indeed, because of the non trivial mixing between creators and annihilators in the definition, the
quasiparticle operators are associated to a new vacuum state in the Hilbert space, which is

|F〉= exp
(
û†F†v̂†) |0〉 such that â |F〉= 0 , b̂ |F〉= 0 . (3.4)

From this, a new basis of coherent states can be built as

|αβ ;F〉= exp
(
−α â†−β b̂†) |F〉= exp

(
−α â†−β b̂†)exp

(
û†F†v̂†) |0〉 , (3.5)

such that, now,
â |αβ ;F〉= α |αβ ;F〉 , b̂ |αβ ;F〉= β |αβ ;F〉 . (3.6)

Operating as before, a new functional representation of the fermionic partition function is obtained
in terms of the quasiparticle fields:

ZF =
∫

Dα
† Dα Dβ

† Dβ e−S0[U ;F ]−SQP[α,β ,U ;F ] . (3.7)

In it we can recognize a term depending only on the parameters of the transformation, which is a
sort of vacuum contribution to the action, and a fermionic action for the quasiparticle fields. Note
that, at this level, no approximation has been introduced.

3.1 Vacuum contribution

When the quasiparticle contribution is switched off, still the zero-point action S0 is present
in (3.7). A variational principle on it can be use to fix the parameters F to the value F̄ which

4
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implement the Bogoliubov transformation that produces the physical vacuum |F̄〉, the state of mi-
nimal energy. This request of extremality with respect of all possible vacua generated in this way
translates into the gap equations

δS0

δFt

∣∣∣∣
Ft=F̄t

= 0 =
δS0

δF†
t

∣∣∣∣
F†

t =F̄†
t

. (3.8)

The dependence of S0 on the gauge fields configuration, which changes in time, makes difficult
to solve these equation in general, as noted in [5]. However, because of the possibility to obtain
non-trivial results in QCD2 in the weak-coupling limit, a solution can be found on average, that is
after a perturbative expansion to second order in the coupling constant g and an integration over
the gauge fields. After the average, the vacuum action becomes

S0[θ ] = 〈S0[θ ;A0]〉=−
V Nc

2π

[∫
dq(mcosθq +qsinθq)

−
αs
(
N2

c −1
)

2Nc

∫
dq
∫

dk
1

(q− k)2 sin2 θq−θk

2

]
, (3.9)

where V is the spacetime volume. Defining the vacuum dispersion relation

ω
0
q [θ ] = mcosθq +qsinθq−

γ

2

∫
dk

1
(q− k)2 sin2 θq−θk

2
(3.10)

with

γ ≡ αs
N2

c −1
Nc

−→
Nc→∞

αsNc , (3.11)

the equations (3.8) become

d
dθq

ω
0
q [θ ]

∣∣∣∣
θ=θ̄

=−msin θ̄q +qcos θ̄q−
γ

2

∫
dk

sin
(
θ̄q− θ̄k

)
(q− k)2 = 0 . (3.12)

These are the well-known gap equations for the ’t Hooft model, see [11]. The behaviour of the
solutions and of the vacuum energy ω0 evaluated on them is plotted in Figure 1. Note that, however,
we are able to re-obtain them with a continuum limit of a more general lattice formulation.

3.2 Quasiparticle action

After the average over the gauge fields, the quasiparticle term in (3.7) becomes a quartic action
in the fermion fields. Evaluated on θ̄ , it can be written as

SQP
[
α,β ; θ̄

]
=−a0 ∑

t

1
a1

∫ dq
2π

[
α

†
t (q)

(
∂
(−)
t −ω

QP
q [θ̄ ]

)
αt+1(−q)

−βt+1(q)
(
−∂

(+)
t −ω

QP
q [θ̄ ]

)
β

†
t (−q)

]
+a0 ∑

t

1
a2

1
Vt
[
α,α†,β ,β †; θ̄

]
, (3.13)

where the quasiparticle energies are

ω
QP
q [θ ] = mcosθq +qsinθq +

γ

2

∫ dk
2π

cos(θq−θk)

(q− k)2 (3.14)

