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We analyse exotic tetraquark mesons — bound states form@ebtyuarks and two antiquarks —
for the specific case of four different quark flavours wittia framework of a well-defined limit of
quantum chromodynamics characterized by the correlategtwithout bound of the number of
colour degrees of freedom and approach to zero of the cauptinstant of the strong interactions.
On the one hand, the assumption that the tetraquarks ofridelkifined above show up, as polesin
the amplitudes for the scattering of two ordinary mesonk flatvour quantum numbers that match
those of these tetraquarks, already at lowest possible iorela expansion in inverse powers of the
number of colours implies the existence of two types of flavexotic tetraquarks, distinguishable
by their dominant transitions to two ordinary mesons. Oruotther hand, we are aware of merely a
single, unique colour-singlet arrangement of two quarkktaro antiquarks capable of tolerating a
compact flavour-exotic tetraquark, a bound state of cotmtisymmetric diquark and antidiquark.
In view of these two clearly contradictory observations aneled to the plausible conclusion that,
within the considered limiting case of quantum chromodyitana conceivable explanation of the
riddle might consist in the non-existence of any flavourtextetraquarks in form of narrow states.
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1. Identifying Tetraquark-Phile Feynman Diagram Contributionsin Large-N¢ Limit

Recently, we embarked on a systematic study [1-3] of basilitgtive properties of tetraquark
mesonsT = (0a b0 da ), regarded as bound states of two quagksly and two antiquarksa, qc of
flavour quantum numbeesb, c,d € {u,d,s, c,b} and massesy, m,, m;, my, respectively, by trying
to utilize tetraquark appearances in the scattering of tidimary mesons, of momenfa andpy, to
two ordinary mesons, of momenpaandp,. Suppressing all aspects of spin and parity, we adopt as
interpolating operator of a given ordinary meddg, some quark-bilinear currei, = g, g, whose
vacuum-—meson matrix element defines the leptonic decayaourtd this mesonfy,,, according to

(O] jab|Mab) = fmg, # 0. (1.1)

Let us confine ourselves tmmpactetraquarks, tightly bound (in contrast to molecular-jygtates.
For these investigations [1-3], aiaol of choice is a particular limiting case of a generalization

of quantum chromodynamics (QCD) to arbitrary numben\; of colour degrees of freedom. QCD

is a gauge theory relying on $8), with all quarks in its 3-dimensional fundamental représgon.

LargeN; QCD [4,5] is a theory invariant under transformations ofghege group S(\.), defined

by arelated approach bk to infinity and its strong couplings or fine-structure constant; to zero,

% 1
e I L=t

\/_c

where all quarks transform according to tikedimensional fundamental representation of BY).
Compared with QCD, its largk limit exhibits a considerably reduced complexity. Amonigers,
itimmediately predicts, as the lar@@-behaviour of an ordinary-meson leptonic decay constant [5]

fmgy OVNe  for Ne— oo,

Instigated by Ref. [6], various aspects of tetraquarks haen discussed along similar lines [7-10].
Our actuatargetsfor the application of the limilN; — o (and a ¥N; expansion thereabout) are
appropriate four-current Green functions. From these,evieelthe amplitudes for the scattering of
two ordinary mesons into two ordinary mesons, both pairsefans carrying, of course, the flavour
guantum numbers of any tetraquark in the focus of our intefiggese scattering amplitudes we then
inspect for the presence of a pole betraying the existenaeoampact-tetraquark intermediate state.
From our point of view, our firgiaskin this enterprise is the formulation of rigorous criterga f
the selection of those Feynman diagrams that offer the petigp of exhibiting singularities related
to four-quark intermediate states that eventually canrimrie to the formation of a tetraquark pole.
Feynman diagrams conforming to this requirement are ctdedquark-phile [11-14]. We propose
two necessary, but not sufficient, consistency criteriaesged in terms of the Mandelstam variable

S= (pr+P2)® = (PL+P2)°.
1. Atetraquark-phileFeynman diagram must depenantrivially, viz., non-polynomially ons.

2. Atetraquark-phileFeynman diagram must support an adequate four-quark iatbate state
and develop a corresponding branch cut, starting at a bgoiott $= (my +my 4+ mg+my)2.

1For each Feynman diagram under consideration, the exestenmn-existence of such a singularity can be decided
straightforwardly by means of the Landau equations [15¢, 8¢, Ref. [2, App. A] for a variety of illustrative examples.
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2. Flavour-Exotic Tetraquarks. Pairwise Appearancein Ordinary-Meson Scattering

Next, we should specify the quark-flavour composition ofdbmpact tetraquarks we set out to
study. A list of conceivable flavour combinations in tetrarks can be found in Table 1 of Ref. [14].
Here, we adhere to the genuinely exotic case of the flavowads folur (anti-)quarks being disparate.

