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Using a semi-analytic formulation, we study the varations of the atmospheric neutrino and muon

fluxes calculated with the variations of a hadronic interaction model. Considering the difference

of the hadronic interaction model from the true one as variation of hadronic interaction model, we

can estimate the the calculation error of the atmospheric neutrino flux by comparing of the atmo-

spheric muon flux calculated and the observed one in a presition experiment. We find a relation

between the reconstruction residual of the observed muon flux and the error of the atmospheric

neutrino flux prediction. Then we studied the atmospheric muon flux at sevaral candidate of the

observation site, Tsukuba (sea level), Mt. Norikura (2770m a.s.l.), Hanle India (4500m a.s.l.) ,

and Balloon altitude (∼ 32km a.s.l.) near South Pole, to find a proper observation site for this

study. We find the muon flux observed at high mountain is most useful to reduce the error of the

atmospheric neutrino flux prediction.
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1. Introduction

Neutrino oscillation physics has now entered into precision era, For the atmospheric neutrino,

precision experiments are also planned at INO [1], South Pole [2], HyperK [3], and DUNE [4],

etc. To address some of the neutrino oscillation parameters, one requires accurate neutrino flux

prediction in the . 1 GeV energy region. However, it is difficult to calculate the atmospheric neu-

trino flux below 1 GeV accurately. The major source of the uncertainty of the atmospheric neutrino

flux calculation is in those of primary cosmic ray spectra and hadronic interactions. Fortunately,

with the recent study of primary cosmic ray spectra by AMS02 and other precision measurements

[5, 6, 7, 8], the uncertainty is reasonably reduced to a few %. On the other hand the uncertainty of

hadronic interaction model is still large. It seems difficult to reduce the uncertainty to the required

level using only the result of high energy experiment. This paper is an extension of the study in

Ref.[9] to lower energies. We have had used the precision data of the muon flux to calibrate the

hadronic interaction model. There were some preceding works on the same idea (for example, see

the reference [10, 11]).

In this paper we use a semi-analytic formalism for the calculation of the atmospheric lepton

flux, and study the variation of hadronic interaction model and the response of atmospheric leptons

to that. Then establish a method to estimate the atmospheric neutrino flux prediction error from the

atmospheric muon calculation error. For the above study we study the atmospheric muon flux at

near Kamioka site (0 and 2770m a.s.l.), Hanle (India 4500m a.s.l.), and at balloon altitude (South

Pole 32km a.s.l. by Balloon).

2. Semi-analytic formalism for atmospheric lepton calculation and variation of

hadronic interaction model.

Let us consider a semi-analytic expression which projects the atmospheric lepton flux calcu-

lation process to the hadronic interaction “phase space” ; spanned by the momenta of cosmic ray

originated projectile particle and of the meson which create the lepton in its decay (cascade). The

expression may be written as;

Φobs
L (pobs

L ,xobs) = ∑
N pro j

∑
Mborn

∫ ∫

[

∫

M2L(Mborn, pborn
M ,xint , Lobs, pobs

L ,xobs)

×Hint(N
pro j, p

pro j
N ,xint ,Mborn, pborn

M )

×σ prod(N pro j,E pro j) ·ρair(x
int)

×Φpro j(N
pro j, p

pro j
N ,xint)dxint

]

d pborn
M d p

pro j
N , (2.1)

where we have considered all the projectile and meson combinations, and M2L(M, pborn
M ,xborn,Lobs, pobs

L ,xobs)

is the probability that a meson Mborn with momentum pborn
M at xborn decays and result in the lepton

Lobs with momentum pobs
L at xobs

L , without a hadronic interaction with air nuclei, Hint(N
pro j, p

pro j
N ,Mborn, pborn

M )

is the probability that a projectile particle N pro j with momentum p
pro j
N interact with air nuclei and

produce Mborn meson with momentum pborn
M , σ prod(N pro j,E pro j) is the production cross section of

N pro j particle and air nuclei, ρair(x
int) is the nucleus density of the air at xint , and Φpro j(N

pro j, p
pro j
N ,xint)

is the flux of cosmic ray originated N pro j-particle at xint with momentum p
pro j
N .
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We can make the pseudo analytic expression Eq. 2.1 to a practical one, and carry out an

analytic calculation in a 1-dimensional calculation scheme. However, it is not easy to carry out such

an analytic calculation in a 3-dimensional scheme, and we normally carry out the 3-dimensional

Monte Carlo simulation to calculate the atmospheric lepton flux. Here we use Eq. 2.1 just to

illustrate the study of the uncertainty of the hadronic interaction model.