5
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√
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√
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Figure 1: Plot for the θp that solves the gap point equation (left) and the corresponding vac-
uum energy ω0 (right). On the left, the topmost, discontinuous line (in black) corresponds to
the chiral limit of the free theory (m = 0, γ → 0); the following lower one (in red) corresponds
to the chiral limit of the interacting theory (m = 0, γ = 1). The others, from the top to the
bottom, correspond to different values of the mass in the interacting theory (γ = 1) in the set
m ∈ {0.045,0.18,0.749,1,2.11,4.23}, in unities of

√
2γ , to compare with references [13, 14].

and Vt is a quartic interaction potential produced by the gauge integration. Here confinement is
understood as the infrared divergence of ω

QP
q [θ̄ ]: in the low momentum phase the quasiparticles

does not propagate individually because they would require an infinite energy to do so.
Note that the Bogoliubov transformation generates also the mixing quadratic terms

a0

a1
∑

t

∫ dq
2π

Iq[θ ]
[
βt(q)αt(−q)+α

†
t (q)β

†
t (−q)

]
, (3.15)

with, after the average over gauge,

Iq[θ ] =−msinθq +qcosθq− γ

∫
dk

1
(q− k)2 cos

θq−θk

2
sin

θq−θk

2

]
. (3.16)

However, as Iq[θ ] = dω0
q/dθq, these terms are null in θ̄ : in the theory built above the physical

vacuum, quarks and antiquarks decouple at the quadratic level.

4. Projecting on mesons

In the previous sections, we show how QCD2 can be written in terms of quasiparticle excita-
tions above the physical vacuum. However, the resulting theory is still a quartic fermionic theory,
with all the complications that follow. In order to bosonize the model, we can impose an hypoth-
esis of composite boson dominance [15, 16, 2]: the relevant states in the spectrum must be the
quasiparticle condensates

|Φ;F〉= exp
(
â†

Φ
†b̂†) |F〉 , (4.1)

with Φ structure matrices. This hypothesis is realized at the level of the partition function in
canonical formalism (2.9): the insertion of the operator

P̂[F ] =
∫ [

dΦ† dΦ
]

〈Φ;F |Φ;F〉
|Φ;F〉〈Φ;F | , (4.2)

6
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which projects onto composites of the form (4.1), is required to not modify the fermionic partition
function, that is

ZF ' ZC = TrF
∏

t
JtP̂tT̂t,t+1

=
∫

∏
t

[
dΦ

†
t dΦt

]
Jt
〈Φt ;Ft |T̂t,t+1|Φt+1;Ft+1〉

〈Φt ;Ft |Φt ;Ft〉

=
∫

DΦ
† DΦ e−S0[U ;F ]−SM [Φ,Φ†,U ;F ] .

(4.3)

The vacuum contribution is unchanged, while the term SM is a complicated functional in the struc-
ture matrices. However, as the relevant composites for large Nc are expected to be mesons, we can
make the choice

Φ = INc

φ√
Nc

, (4.4)

so that the resulting condensates are colourless. For large Nc and evaluated in θ̄ , SM becomes the
effective quadratic action for mesons

SM[φ ,φ †] = a0 ∑
t

∫ dQdq
(2π)2

{
φt(Q−q,q)

[
−∂

(−)
0 +(ωQ−q +ωq)

]
φ

†
t+1(−q,−Q+q)

−γ

2

∫ dq′

(q−q′)2

[
2cos

θq−θq′

2
cos

θQ−q−θQ−q′

2
φt(Q−q,q)φ †

t+1(−q′,−Q+q′)

+sin
θq−θq′

2
sin

θQ−q−θQ−q′

2
φt(Q−q,q)φt(−q′,−Q+q′)

+sin
θq−θq′

2
sin

θQ−q−θQ−q′

2
φ

†
t (Q−q,q)φ †

t (−q′,−Q+q′)
]}

.