2.1 Two Categories of Scattering Processes Exhibiting Unlike Behaviour in the Limit No — o

The possible end-product of any scattering of two mesbgsandMg to two ordinary mesons
might be either the same two mesolils, andMgy, or two different mesondlzg andMg, resulting
from a redistribution of the available quark flavours. Witthe envisaged quest for tetraquark poles
in scattering amplitudes, we hence have to take into acdamardisjoint classes of Green functions:

flavour-preserving correlators (T (jabjed jipiig)) »  (T(iagisb iy id)) (2.1a)
flavour-reshuffling correlators (T (jad jeb i, i) - (2.1b)

The actual largéN; dependence of the tetraquark-phile contributions (ifiedtby a subscript T) to
these Green functions at leading order in their series estpam powers of IN; [1] can be read off
from (of courseN¢-subleading) Feynman diagrams of the type illustrated bystamples in Fig. 1.

a
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Figure 1: Typical representatives df.-leading tetraquark-phile Feynman diagrams potentiayetbping a
flavour-exotic tetraquark pole in either flavour-presegyia) or flavour-reshuffling (b) scattering amplitudes.

From the topological point of view, the discussion of tetrai-phile correlators is presumably
facilitated if imagining any encountered Feynman diagrameaiding on a cylinder [3] with surface
spanned or even bordered by quark lines. Let us now look dah@uclasses of scattering processes.

2.2 Flavour-Preserving Scattering at L eading Tetraquark-Phile Order of its 1/N; Expansion

In the flavour-preserving channel, tNg-leading Feynman diagrams (Fig. 2) involve two gluon
exchanges,e., four quark—gluon vertices, equivalent to perturbativéeon?, and two colour loops
(contributing a factoN?): the resulting\, dependence of such a contributiordigar2 N2) = O(N?).
The addition of a further gluon amounts to two additionalrgggluon vertices, raising the power of
as by one: embedding this gluon in the cylinder surface in@s#ése number of colour loops by one
(providing a further factoN;) and implies the earlie¥, dependenc®(aN2) = O(N?) [Fig. 3(a)];
if, however, the arrangement is such that this gluon no Ipfigeto the cylinder surface, the number
of colour loops getseducedby one, and likewise this; order toO(adN.) = O(N;?) [Figs. 3(b,c)].
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Figure2: Cylinder interpretation of the flavour-retainihg-leading tetraquark-phile Feynman diagrams [3].
Dashed blue lines: planar gluons (of least tetraquarkephimber two). Dotted black lines: cylinder surface.
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Figure3: Amending Fig. 2(a) by one further (a) planar gluon (dashe @) nonplanar gluon (dot-dashed).

Unfolding the imagined cylinder surfaces to planes (Figbgbreaking up the two quark loops
in the Feynman diagrams of Fig. 3, explains the distinctidh@notions planar or nonplanar gluon.

. .+ . T . .t
Ja b Jab Ja  p  Jw Jab b Jav

d—»—o—,—o—z—o—,—»—d d—»—d—,—o—;—o—g—»—d d 1 > . d
JEd JE: JEd J;c-i JEd JE-C';
(a) O@sN) (b) OGS N) (c) Os N)

Figure4: Planar interpretation of the Feynman diagrams of Fig. 3,afeting identification of points atco.
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Since we have to deal with the two classes of available stajtehannels (2.1a) and (2.1b), we
take the liberty of foreseeing notationally, already frdva very beginning, the possible existence of
two different tetraquark$a andTg of the same exotic flavour content, with massgsandmy,, and
respective largdN. preferred coupling to one of the ordinary-meson plsligs+ Mgy andMzgg + Mgp.

For theN¢-leading tetraquark-phileontributions to flavour-preserving Green functions, mmte of
generic decay constantg and tetraquark—two-ordinary-meson transition amplisl&iee then get

- =0(NY), (2.2)

L ]A(Mngc—dHTA)]z ‘A(Mgbl\/lc—dHTB)]z
T(jabjea ity i)™ = T + T
( (a cd Jah cd)>T M p2—m$A pz_m%B

A(MggM T2 |A(MggM Te)[2
AMagMap > TA)I?  |A(MagMa < Ta)| >+ L =0O(NY). (2.3)

T (Jaa Job ia Jd))T = T
( ( ad Jcb Jad 6b)> M pz_rn%A pz_n]%_B
2.3 Flavour-Regrouping Scattering at L owest Tetraquark-Phile Order in its 1/N; Expansion

