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1. Motivation and introduction

Double field theory (DFT) [1, 2, 3, 4], seen as an attempt to realize the T-duality of closed
string theory at the level of low-energy supergravity, is based on a generalized geometry of a tan-
gent bundle extended by 1-forms [5, 6]. This generalized tangent bundle is then equipped with a
bracket, a symmetric bilinear form and a map to a tangent bundle defining the structure of Courant
algebroid [7, 8, 9]. The symmetric bilinear form defines an O(d,d) structure relevant for T-duality
on a d-dimensional target space, while the symmetries of the generalized tangent bundle unify dif-
feomorphisms and 2-form gauge transformations of the Kalb-Ramond field. Moreover, the proper-
ties of the Courant bracket are used to systematically determine background fluxes of string theory
and their Bianchi identities [10, 11].

Furthermore, in Ref. [12] Roytenberg used graded geometry to show that given the data of
a Courant algebroid one can uniquely construct the Batalin-Vilkovisky (BV) master action for a
membrane sigma-model which is a first-order functional for generalized Wess-Zumino terms in
three dimensions. (See also Refs. [13, 14, 15] for earlier work in the same direction.) This Courant
sigma-model belongs to a general class of topological sigma-models of AKSZ type [16] satisfying
the classical master equation. In this particular case one can show that the conditions for gauge
(or more generally BRST) invariance of the Courant sigma-model and the on-shell closure of the
algebra of gauge transformations follow from the classical master equation and correspond to the
defining axioms of a Courant algebroid. The membrane sigma-models were subsequently used for
a systematic description of closed strings in non-geometric flux backgrounds [10, 17, 18, 19, 20].

In Ref. [20], where this contribution is mainly based, we proposed a DFT membrane sigma-
model starting from a Courant sigma-model defined over a doubled target spacetime and adopting
a suitable projection. Recall that in Courant algebroids the bundle over a base manifold is extended
(“doubled”), while in DFT one doubles the coordinates, i.e. the base space. In order to relate
the two approaches, we started from a large Courant algebroid defined over a manifold spanned
locally by the set of doubled coordinates {X’, X;}. This naturally introduces an O(2d,2d) structure
indicating that a suitable projection to a subbundle with O(d,d) structure is due. This projection
was identified and all Courant algebroid structures were projected accordingly to DFT structures;
for instance, the characteristic C-bracket of DFT is obtained in this way from the Courant bracket
of the large Courant algebroid. The properties of this bracket were analyzed and used to define a
DFT algebroid'. Moreover, the flux formulation of DFT was used to identify the components of
the anchor map and with these data we defined a DFT membrane sigma-model. Finally, we showed
that this worldvolume theory is gauge invariant only under a certain condition which corresponds
to the strong constraint of the target space DFT.

The gauge transformations of the DFT membrane sigma-model were obtained in [20] by pro-
jecting the standard gauge transformations of the large Courant sigma-model. However, the latter
is the bosonic sector of the classical BV action defined using the BV-BRST formalism after all
antifields are set to zero. The master action is defined over a graded manifold in terms of su-
perfields whose components include the classical fields, ghosts, ghosts for ghosts and antifields.
The classical gauge transformations lift to the BRST transformations of the superfields, and the

!For more details, see the contribution [21] to this volume focusing on the algebroid structure of DFT.
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BRST invariance of the master action is there by construction—the classical BV action satisfies the
classical master equation.

In Ref. [22], the classical master action of the large Courant sigma-model was projected to
the corresponding DFT action for projected superfields. This action does not satisfy the BV master
equation and cannot be constructed using AKSZ theory. This is an expected result, since already at
the bosonic level the DFT membrane sigma-model is gauge invariant only up to the worldvolume
analogue of the strong constraint, and therefore one cannot expect BRST invariance of the full
action. Here we complete this analysis by explicitly constructing the BRST transformations for all
projected superfield components of the full DFT membrane sigma-model.