It is convenient to rewrite Eq. 2.1 as,

Φobs
L (pobs

L ,xobs) = ∑
N pro j

∑
Mborn

∫ ∫

D(N pro j, p
pro j
N ,Mborn, pborn

M , Lobs, pobs
L ,xobs) d pborn

M d p
pro j
N , (2.2)

where

D(N pro j, p
pro j
N ,Mborn, pborn

M , Lobs, pobs
L ,xobs) =

∫

M2L(Mborn, pborn
M ,xint , Lobs, pobs

L ,xobs)

×Hint(N
pro j, p

pro j
N ,xint ,Mborn, pborn

M )

×σ prod(N pro j,E pro j) ·ρair(x
int)

×Φpro j(N
pro j, p

pro j
N ,xint) dxint , (2.3)

As the atmospheric lepton flux is normally calculated with the Monte Carlo simulations, the D-

function or integrand of Eq. 2.2 is also calculated with the Monte Carlo simulation. We tag all

the particles appeared in the simulation, and record the momenta of the projectile particle and the

meson when the meson creates the target lepton without any hadronic interaction. Then we study

the (pborn
M , p

pro j
N ) point distribution in the hadronic interaction phase space.

The Monte Carlo simulation we use here is the same one which we have used for our prevopis

calculation of atmospheric neutrino and atmospheric muon fluxes [12, 13]. We note that the full 3D

Monte Carlo simulation for atmospheric neutrino need a long computation time, since it is an Earth

size simulation for upward moving neutrinos. However, if we limit the calculation to the downward

going neutrinos, it is completed far quickly. Therefore we consider here only the downward moving

atmospheric neutrino and muon fluxes.

We show such an example in Fig. 1 as the scatter plot for the 1 GeV/c vertically downward

moving muons at Tsukuba (sea level), and for 1 GeV vertically downward moving neutrino at
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Figure 1: The distribution of projectile and meson momentum, which create 1 GeV/c downward moving

atmospheric muon at Kamioka (sea level), in the (PN , PM) phase space.
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Figure 2: The distribution projectile and meson momenta, which create the 1 GeV vertically downward

moving neutrino at Kamioka (sea level), in the (PN , PM) space.

Kamioka in Fig. 2, combining the different projectiles in the same figure.

We call the integrand or the D-function in Eq. 2.2 as the integral kernel of the atmospheric

lepton flux. For each kind of lepton and it’s mementum, we calculate the integral kernel for all the

combination of projectile particle and secondary meson in the Monte Carlo simulation. We note

the integral kernels of atmospheric muon and neutrino fluxes both have a large dependence on the

moving direction. For the integral kernel of atmospheric muom flux, there is a large dependence

on the observation site. if we limit the moving direction to the downward direction only. On the

other hand, the integral kernel of atmospheric neutrino flux is not so sensitive to the observation

site. We calculate the integral kernel of atmospheric neutrino flux for kamioka, and that of muon

flux for several observation site, including Kamioka, and directions of the lepton motion.

If we assume that the projectile flux Φpro j(N
pro j, p

pro j
N ,xint) is not largely affected by the vari-

ation of the hadronic interactions, The effect of the variation of the hadronic interactions on the

lepton flux can be studied using the formalism of the calculation of the atmospheric neutrino flux

in the previous section. The lepton flux calculated by the variated interaction model may be written

as;

Φ̃obs
L (pobs

L ,xobs) = ∑
N pro j

∑
Mborn

∫ ∫

D(N pro j, p
pro j
N ,Mborn, pborn

M , Lobs, pobs
L )

×
(

1+∆int(N
pro j,Mborn, p

pro j
N , pborn

M )
)

d pborn
M d p

pro j
N . (2.4)

We can use Eq. 2.4 to construct a variation of interaction model and the variation of atmospheric

lepton fluxes and study it.

