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1. Introduction

In the Weinberg-Salam model, through the Brout-Englert-Higgs mechanism [[], all the weak
bosons (Wﬁt and Z;;) acquire a large mass and can propagate to very short distance, and only photon
remains massless and can propagate to long distance.

Also for quantum chromodynamics (QCD), in the context of the dual superconductor picture
for quark confinement [ B M|, by taking the maximally Abelian (MA) gauge, off-diagonal gluons
acquire a large effective mass of about 1GeV and become infrared inactive [B], and only diagonal
gluons contribute to long-distance physics, which is called “Abelian dominance” [B1 4l [ [6] [7]].

In fact, QCD in the MA gauge and the non-Abelian Higgs (NAH) theory such as the Weinberg-
Salam model are similar from the viewpoint of large mass generation of off-diagonal gauge bosons
Aff, and sequential off-diagonal inactiveness and low-energy Abelianization, although the NAH
theory does not exhibit charge confinement.

However, this situation can be drastically changed in the presence of a strong magnetic field for
the NAH theory, as will be discussed. In this paper, we study the NAH theory in a strong magnetic
field and consider a new type of confinement caused by charged vector fields Aﬁ. We here note
that “magnetic properties of quantum systems” or “quantum systems in external magnetic fields”
are also interesting subjects in various fields in physics [8l B [0l {11 02 {31 T4 [I3].

2. SU(2) Non-Abelian Higgs Theory with Higgs Triplet

We start from the standard SU(2) non-Abelian Higgs (NAH) theory with the SU(2) gauge field
- Ay T* € su(2) and the SU(2) Higgs-scalar triplet & (a = 1,2,3),

SU(2

Ay

1 1 _sue A
LAl = _ZszGgV +5Dy DY | P~ 4 (@0 - V)2, 2.1)
where the SU(2) covariant derivative DZU(Z) =d,+ ieAZUQ) satisfies DZU(Z)CID“ =d, P — ee“b"AZCI)C,
and the SU(2) field strength G,y = L[4} 7, A} "] is written as G%, = duAG — A% — ee™ AL AS,.
At the tree level, the Higgs field ®* has a vacuum expectation value, and one can set (%) =
v (>0) € R and @ = v+ o in the unitary gauge. Then, one obtains
1

1 . . _ _
INaH = — Z[Fuv - ze(A:[Av —ApA;r)]z - E(DuAt _DVA:)(DQL-AK _DiAli)
1 A
+ (M+ec)A A" + 5@6)2 -5 {0+ c)? -},
1 1
= — ZFMVF#V - E(D;A¢ —D,A}) (DAY —DYA") + (M +ec)*A A"

1
+ ieFMYASA, + E(32[(A;Ai)(A;AK) —(AfAM)?)

1 A
+ 5(@16)2 —Wo? - Ave? — 104, (2.2)
with the charged vector field Aﬁ = %(AL + iAi) € C and its mass M = ev. Using the unbroken
U(1) gauge (photon) field A, = Ai, we define the U(1) covariant derivative Df = 3u +ieAy and
the U(1) field strength Fj,y = dyAy — dyAy, which satisfy [Di;, D] = +ieFyy .
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In the NAH theory, the bilinear part of the charged vector field Aff is expressed by

1
Latong = —E(D;At —D,A[)(DYAY —DYAY) + (M +ec)?Af A" +ieFHYAL AL
= —AD}(DHAY —DYA")+ (M +e0)’A A" +ieFIYAJ A,

= A[[DYDY + (M +ec)*]A" 4 2ieF"YAA, —A[D DAY (2.3)

Note here that the term “2ieF “"A:[A; ” corresponds to the gyromagnetic ratio g = 2 [0} [[3]] for
the charged vector field A, which is a general property of SU(NV) non-Abelian gauge theories,
including the NAH theory and QCD.

3. Non-Abelian Higgs Theory in a Strong Magnetic Field

Now, we study the non-Abelian Higgs (NAH) theory in the presence of an external field of
Ay or Fyy, e.g., a strong magnetic field B. In this paper, we mainly consider a constant external
magnetic field B(> 0) in the z-direction, i.e., Fj; = B.

For the simple treatment, while e¢B can take a large value, the gauge coupling e¢(> 0) is taken
to be small such that one can drop off the O(e?) self-interaction terms of charged vector fields Aﬁ
in the NAH Lagrangian 2.2). Also, A is taken to be enough large such that v and M = ev are
unchanged under the magnetic field.