In Section 2 we review the gauge symmetries of the Courant sigma-model, both in BV-BRST
formalism and at the bosonic level. Then, in section 3 we analyze in detail the gauge symmetries
of the membrane sigma-model for DFT obtained by projecting the BRST symmetry of the large
Courant sigma-model. We show explicitly how the analogue of the strong constraint appears from
the gauge invariance of the equations of motion. In Section 4 we briefly present our conclusions
and outlook.

2. Gauge and BRST symmetries of the Courant sigma-model

2.1 Courant sigma-model as a reducible gauge theory with an open gauge algebra

First we discuss the gauge symmetries of the Courant sigma-model for a membrane world-
volume X3, defined over a doubled target space .#. The action functional for the bosonic model
is

Sc[X, A, F] :/Z (F,/\dXI—l—%ﬁiji/\dAj—plj(X) AfAngTfm(X)AfAAfAM) . @2.1)
3
where I = 1,...,2d is a target space index, I =1,...,4d is the bundle index and we have con-

sidered scalar fields as components of maps X = (X/) : £3 — .#, 1-forms A € Q' (X3, X*E), and
an auxiliary 2-form F € Q?(X3,X*T*.#), and locally we consider the generalized tangent bundle
E =T.# & T 4. The fields (X/) = (X',X;) are identified with the pullbacks of the coordinate
functions, X’ = X*(x’) and X; = X*(%,;). The symmetric bilinear form of the Courant algebroid
over [E corresponds to the O(2d, 2d)-invariant metric

o R 01
i = () = (m 3") : (2.2)

not to be confused with the O(d,d) metric 1 that will appear later. p’; are the components of
the anchor map p : E — T.# and Tj;; are related to a general twist of the Courant algebroid,
generating a generalized Wess-Zumino term. For a local basis (e;) of |, they are identified with
X* ((ej,lej,eg])), where (-,-) and [-,-] are the non-degenerate symmetric bilinear form and the
bracket of the Courant algebroid over [E respectively.
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The action (2.1) is invariant under the following infinitesimal gauge transformations [14]

SenX' =phe’ 23)
Seny AT = de" + 7N T e ATeK —lpl 1y 2.4)
5(871)1'71 = —df; — 81p]fAf/\tJ — EjalijFJ + %8j817}£in A Ai‘ , 2.5)

where €/ is a scalar gauge parameter, dependent on the worldvolume coordinates, and #; is an
additional one-form gauge parameter.> These transformations define a first-stage reducible gauge
symmetry, typical for gauge theories that include differential forms with degree larger than one
[23, 24]. For completeness, and although this is simpler to do directly in the BV formalism, it is
instructive to check the gauge invariance of the field equations of the model and the closure of the
algebra of gauge transformations. Varying (2.1) with respect to F7, Al and X! respectively, we find
the field equations

XN =dX' - p';A’ =0, (2.6)
oAl = aaT - Rpl o+ A0 KT AT A AT =0, 2.7)
Dy = dF +9p” ¢ AR ANFy — L0y Tje; A A AR A AL = 0. (2.8)

Let us now examine how the field equation (2.6) transforms. We find
e 7X! =&loup'; 7XM — % p! ipt g1+ ! AR 2pY poup jy — Py 1M Tygs) . 29)

where underlined indices are not antisymmetrized. This directly implies that

h"tplipte =0, (2.10)
20" goup’ jj —p" s "M Tz = 0, 2.11)

whereupon the field equation transforms covariantly. Next we examine the transformation of the
equation (2.7) and obtain

5(8’0@Ai = —ﬁiﬁ(aMTNjIQSKAf— 8Mp’fvt,) ANDXM 4 ﬁiNTkaskgAf+
+30"™ B W Ting — P kTt — 3Tean ™ Tippp) €V AT NAL . (2.12)

where we used the condition in (2.11). We observe that the field equation transforms covariantly
provided one more condition holds, namely

30" 5 Ty — P k9Tt — 3Taw ™ Tizgp =0 (2.13)

It is then easily confirmed that transforming the field equation (2.8) does not produce any further
conditions. Moreover, the three conditions (2.10), (2.11) and (2.13) are precisely the local coordi-
nate expressions for the three independent axioms of a Courant algebroid.

