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X-ray emission of a pulsar wind nebula (PWN) is a group of particles with the highest energy
among the non-thermal electron-positrons present in the nebula. The standard emission model of
PWNe predicts that such high energy particles lose their energy immediately by radiative cooling
and that the emission region of X-rays is smaller than those of lower frequencies. However, as 3C
58 and G21.5-0.9, some PWNe have been discovered in which the emission region of X-rays and
radio extend to the almost same extent, and it has been pointed out that the conventional model has
room for reconsideration. We investigate the validity of the model by simultaneously calculating
the emission spectrum integrating over the entire nebula and the radial profile of the X-ray surface
brightness. Our detailed analysis reveals that the conventional model cannot explain observational
facts of 3C 58 and G21.5-0.9. Furthermore, in order to improve the model, we construct a model
of PWNe in consideration of spatial diffusion due to a disturbed magnetic field. We show that
entire spectra and X-ray surface brightness profiles are reproduced simultaneously by our new
model. The model implies the existence of a large gamma-ray halo which consists of particles
diffusely escaped out of the nebula. The halo could spread to a degree that it can be resolved
spatially by the Cherenkov Telescope Array.
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1. Introduction

A rotation-driven pulsar emits its rotational energy as a relativistic plasma flow, which is called
a pulsar wind. It interacts with a supernova remnant or interstellar matter around the pulsar, and
forms a bubble-like structure accompanying a strong shock, which is called the pulsar wind nebula
(PWN). Electrons and positrons injected to the nebula are accelerated with the shock. They emit
broadband emission from radio to gamma-ray via the synchrotron radiation and inverse Compton
scattering (ICS). In particular, X-ray photons are emitted by synchrotron radiation from the most
energetic particles present in the nebula. Thus, the spatial distribution of X-ray emission of the
PWN contains information on the propagation processes of the most energetic particles in the
nebula.

A standard model of PWNe was established by Kennel and Coroniti (hereafter KC84) [1, 2].
They modeled the dynamical structure of the nebula with a one-dimensional steady-state magne-
tohydrodynamic model [1], and calculated synchrotron emission consistently on that [2]. Their
model (hereafter KC model) was applied to the Crab nebula and explained the following three
observations: the fact that the pulsar wind, which has flowed in at the speed of light on the termi-
nation shock, is decelerating to O(1000) km s−1 near the edge of the nebula, the emission spectrum
integrated over the entire nebula, and, the tendency that the extent of the emission region becomes
smaller as the higher frequency band. Their model was extended by Atoyan and Aharonian [3] as
a model considering the inverse Compton scattering and established itself as a standard model that
well reproduces the observed features of the Crab nebula.

Thanks to the detail observation of many of pulsar wind nebulae by Chandra Observatory, it
has been found that there is room for reconsideration in KC model. In fact, for 3C 58 [4] and
G21.5-0.9 [5], it was discovered that the extent of the X-ray emission is comparable to the radio
one, although the age of each PWNe is about the same as the Crab nebula. In contrast, in the
Crab Nebula, the diameter of the radiation area of X-rays of several keV is about half smaller
than that of lower frequency bands such as optical and radio bands. This led to the recognition
that PWNe model needs to be improved. For example, some authors [6, 7] constructed a model
that can explain the spread of the extent of X-ray nebula by incorporating the diffusion process
that has not been considered in the KC model into the model. However, there are no studies that
clarified whether this X-ray spread problem is an observation fact that can not be really explained
within the scope of the KC model. In order to clarify the problems of the KC model, we examine
both the emission spectrum integrated over the entire nebula and the surface brightness profile
of X-rays simultaneously [8]. Furthermore, based on the results, we construct a model with the
diffusion process, and the observed entire spectra and surface brightness profiles are simultaneously
reproduced for G21.5-0.9 and 3C58 [9]. These are based on the results reported as Ishizaki et al.
(2017) [8] and Ishizaki et al. (2018) [9].

2. Method

Our methodology is mainly established by Ishizaki et al.(2017,2018) [8, 9]. We assume that
the PWN is a steady and spherical bubble with a radius rN. The pulsar wind is emitted by the central
pulsar and forms a strong termination shock at a radius rs. Assuming that the pre-shock wind is
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cold and the magnetic field is purely toroidal, we are able to characterize the wind physical property
by three quantities: the comoving number density n, bulk Lorentz factor γ , and magnetic field in
the lab frame B at the shock front. The pulsar spin-down luminosity Lsd is almost all converted to
pulsar wind, namely

Lsd = 4πr2
s nuuuγumec3 (1+σ) , (2.1)

where u = γβ is a radial four velocity, subscript u (upstream) denotes the value of quantities just
before shock, and σ is a magnetization parameter, which is written as

σ ≡ B2
u/4π

nuuuγumec2 . (2.2)

Our calculation method mainly consists of the following steps:

1. Obtaining the hydrodynamic structure of the nebula by solving the spherically symmetric
steady MHD equations.

2. As a boundary condition at rs, assuming that the non-thermal energy distribution of electrons
and positrons. Calculating the energy spectrum of particles at each radius with this boundary
condition.