In contrast to the above flavour-retaining case, in the flaveshuffling channel th.-leading
Feynman diagrams (Fig. 5) need one nonplanar gluon exchaegaquark-phile planar options do
not exist. Thé\¢-leading tetraquark-phile contributions to flavour-reaging Green functions read

A(MapMgg <> Ta) A(Ta <> MagMap)

(T(jagiebit it = fih (

p2 - rn%A
. AlMa Mgy H;BEA(TB < Mag Mﬂo)) +-=0NH) . (24
Jab = ;‘] ad Ja

oy O

OO%N)

Figure5: Cylindric (left) and unfolded (right) portrayal of a flavetgarrangind\.-leading tetraquark-phile
Feynman diagram [3], involving a planar and a nonplanarmgtlistinguished by dashed vs. dot-dashed lines.

2.4 Constraining the Spectra of Tetraquarks Formed at N.-L eading Tetraquar k-Phile Order

Assuming the tetraquark masseg ; not to grow withNc without bound but to remain finite in
the limit N. — oo, let us now explore some implications for the resultingagtrark spectra. Lacking
convincing arguments why tetraquarks cannot emerge aathediN. order tolerated by the criteria
of Sect. 1, we expect them to reveal their presence indebe &dding tetraquark-phile ordernd.
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The most self-evident starting point in the attempt to attee largeN. behaviour derived, for
flavour-exotic tetraquarks, in Sects. 2.2 and 2.3 is to asghmexistence of only a single tetraquark
stateT. However, upon settina = Ts = T, EQs. (2.2), (2.3), and (2.4) collapse to the requirements

AT < MapMgg) =O(N: ), A(T > MagMap) = O(N: 1),
A(T > MapMag) A(T <> MagMap) = O(Ng3)

on the three involved transition amplitud&sthe prevailing mutual contradiction is pretty evidént.
In contrast, allowing for two tetraquarka g, of same flavour content but different couplings to
ordinary mesons, enables us to offer a solution to the régjireplied by Egs. (2.2), (2.3), and (2.4):

Ne

A(Ta < MgpuMgg) = O(N; 1) > A(Ta <> MggMay) = O(N: ) |
= M (Ta) = O(N; )

N
ATz &> MapMe) =O(N;3) < A(Ts > MagMap) = O(N; ) .
= [(Te) =O(N:?)
Accordingly, under the various assumptions mentioned @levarainavoidablyled to consider as
rather probable the existence of (at least) two — more pebcigairwise existence of — differently

decaying tetraquark3a andTg, of genuinely exotic quark-flavour composition. Thdrdominant
decay channels control the identical latdgbehaviour of their total decay widtfigTa) andl™ (Tg),

M(Ta)=0(N;?),  T(Te)=0(N;?),

and, consequently, the nature of these flavour-exoticesnk states: they are both narrow mesons.

3. Compact Flavour-Exotic Tetraquarks: Formation M echanismsvs. Large-N; QCD

With respect to the colour configuration inside the genegituinely flavour-exotic tetraquarks
T =(Ga0bqcqd), We see two possibilities for the two-step formation of amgtscolour-singlet state
from two quarks and two antiquarks in thé.(dimensional) fundamental representation of B):
The formation of two colour-singlejuark—antiquarkstates, followed by the formation of a (loosely
bound) molecular-type tetraquark, for which there are tptioms (ga 0p) (0c da) @nd(gada) (GcOb),
or the formation of a diquark and an antidiquark, followedhwyformation of a compact tetraquark,
for which there is, however, only a single option in the geely flavour-exotic caséfaqc) (0o ad),
as the latter mechanism necessitates the (anti-)diquatksisform according to the antisymmetric
Nc (N. — 1) /2-dimensional representation of 8\}). We are hence confronted with two conflicting
findings: Onthe one hand, the inspection of scattering dogas aiN.-leading order [1,2] suggests
thepairwiseexistence of flavour-exotic tetraquarks, distinguishdlyléheir preferred decay modes.
On the other hand, among the described two-phase creatioagses of colour-singlet bound states
of two quarks and two antiquarks there is josepromising candidate for the formation@mpact
tetraquarks. A solution to this riddle may be ti@nexistencef compact flavour-exotitetraquarks.

2Trivially, the addition of a single quark loop to a gluon limedifies theN dependence of a given Feynman diagram
by one unit. This observation may be abused in order to bhiadergeN; scaling of these two classes of tetraquark-phile
contributions into agreement. However, such ad-hoc meadifin renders any conclusion drawn from inspection of some
largeN: behaviour meaningless. We consequently disregard suchtivated way of adjusting one’s desirlid scaling.
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