2Note that these additional gauge invariances were not discussed in Ref. [20].
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Closure of the algebra of gauge transformations gives

[5(817&)75(82,:2)]3{1 = plf 81121 (2.14)
ey = N Tigiel er (2.15)
where we used the condition in (2.11) to define &;,. Furthermore we have

[8(s|,t1)7 5(82’&)]1%1 = 5(8127“2)AI — TA]UaMTjIgl:ElKé‘%,@XM s (2.16)

tip = aITIQLiE{(SZLAJ—l-Z&]ka 8[15 tZ]J , 2.17)

where we used the conditions in (2.11) and (2.13). The closure on the field F; does not introduce
any further conditions. Therefore we conclude that the Courant sigma-model is gauge invariant
on-shell, provided that Eqs. (2.10,2.11,2.13) hold. (Sometimes this is referred to as a reducible
gauge theory with an open gauge algebra.)

2.2 The BV action and BRST transformations

On-shell closure of the algebra of gauge transformations implies that the natural description
of the gauge symmetries for the Courant sigma-model is the BV-BRST formalism (for physics-
oriented reviews, see [23, 24]). In particular, one can construct the classical master action [12]

Sc[X,A,F] = / u (Fy X!+ Sy ATdA — p! (AT, + LT (X)ATATAR) | 2.18)
T[1]55
where 1t = d>0d>6 is the Berezinian measure on the graded manifold 7'[1]X3 spanned by coordi-
nates (o*,0") of degrees (0, 1) respectively, d = 6*9), is the superworldvolume differential and

superfields include the classical fields (X, A, F'), ghosts (&,t,v) of ghost numbers (1, 1,2) and anti-
fields:

X' = X4 F T 47T (2.19)
Al = el AT+ AT+ 7l el (2.20)
F/=v+u+F+X . (2.21)

Here X/, Al ,F are superfields with total degree 0, 1, 2 respectively, where the total degree of a field
¢ is the sum of its ghost number gh(¢) and its form degree deg(¢). Antifields are denoted by a
dagger 1 and we have gh(¢)+gh(¢") = —1 and deg(¢) +deg(¢’) = 3.

The conditions given in Eqgs. (2.10), (2.11) and (2.13) are obtained directly from the classical
master equation {Sc,Sc} = 0, where the (anti)bracket arises from the target manifold symplectic
structure

o = dX! dFy + 17 ,dATdA7 (2.22)

Setting all ghosts and antifields to zero in the master action (2.18) reproduces the Courant sigma-
model (2.1), while the BRST transformations of the classical fields give the gauge transformations
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as in (2.3)—(2.5). For completeness we present here the BRST transformations of all the fields,

sX! = p; el (2.23)
SAT =del —allp fz, +Al TmAK Ll 9,p F v+ LV 9Ty FHeRel | (2.24)
OF = —df; — 81p1 81[)] A ty+ lalleKe’A AK

+1 alT[]KﬁKL JAT —alpinIJAAVj+*a[ajaKplFuFrKSIVL a]ajpl IU I
— 818]p] F'JS tx + 818ijF”A1vK — ala]aKTijIeF”FTKEISJSK +

+ 100, Tyt el e — 8181ngF"'JAiejek : (2.25)

sel = lp! oy — Ll s, eXel (2.26)
Sty = dv; — dp’ e It 4 9ip IAIVJ —81T,JK8 e/ AR+ 9,0,p KiF'e Iy — %818]7}fIQFTJsiefek ,
(2.27)

ov; = *alpjf&‘i\/] + éaﬂ}j,@eigfek . (2.28)

Note that one needs to introduce a ghost for ghost v because we are dealing with a first-stage
reducible gauge theory, or said differently, there are “gauge invariances” for gauge transformations
typical for gauge theories including higher differential forms.