In such a system, only the bilinear term of Aﬁ is important, since it includes the coupling
with the external photon field Ay, and the O(e?) self-interaction terms of A* without Ay and the
Higgs fluctuation ¢ can be dropped off in the NAH Lagrangian (2.2)). Therefore, the NAH theory
is mainly expressed by the bilinear term of the charged vector field AL,

Lpiona = Ay (DYDY +M*)AY +2ieF* AL A, — A DY DYAY . (3.1)
3.1 Field equation for the charge vector field
From the Lagrangian (3.J)), the field equations for the charged vector field Aff are given by

(DD +M*)A" +2ieF*Y A, — D DAY =0,
(D, DY +M*)A" —2ieF*V A — D! D, AY. = 0. (3.2)

Multiply Eq.(3.Zh) by D}; from the left and using [Df{,Dﬂ = tieF)y, we obtain
ie[DY ,Fuy]AY +M*DA" = ie(d"Fyy)AY + M*DJ A" =0. (3.3)

For the constant electromagnetic field Fy,y, the massive charged-vector field Aﬁ with a non-zero M
satisfies the maximally Abelian (MA) gauge condition,

DAY = (9, +ieA,)AY =0, (3.4)

and the field equations (3.2)) become

(DEDY. +M*)AR £2ieFFY AT = (D5 DY + M) gt £2ieF*V]AT = 0. (3.5)
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For the constant magnetic field B = Fi,(> 0) in the z-direction, one finds
(D3 D% +M*)gyy £ 2ieBeyy3)AY. = [(DF DL + M*)f) +2eBS7),,AY. =0, (3.6)

with ()y = guv and the spin-charge operator S = QS,. Here, for the charged vector field AX,
Q is the U(1) charge Q € {£1,0} (in the unit of ¢), and (S‘z)uv = —igyy3 is a spin operator and its

non-zero eigenvalue states are AR = %(A’jE —iA’) (s, = 1) and A} = %( L HiAY) (s, = —1).
Thus, we obtain
DID* + M*)f) +2eBS% .y =0 a==+1,0 (3.7)
A7+ n b4

in the diagonal basis of ¢ and f). .7, is a linear combination of AY so as to satisfy $?.o7, = ct.a/:
=A% or AE, =A% A, o =A% or AR (3.8)

3.2 Eigenstates and the Landau level

Now, we consider the eigenstate of the charged vector field Aﬁ in the constant magnetic field,
by investigating the operator in the field equation (B7) for the charged vector field Ay,

R = —(DEDY +M?) +2eBS? = — 97 + 92 + {(9s L ieA,)* + (9, L ieA,)?} — M* + 2eBS!
1 .
= pP—p>—2eB (a%w 2) — M?* +2eBSY, (3.9)

where p, =id, and a = \/ﬁ [(pr £ eAy) —i(py L eA,)]. Here, K has a one-dimensional harmonic
oscillator in the x, y direction [B, [[T]], and we introduce the diagonal basis such as d'a|n) = n|n).
Then, the eigenvalue of K is given by

1
K(pt,pz,n,sz):pf—p?—ZeB(n—i—z—sZ)—M2 (n=0,1,2,...; s, =+1,0) (3.10)

for the n-th Landau level with the eigenvalue s, of S9. The eigenstate |p;, p;,n,s;) which satisfies

k’PtaPZ7”aSz> = K(Ptvpmnasz)‘Ptal%a”y&) (311)

is expressed in the coordinated space as

Y, p.ns, (x) = <x“\pt,pz,n,sz> = (t|p:)(z|p2) <x,yln>xsz = e_iptteipzzllfn(X,)’)sta (3.12)

with the harmonic-oscillator eigenstate y;, (x,y) and the spin eigenstate ¥, satisfying Y Xs, = Sz Xs, -

For the external U(1) gauge (photon) field Ay, = Aft’

%(y, —x) with A; = A, = 0. (Physical results never depend on the remaining U(1) gauge choice.)

we take the symmetric gauge, (A, Ay) =

Then, the harmonic-oscillator eigenstate ¥, (x,y) is written in 2-dimensional polar coordinates by

1 ! 2 |m| m 2 im@
‘l’n(x,y):lme e <él> LL‘(%);T% (Jm]| < n) (3.13)

with r = 1/x2 +y? and the associated Laguerre polynomial L. Here, [ = \/% is a typical length of

the minimal cyclotron orbit in the magnetic field B.
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For the on-mass-shell state of the charged vector field Aff satisfying the field equation (3.7),
its energy p, is given by [O]]