3. Calculating the emissivity at each radius from the energy spectrum, and calculate the ob-
servable quantities (i.e. entire spectrum and surface brightness) with consideration about the
geometry.

Hereafter, although we introduce two models, the KC model and our new model taking into account
the diffusion process (hereafter DF model), the calculation procedure is basically the same. Note
that, with regard to DF model, in order to satisfy the consistency between the fluid structure and the
distribution function of non-thermal particles, we formulated the effect of the back-reaction of the
diffusion process to the fluid motion. However, in the scope of the results presented in this paper,
the effect of the back-reaction is almost negligible, so we omit a description of that formulation
(see Ishizaki et al.(2018)[9] for details).

For the fluid structure, the almost same calculation as the KC model [1] is mainly performed.
Assuming that the flow direction is purely radial, that the magnetic field is perpendicular to the
flow direction, and the flow is adiabatic, we solve the spherically symmetric steady MHD equation.
The boundary condition adopts the Rankine-Hugoniot condition at rs. According to the KC84, the
flow velocity just downstream of the termination shock can be written as,

u2
d =

8σ2 +10σ +1+
√

64σ2 (σ +1)2 +20σ (σ +1)+1

16(σ +1)
. (2.3)

The magnetic field at upstream (subscript u) and downstream (subscript d) is written as,

Bu =

[
Lsd

cr2
s

σ
1+σ

]1/2

, (2.4)

Bd = Bu
γd

ud
. (2.5)
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After some algebra, the following equation for the downstream flow profile can be obtained from
MHD equations (see KC84 for details),

√
1+u2(r)

(
δ +

(
u2

d/σ
)
− 1

2

u2
d +

1
4

(
u(r)r2

udr2
s

)− 1
3

+
ud

u(r)

)
= γd

(
δ +

(
u2

d/σ
)
− 1

2

u2
d +

1
4

+1

)
, (2.6)

where γ =
√

1+u2 is a bulk Lorentz factor, and δ = ud/(σuu) is a constant which is much smaller
than unity in the standard parameter range. We solve equation (2.6) numerically. Using the obtained
velocity field u(r), the spatial structure of the magnetic field can be calculated as follows from the
conservation law of the magnetic flux,

B(r) = Bd
γ(r)
γd

udrs

u(r)r
. (2.7)

Next, the equations describing the energy spectrum n(r,E) of the particles are solved along the
flow. The transport equation of relativistic pairs is given by

1
r2

∂
∂ r

[
r2
(

cu(r)n(r,E)−κ
∂n(r,E)

∂ r

)]
− ∂

∂E
[Q(r,E)n(r,E)] = 0, (2.8)

where κ is a diffusion coefficient, Q is energy loss rate per particle, namely

Q = Qrad +
E
3

c
r2

∂
∂ r

[
r2u(r)

]
, (2.9)

first term Qrad represents the energy loss via synchrotron radiation and ICS, and second term rep-
resents the energy loss via adiabatic cooling. For the case of KC model and DF model, we adopt
κ = 0 and κ ∝ E1/3 respectively. At the termination shock r = rs, n(E,rs) is assumed to have
following broken power-law shape:

n(E,rs) =


n0

Eb

(
E
Eb

)−p1

(Emin < E < Eb)

n0

Eb

(
E
Eb

)−p2

(Eb < E < Emax)

, (2.10)

where n0 is a normalization factor which determined by consistency with fluid quantities, Emin is
the minimum energy of particles, Eb is a energy which corresponds to the spectral break introduced
phenomenologicaly, Emax is a maximum energy of particles, and two power law indices p1 and p2

for low and high energy particles. Since the minimum energy Emin hardly affect the resultant
observable (i.e. entire spectrum), it is difficult to constrain this value from observation, so we fix
the value of the minimum energy Emin = 10mc2. The maximum energy Emax of the particle is
determined by the Hillas condition at termination shock, namely

Emax = eBurs =

√
e2

c
Lsdσ
1+σ

. (2.11)

Power-law indices p1 and p2 are basically free parameters, but p1 is well obtained by radio obser-
vation. We calculated the energy spectrum of the particle at each radius by solving equation (2.8)
numerically with equation (2.10) as the boundary condition.
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Table 1: Parameters in our calculations.