3. Gauge symmetries of the DFT membrane sigma-model

3.1 DFT membrane sigma-model

In Ref. [20] we showed that one can define a DFT algebroid structure and a corresponding
membrane sigma-model starting from a large Courant algebroid over a 2d dimensional space .#
with local coordinates {X i,f,-} and applying a suitable projection. In particular, we considered
sections A of the large Courant algebroid [E, decomposed in a suitable basis,

A=Aef +ALe, (3.1
er = J£nydX’/ | (3.2)
AL = LAl+nV A)), (3.3)

and projected to the subbundle L. spanned by the local sections (e; ). Projection of the symmetric
bilinear form of [E, leads to the O(d,d) invariant DFT metric:?

(A,B)g ZnuAIB% = (ALBL —A'B) —  nuA'B = (A,B), . (3.4)

This works for general Courant algebroids over .# with anchor p’ i= = (p’;,p"), yielding a C-
bracket:
[A,B]) = (p;)" (A"9,B' — in" AKX 9, Bk — (A <+ B)) + Ty’ A'BX (3.5)

in terms of amap p, : L, — T.# with components (p.); = p’; £ n;xp'X, and T chosen as:

Tk = 5Tk = 5 (A + 3By Mk + 3C" nuengm + D™ Ny ) (3.6)
3Denoting Ay =A and B, = B.
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where A, B, C and D are the components of Tfff(:A'

K
Ak Bry

Tijg = (CIJK D[JK) . (3.7

Using these projected data we proposed the following DFT membrane sigma-model:

SDFT[X,A,F]:/E (Fi AdX! + nyAl AdAY — (py ) JA! AF + L TicAl AAT NAK) . (3.8)
3

Next, in parallel to the flux formulation of DFT [2, 25, 26, 27, 28, 29] we took a parametrization of

the p components to be
St ﬁij
I J
= . ‘ . 39
(p+)s <Bij 6/ +B]kBki> G2

In particular this means that

" (p) s (p) k=1, (3.10)

which is to be compared with the condition in (2.10). Moreover, in Ref. [20] we proposed a set of
infinitesimal gauge transformations

85X =plye’ | (3.11)
8:Al = de! + n'N Ty kA eX (3.12)
OcF = —efalpKJFK+81AK/\AL81TKLJ , (3.13)

and showed that the action (3.8) is invariant under these transformations provided that

20" 11.0kp" vy — Px.9" 0" by = " Tkt (3.14)
307 ks Ty — PN Txmm — 3™ Topane Ty =0 - (3.15)

However, these conditions are not sufficient; one needs to additionally impose the following con-
straint:
px 0 pXy e F=0. (3.16)

As argued in Ref. [20] this is the way that the strong constraint of the target space DFT appears in
the worldvolume theory.

3.2 Projecting superfields

The bosonic action (3.8) is lifted to the full action in terms of superfields [22]:

Sorr[X, A, F] = /T I]ES/,L(F,dXI+nHAfrdA{r—(p+)JI(X)AfrFJ+%f}JK(X)AiAiAf) ,
(3.17)

4These are not precisely identified with the fluxes of DFT, thus we do not use the corresponding notation (H, f, O, R).
The flux identification is explained in detail in Ref. [20].
SWriting + subscripts explicitly again.
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where in comparison with (2.18) we used the structures (p,, 7, 1) of a DFT algebroid and projected
the superfield A — A :

AL =€l + AL +nAT  +nVel (3.18)

by setting the A_ and €_ to zero, an operation whose consistency will be addressed below. Next,
we project the BRST transformations of the superfields of the large Courant sigma-model (2.18).
By splitting and projecting the BRST transformation of the field A/, one obtains:

6A1+ = d81+ — %T]”pf] tx + nILfLJKAisf — %T]”a](pi]FTKVL + %T]Ha[(j}LMFTKSiSy , (3.19)

SAL = In"pK 1y + In" 0,k A X + In" oxpt  F v + In" Ok Oy F TR eL el (3.20)
and for the ghost field el:

del = g pll v — yn" Tuxel el | (3.21)

sl = —In"pK vk —In"tos el el (3.22)

up to terms containing A_ and €_ on the right-hand sides of the above equations; such terms will
eventually drop out by setting the corresponding fields to zero, but this has to be done in a consistent
way. The quantity 6y, is defined as

Ok = —Auk + 3Nk Br" — 4uByx" — 3N Cr™ — 4nke M Co™" + DM
(3.23)

with A, B, C and D being the components of T in (3.7).