1
p?r=p>+2eB <n—|—2 —sz> +M?* (n=0,1,2,..; 5. = £1,0) (3.14)

for the Landau level with n and s. In the strong magnetic field, the lowest Landau level (LLL) with
n =0 and s, = 1 gives a dominant contribution, and therefore one can use the LLL approximation
[I2]], keeping only the LLL contribution. Here, the LLL wave-function is written by

eB 272

VL (%,,2) = Yo (x,y)eP< o1 = 78 W ey g, (3.15)

which is localized within the order of the length / = f in the x, y direction. The LLL energy p; is

plzng—gB+M2:p§—l,L2, [,LE\/M2—€B. (316)

3.3 Propagator of the charge vector field

From the Lagrangian (3.J)), the propagator ﬁ“v of the charged vector field Aﬁ is expressed as
D;\l/ = _(DIDi“‘Mz)guv—ZieFuv +D:Dj, (3.17)

which actually satisfies Zy+opg = —AﬁDE‘I,A’i . In the RHS of Eq.@3.I7), the first two terms are
responsible to the physical pole of the charged vector field A%, and the last term D;D\J,r suffers
from gauge transformation.

Here, we consider addition of a gauge-fixing term whose bilinear part of A% is

2 = —é(D;Ai)(DtAZ) = +éAIDiD‘TA‘L. (3.18)
By taking o = 1, the total bilinear part of the charged vector field A is expressed as
LI = Lpeopa+- L5 = AL (DYDY, + M)A +2ieFHY AT A, (3.19)
and the charged-vector propagator ﬁ“v becomes
Dy = —(Dy Dk +M?)gyy —2ieFyy. (3.20)
For the constant magnetic field B = Fjp, Dy is written with A,y = gy and ($9) 4y = i€yy3 as
Dy = —(Dy D} +M?)guy —2eBigyys = —[(Dy D} +M*)f) +2eBSY v . (3.21)

The charged-vector propagator D has the space-time structure of

D' = —[(Df D* + M*)fy +2eBSY] = [p? — p? —2eB(a'a+1/2) — M*|fy — 2eBS!
—Ko —Ko
Ky —2eBi Koy +2eB R )
- 0 Toebt ) 0+2e5 ot =090 3.22)
2eBi Ky Ko —2eB
Ko Ko
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1 =i
with Ky = Dj{Di + M? and the spatial rotation Q = \@ V2 which diagonalizes D. By
V2 V2

1
the spatial rotation Q, the coordinate basis (7,£,,2) is transformed to the D-diagonalized basis
(t,R,L,2)T = Q(f,%,9,2)”. Note that only one spatial sector of L = f(x—i— i$)-component in &

includes the lowest Landau level. For the spatial sector 9y in the diagonalized charged-vector
propagator 9, its eigenvalue Dy(p;, p-,n,s) is written by

- . 1
Dy (pr,pesn.s:) = (pr,pen,so| D5 |pe, pon,ss) = —p; + p2 +2eB (n+ 5 _Sz> +M?. (3.23)

Then, the coordinate-space representation of the spatial charged-vector propagator Dy is given by

DS(X,)C/) = <'x“@5“xl> = Z <x‘pl7pzan7SZ>DS(plapZ7n7sZ)<pl‘7pzanvsz‘xl>
P/P M5z

/ dpt dpzz Z v, 1
- Prpzns;

052 p,2+p§+263(n+%—sz)+M2

Wl () (3.24)

with the eigenstate Wy, ,.ns. (x) = (X*|pr, pz,n,s;) in Eq.(B.12).
In the strong constant magnetic field, we use the lowest Landau level (LLL) approximation,
keeping only the LLL (n =0, s, = 1) contribution:

Ds(x,x/) = DLLL(xvx,) = Z (x[pt, P21, 52)Ds(Pry P2y 115:) D1, P2y 1, Sz‘x> 8,001
Pt,Pz;1,Sz

dpt dpz —ipi(1—t") oP:(z— 7) !
= e ! X
/ Yol y)‘l’o( ) p,2+p%—€B+M2
2 Y2442
_ _ 4}’ _ z;zv / dpz dpzeflp,(t 1) pip:(a— z)Z;’ (3.25)
27r pi —p?—u?

with u> =M? —eBand [ = \/7 The factor 5 corresponds to the Landau degeneracy.