(4.5)

We recognize this expression as the action, in holomorphic representation, arising from the effective
Hamiltonian for the composites already found in [8, 9] directly in the continuum. Separating the
parts ϕ(n)(Q) depending only on the center-of-mass momenta, which will be identified with the
physical mesons, from the one also depending on internal structure of the fields φ(p,q), this action
can be diagonalized in a form

SM = a0 ∑
t

∫ dQ
2π

∑
n

ϕ
(n)
t (Q)

[
−∂

(−)
0 +λ

(n)
Q

]
ϕ

†(n)
t+1 (−Q) , (4.6)

requiring the structure functions to comply with the Bars-Green equations for the mesonic spec-
trum, as in [11, 9].

5. Conclusions

At the end of the day, starting from the fundamental theory of quarks and gluons in QCD2,
we obtained an effective theory for mesons on the lattice which reproduces, in the continuum
limit, results well known from previous Hamiltonian canonical approach. In doing so, we earned
a remarkable physical insight about the hypothesis of boson dominance, implemented through a
projection on composite states.

In the future, we aim to study models at finite temperature and chemical potential, to verify,
for example, how diquarks states can be realized using the approach in [17].
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Annals Phys. 403 (2019) 152 [1811.06905].

[11] I. Bars and M. B. Green, Poincare and Gauge Invariant Two-Dimensional QCD, Phys. Rev. D17
(1978) 537.

[12] M. Lüscher, Construction of a Selfadjoint, Strictly Positive Transfer Matrix for Euclidean Lattice
Gauge Theories, Commun. Math. Phys. 54 (1977) 283.

[13] M. Li, L. Wilets and M. C. Birse, QCD in Two-dimensions in the Axial Gauge, J. Phys. G13 (1987)
915.

[14] Y. Jia, S. Liang, L. Li and X. Xiong, Solving the Bars-Green equation for moving mesons in
two-dimensional QCD, JHEP 11 (2017) 151 [1708.09379].

[15] F. Palumbo, Boson dominance in finite and infinite fermion systems, Eur. Phys. J. B 56 (2007) 335
[cond-mat/0512548].

[16] F. Palumbo, Composite bosons and quasiparticles in a number conserving approach, in Proceedings,
9th International Spring Seminar on Nuclear Physics: Changing Facets of Nuclear Structure: Vico
Equense, Italy, May 20-24, 2007, pp. 485–494, 2008, 0711.4911, DOI.

[17] S. Caracciolo and F. Palumbo, Diquarks in the nilpotency expansion of QCD and their role at finite
chemical potential, Phys. Rev. D85 (2012) 094009 [1112.3493].

8

https://arxiv.org/abs/1811.03380
https://doi.org/10.3390/universe5020040
https://doi.org/10.1088/1126-6708/2007/02/034
https://arxiv.org/abs/hep-lat/0611012
https://doi.org/10.1103/PhysRevD.78.014514
https://doi.org/10.1103/PhysRevD.78.014514
https://arxiv.org/abs/hep-lat/0702001
https://doi.org/10.1016/j.aop.2008.10.006
https://arxiv.org/abs/0808.1110
https://doi.org/10.1103/PhysRevD.83.114504
https://arxiv.org/abs/1010.0596
https://doi.org/10.22323/1.105.0210
https://arxiv.org/abs/1011.0581
https://doi.org/10.1016/0550-3213(74)90088-1
https://doi.org/10.1070/PU2002v045n04ABEH001070
https://doi.org/10.1070/PU2002v045n04ABEH001070
https://arxiv.org/abs/hep-ph/0111225
https://doi.org/10.1016/j.aop.2019.02.007
https://arxiv.org/abs/1811.06905
https://doi.org/10.1103/PhysRevD.17.537
https://doi.org/10.1103/PhysRevD.17.537
https://doi.org/10.1007/BF01614090
https://doi.org/10.1088/0305-4616/13/7/005
https://doi.org/10.1088/0305-4616/13/7/005
https://doi.org/10.1007/JHEP11(2017)151
https://arxiv.org/abs/1708.09379
https://doi.org/10.1140/epjb/e2007-00139-x
https://arxiv.org/abs/cond-mat/0512548
https://arxiv.org/abs/0711.4911
https://doi.org/10.1142/9789812779038_0054
https://doi.org/10.1103/PhysRevD.85.094009
https://arxiv.org/abs/1112.3493