The requirement that the projection onto L be well-defined with respect to the BRST symme-
try means that the transformations of A_ and £_ must vanish. Therefore, setting A_ = de_ =0
leads to the fixing of the ghost fields #; and v;:

vi =M™ ply Orrnel el = 30k (X)el el | (3-24)

t1 = Ok (X)A% eX + Lok @ F el el . (3.25)
We used the fact that p’ ; satisfy (3.10), since one can write

0=n"pKipt;=In" (pX,pt, — p¥,p%)) . (3.26)

Fixing of the ghosts # and v is a consequence of choosing the map p, as in (3.9). Recall that the
anchor map of an exact Courant algebroid has a kernel; in the standard case of the projection to
the tangent bundle it is all of the cotangent bundle. However, a DFT algebroid is different and
this can be seen as follows. Choosing the above parametrization for p,, this map has no kernel
and therefore we have to fix the symmetry associated to the gauge parameter ¢ that came from the
Courant algebroid where the map had a kernel instead. As we have the fixed ghosts #; and vy, their
BRST transformations must be consistent with those coming from the master action (2.27) and
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(2.28). Applying the BRST operator on (3.25) one obtains:

61‘1 = 8L®UK6XLAisf + ®IJK5AJ+8JIS + @1]1(1&1585 + %QAQKGILM6XAFTKei8f +
+ %aKGILMSFTKSiS_{I — a[(@]LMFTK58i£_A,_/I
= @1][((181855 + %a[(@[LM@XKSiSf + % (nJLprGIJDaA(')KBC +

+ 94 (20""@upTrsc — 20,81cpp s — " PX OLDOKEC) ) FeBelel 4

+ (8M®11Lpi/IK — 10" ROk + O™ Tvsk — 3O ™ Tk +
+1Oum UMNPf:N@PKL) Al efel (3.27)

using the BRST transformation for F/:
SF'' = gX! —9;pl (FTeX (3.28)

However, the projection of (2.27) implies the following transformation:

5[1 =dv; — sfﬁlpfjtK + Ai&;pf,vlg — a]TJKLSiszi — aIaprLEiF”VK —

1 A J oK oL M
73818JTKLMFT Ereer

= %8]@1KL.@X18_[§8$_ + @1][((18_{_8_%_ +

+ (30w@rkeplly — 1k O + L0ip O — T ) el (3.29)
Egs. (3.27) and (3.29) should coincide. Therefore, the consistency condition is:
3k A eX el + nSipepF el eCel — ARK .0, OkcpF el elel =0, (3.30)
where,

SukL = aM@I[JKpi/[L] - ®1M[JTIMNTQKL] + %TIMNpiN@IM[JQEKL] - %31 Trke + alpiw[ 71Oumk1) 5

(3.31)
R i=n"pl p@ax +29;p . (3.32)
The same can be done for ghost v; and we obtain:
Suxrelekel =0. (3.33)
Fixing function @,k (X) by setting:
R x=0, (3.34)

in (3.32) can be shown to imply S;;x7 = 0 meaning conditions (3.30) and (3.33) are automatically
satisfied.
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3.3 Projected gauge transformations

Once we consistently projected all components of the superfields we obtain the following set

of gauge transformations:®
85X =plse’ (3.35)
S Al = de! + @l jgAl ek (3.36)
8:F; = —d(@pxA’eX) — &/ 9,pX s Fi + €/ AKX NAL(0) Ty — d1pV kOnNry) ,  (3.37)

where we defined
k=" Tk — 5P NOmyk) - (3.38)

Note that the gauge variation of F; now includes trivial gauge transformations proportional to the
equations of motion.