This spatial propagator D;(x,x’) ~ DLLL(x x) of the charged vector field Aﬁ is similar to a 1+1
dimensional propagator with the mass i, although Dy (x,x) acts on the spatial (L) component of
the charge current and hence the total sign is different. In fact, in the strong constant magnetic
field, the charge motion in the x, y direction is frozen, and the low-dimensionalization is realized.
Actually, the correlation brought by Dy (x,x') in Eq.(323) is localized within the order of the
length [/ = f in the x, y direction.

When the strong constant magnetic field eB is near and below the critical value eB, = M?, the
effective mass-squared > = M? — eB becomes small (and non-negative), and the charged vector
fields Aff behave as 1+1-dimensional quasi-massless fields, and therefore this spatial propagator
Dy (x,x') induces a strong correlation along the magnetic-field direction between off-diagonal
charges coupled with Aff. (For u? < 0, i.e., eB > M?, the Nielsen-Olesen instability occurs [0l [I3]].)

For the off-diagonal current J% coupled with AL, the current-current correlation is derived as

Sy — / d*x d* T ()Dy (x, )7 (¢ / dhx dY T () Dy (x, X JTEE(Y),  (3.26)
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where JELL s the spatial component coupled with the LLL state of Ai. The inter-charge potential
V(r) along B is estimated with a spiral current JX£ ~ Q.8 (x)8 ()8 (z+ %) localized near x =y =0,

B 1 B
V(r):_Q+Q‘anEeW — V(=040 1 as eBoeBe=M.  (327)

In the limit of eB — eB.. — 0, the charged vector fields A, become massless as > = M? — eB — +0,
and the linear potential appears along B. (This strong correlation may relate to the Nilsen-Olesen
instability.) In this system, the Landau degeneracy % gives the dimension of the string tension.

Then, for example, for the fermion (fundamental-rep.) coupled with the SU(2) gauge field, the
charged fermion makes the cyclotron motion in the strong constant magnetic field B, with suffering
from the strong correlation along B induced by charged vector fields Aff (see Fig.1).

J+
. @
Quasi one-dimensional
Ai strong correlation along B
B 1 d'ﬂ between off-diagonal charges
-dim ¢ ; +
Az - 3dim v P . coupled with charged vector Aﬂ
J
3 . . L
A# 3-dimensional — background magnetic field and Coulomb

A* 1-dimensional — quasi-linear potential along B

R

Figure 1: The SU(2) NAH theory in the strong constant magnetic field B near and below eB. = M?. The
3-dimensional massless photon A, = Az gives the background magnetic field B, and induces the cyclotron
motion for charged particles. The charged vector fields Aff become spatially quasi-one-dimensional, and
induce a strong correlation along B between off-diagonal charges coupled with Aﬁ.

4. Summary and Conclusion

We have investigated the non-abelian Higgs (NAH) theory with the Higgs triplet in a strong
constant magnetic field B, where the lowest-Landau-level (LLL) approximation can be used. We
have found that, near and below the critical magnetic field of eB. = M?, the charged vector fields
Aff behave as spatially one-dimensional quasi-massless fields, and give a strong correlation along
B and eventually a linear potential V(r) o< eBr at eB = eB, between off-diagonal charges coupled
with Aff. This may lead a new type of confinement caused by charged vector fields Aff.

For this confinement, although the external photon field A is important for the formation
the LLL state of Aﬁ,
confinement potential V (r) o< eBr, so that this can be called “off-diagonal (charged) dominance”

off-diagonal charged-vector fields Aff plays an essential role to the linear
(see Fig.2), in contrast to “Abelian dominance” for quark confinement in QCD in the MA gauge.
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Non-Abelian Higgs Theory

~ Abelian Dominant
System

3
A 3-dimensional massless }— Infrared

A; 3-dimensional massive

ﬂ Strong constant magnetic

NAH Theory in strong magnetic field B,
Strong Correlation

A 3-dimensional massless along B
# caused by off-diagonal
Ai 1-dimensional massless charged vector Ai
H

Figure 2: The SU(2) NAH theory with and without the magnetic field. At B = 0, the Higgs mechanism
gives a large mass M for A;‘f and infrared Abelian dominance. At the critical magnetic field of eB, = M?,
however, off-diagonal charged-vector fields Aﬁ become spatially one-dimensional and massless, and play an
essential role to the linear potential V (r) « eBr between off-diagonal charges coupled with Aff.
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