3C 58 G21.5-0.9
Given Parameters Symbol KC DF KC DF
Spin-down Luminosity (erg s−1) Lsd 3.0×1037 3.5×1037

Distance (kpc) D 2.0a 4.8b

Radius of the nebula (pc) rN 2.0 0.9
Fitting Parameters
Break Energy (eV) Eb 4.1×1010 3.0×1010 2.6×1010 6.0×1010

Low-energy power-law index p1 1.26 1.08 1.1 1.2
High-energy power-law index p2 3.0 2.9 2.3 2.5
Radius of the termination shock (pc) rs 0.13 0.14 0.05 0.05
Magnetization parameter σ 1.0×10−4 2.0×10−4 2.0×10−4 6.0×10−4

Diffusion coefficient at Eb (cm2 s−1) κ0 - 1.0×1026 - 1.0×1026

Obtained Parameters
Initial bulk Lorentz factor γu 7.3×103 2.4×104 2.1×104 1.9×104

Pre-shock magnetic field (µG) Bu 0.79 1.0 3.1 5.4
Maximum energy (eV) Emax 9.5×1013 1.3×1014 1.4×1014 2.5×1014

Average magnetic field (µG) Bave 31 34 120 133

a [13]; b [12].

Finally, we calculate the emission via synchrotron radiation and ICS from non-thermal parti-
cles. The spectrum of synchrotron radiation can be calculated by using the value of the magnetic
field at each point calculated by equation (2.7). In order to calculate the spectrum of ICS, the result
of GALPROP v54.1 [10, 11] was adopted as the spectrum of the seed photon. The emissivity jν
at each radius can be obtained by using the solution of equation (2.8) at each radius. The entire
spectrum is obtained by integrating jν over the entire nebula, namely

Fν =
1

D2

∫ rN

rs

jν (r)r2dr, (2.12)

where D is a distance to the nebula. The surface brightness can be obtained by integrating jν along
the line of sight, namely

Bν (s) = 2
∫ rN

max(rs,s)

jν (r)rdr√
r2 − s2

, (2.13)

where s is the distance perpendicular to the line of sight from the central pulsar.

3. Results

We adopted 3C 58 and G21.5-0.9 for model verification. See Ishizaki et al. (2017) [8] for
details of these objects. In these objects, it has been reported that the extent of the X-ray emission
region is comparable to that of radio.

The results of applying our model are summarized in Table 1. In the case of KC model, the
results of searching for parameters that can reproduce the entire spectrum of nebula are shown. In
the DF model, we choose to explain the spectrum as well, and search for parameters that make the
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Figure 1: Entire photon spectra for 3C 58 (left panel) and G21.5-0.9 (right panel). The red line represents
the DF model, and the black line represents the KC model. See Ishizaki et al.(2018) [9] for details on data
points.
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Figure 2: Radial profiles of the surface brightness of X-rays. The red lines represent the DF model, and the
thin black solid line represent the X-ray profile of the KC model. All curves are normalized as unity at the
center. In both plots, the right end of the X-axis corresponds to the edge of the nebula. The data points are
taken from [4] (X) for 3C 58, and [5] (X) for G21.5-0.9.

X-ray spectrum harder. As shown in Figure 1, both models are able to explain the entire spectra
well. Figure 2 shows surface brightness profiles of X-ray calculated under parameters that can
explain the entire spectra. For both objects, the calculated curves of the KC model show that the
extent of X-ray is smaller that the edge of the nebula (i.e. the extent of the radio nebula). On the
other hand, in the DF model, the emission region of X-rays is sufficiently extended to the edge
of the nebula for both objects. Figure 3 shows the radial dependence of the X-ray spectral index.
In KC model, sudden softening is observed at the same radius as the X-ray surface brightness
decreases. Especially in the case of G21.5-0.9, this behavior clearly contradicts the observational
fact. On the other hand, in the DF model, such problematic softening has been eliminated.
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Figure 3: Radial profiles of the photon indices in 0.5-10.0 keV range in the DF model (red), and the KC
model (black). The data points are taken from [4] and [5] for 3C 58 and G21.5-0.9, respectively.

4. Discussion and Summary

Ishizaki et al. (2017) [8] showed that there is only one parameter set that can explain the en-
tire spectrum by examining the parameter dependence of the KC model in detail. Furthermore, it
is also shown that taking parameters that can reproduce surface brightness can not explain lower-
frequency emission than optical-band of the entire spectrum. This indicates that in KC model, it is
not possible to make both the entire spectrum and the surface brightness compatible. On the other
hand, in the DF model, both the entire spectrum and the X-ray surface brightness are simultane-
ously reproduced. However, some issues still remain: The radial dependence of the X-ray spectral
index is qualitatively consistent with the observation but is not reproducible quantitatively. Further-
more, as shown in Figure 1, the TeV γ-ray flux of the entire spectrum is about 2 times smaller than
the observation. The latter can be explained by considering ICS from the particles escaped from
the nebula diffusively. Although rough estimation, assuming that the obtained diffusion coefficient
is the same inside and outside the nebula, the extent of TeV γ-ray is about twice the extent of radio
nebula. It can be estimated that the diameter of TeV nebula of 3C 58 is 800” and that of the G21.5-
0.9 is about 160”. These may be spatially resolved by current imaging atmospheric Cherenkov
telescopes or Cherenkov Telescope Array. In the near future, very high-energy γ-ray observations
with high spatial resolution will allow us to quantitatively discuss the escape of particles from
PWNe.
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