As we did for the Courant sigma-model case, we examine the transformation of the field
equations obtained by varying the action (3.8) with respect to Fy, A’ and X/ respectively

gxXl:=ax! —pl A’ =0, (3.39)
2A" = dA" — I p! Fy + In"® Ty AT NAE =0, (3.40)
DF, :=dF;+ 0;p’ k AX NFy — 10, Tyx AT NAK NAF =0 . (3.41)

The gauge transformation of the first field equation gives:
87X =€ oyp"y XM + €/ AX (2pM (kIup’ 5 — p NPV k) - (3.42)
Therefore, the first condition from the covariance of the field equation is
2p™ xdup' ;) — p'N PV ks =0. (3.43)

If we compare this expression with the DFT fluxes obtained by twisting the C-bracket (3.14), we
obtain

Onks(X) = —2mnpud' P ) . (3.44)

which is precisely the fixing (3.34). Next we check the transformation of the field equation of A’
and obtain:

58.@AI = nIN(8MTN/K — %aMpLNG)UK)SK.@XM NAT + nINfNJKEK@AJ +
+3n"NekaM NAM (3P][K31TMM/}N - pJNaJT[KMM/] - 3nP]TP[MM’ TK]NJ) +
+1n™NpP m'tpS X <®PKNFS + Ospn OpprxAY /\AM/) . (3.45)

Here the underlined contribution is highlighted for later reference, as it would vanish in the case of
a Courant algebroid. We see that the gauge variation of the field equation of A is covariant provided
that

307 ks Ty — P N Txmanr — 30™ Topne Tiny =0 - (3.46)

%From now on we denote Ay = A and drop all other + subscripts.

10
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This is one of the local coordinate expressions for a DFT algebroid. However, due to (3.10), the last
line in (3.45) does not vanish, thus there is an additional obstruction. Let us look at this obstruction
in more detail:

n'™Np? m’tpS ek <®PKNFS + OsunOpyrkAM /\AM,> =
=n'NeX (TIPS®PKNFS + Osun ™ Opyr gAY /\AM/) . (3.47)
The first term in the parentheses can be rewritten using (3.44) as
" @pxnFs = —2pyxd°p" wFs , (3.48)

which vanishes due to the already imposed condition (3.16). The second term in the round brackets
gives explicitly
O Opark = sy Prd® PEwPsrd° P’k (3.49)
again after using (3.44). This term has precisely the form of the DFT strong constraint.
What about closure of the algebra of gauge transformations? On X’ we have

[8e,,86,)X" = plyef,, (3.50)
e, = D'gefe (3.51)

where we used the condition (3.43) to define €;,. On A’ we have:

[581 5 682]141 = 58|2A1 - 8L(DIJK8{8§.@XL +

+3 (D N jx — PV D 1)) € €5 AV (3.52)

where we used (3.43) and (3.46). The last line vanishes identically using (3.43), thus we have the
on-shell closure of the algebra of gauge transformations. However, we obtain consistent gauge
transformations of the field equations only after applying the strong constraint, c.f. the underlined
term in Eq. (3.45).

4. Conclusion and outlook

We have shown how to construct the gauge symmetry of the DFT worldvolume action by pro-
jecting the superfield components and BRST transformations of a Courant sigma-model master BV
action defined over doubled space. We obtained that the algebra of gauge transformations closes
on-shell. However, the field equations transform covariantly only upon the use of a constraint,
which is the analogue of the DFT strong constraint. This is in accord with the statement that the
target space DFT action is invariant under the generalized diffeomorphisms only after using the
strong constraint. Our approach establishes this result at the level of the worldvolume theory.

An interesting question which remains open is whether one can find a modification of the DFT
worldvolume action (3.8) and/or (3.17) in order to achieve gauge invariance without the use of
the strong constraint. There are two main reasons why one should attempt to construct such an
improved DFT action. The first reason is that conjectured non-commutative and non-associative

11
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closed string backgrounds do not satisfy the strong constraint, and therefore one presumably needs
to go beyond DFT in order to consistently describe such backgrounds. The other reason is that one
would like to use the AKSZ construction in order to obtain an action satisfying the classical master
equation. This would be a first step toward quantization of the (improved) DFT sigma-model.
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