3. The interaction models with random number.

Variations of the hadronic interaction model with random number can be constructed with the

help of the b-spline functions. We use the 3rd order b-spline function with constant knots separation

which is represented as

Bi
∆(x) = b

(

x− i ·∆

∆
− x0

)

(3.1)

3
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where

b(t) =



























1
6
(3|t|3 −6|t|2 +4) (|t| ≤ 1)

− 1
6
(|t|−2)3 (1 ≤ |t| ≤ 2)

0 (|t| ≥ 2) ,

(3.2)

∆ is the knots separation, and x0 is for the shift less than ∆. The linear combination of 3rd order

b-spline function (Eq. 3.1 and Eq. 3.2) is continuous up to 2nd order derivative, and is often used

to connect the discrete data or to fit them. We can extend it to 2-dimensional bspline function as

B
i j
∆ (x,y) = b

(

x− i ·∆

∆
− x0

)

b

(

y− j ·∆

∆
− y0

)

, (3.3)

Here, we took the same knots separation for x and y.

We may construct a variation function in Eq. 2.4 with these 2-dimensional b-spline function

as

∆int(N
pro j,Mborn, p

pro j
N , pborn

M ) = δ ·∑
i

∑
j

R
i j
N ·Bi j

∆

(

log10(p
pro j
N , log10(pborn

M )
)

(3.4)

where {R
i j
N} is the set of random numbers with normal distribution, and δ is a parameter to control

the variation. Therefore, for each combination of the set of random numbers {R
i j
N} and δ , we have

a variation of the interaction model and the variation of flux as,

∆Φobs
L (pobs

L ,xobs)≡Φ̃obs
L (pobs

L ,xobs)−Φobs
L (pobs

L ,xobs)

=δ ∑
N pro j

∑
Mborn

∫ ∫

D(N pro j, p
pro j
N ,Mborn, pborn

M , Lobs, pobs
L )

×∑
i

∑
j

R
i j
N ·Bi j

∆

(

log10(p
pro j
N ), log10(pborn

M )
)

d pborn
M d p

pro j
N , (3.5)

As an application of the variation of the interaction model with random number, we study

the correlation of atmospheric neutrino and atmospheric muon fluxes. let us define the correlation

coefficient as,

γ(pobs
ν ,xobs

ν ; pobs
µ ,xobs

µ ) =
∑
(

∆Φν(pobs
ν ,xobs

ν )∆Φµ(pobs
µ ,xobs

µ )
)

√

∑
(

∆Φk
ν(pobs

ν ,xobs
ν )

)2
∑
(

∆Φk
µ(pobs

µ ,xobs
µ )

)2
(3.6)

and study the correlation coefficient between muon and neutrino fluxes at each combination of

muon momentum and neutrino energy. We show the muon momentum at maximum correla-

tion coefficient for the neutrino flux as the function of neutrino energy for all combination of

(νµ , ν̄µ ,νe, ν̄e) and (µ+,µ−), when it has non trivial maximum in Fig. 3. Also in the same fig-

ure, we have plot the muon momenta where the correlation coefficent of muon and neutrino fluxes

decrease to 0.9 times of the maximum at each neutrino energy. Note the neutrino creation kine-

matic makes 2 type of correlations . One is for the direct π-decay (left panel), and the other is for

the π −µ decay cascade (right panel).
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Figure 3: The momenta of atmospheric muon which show the maximum correlation and the 90% of that

for the atmospheric neutrino as the funcion of the energy of neutrino energy. Left panel is for the neutrinos

directly produced at the pion decay, and right panel is for the neutrinos produced at the decay of muon

produced by the pion decay. We used the integral kernels of vertically downward moving atmospheric

neutrinos and muons at Tsukuba or Kamioka (sea level)

4. Atmospheric neutrino flux variation with limited muon flux variation

Hereafter we just assume δ = 1, but we consider the small variation of atmospheric muon

flux by selecting the random numbers set {R
i j
N}, in Eq. 3.4 . Note, to take δ = 1 is equivalent

to assume 100 % uncertainty at each grid point of the hadronic interaction phase space for each

meson (π±,K±,0) productions. To study the uncertainty of the a kind of atmospheric neutrino at a

given neutrino energy, we consider the case that the muon variation is limited as ∆φµ/φµ < ε in

muon momentum range where the correlation coefficient is larger than 0.9 times of the maximum,

for the muons with non trivial correlation coefficient maximum. Then study the variation of the

atmospheric neutrino flux. We plot the variation of ∆Φν/Φν at 1 GeV for νe in Fig.4 (left panel),

taking ε = 0.1, 0.2, and 0.3. We find the distribution of ∆Φν/Φν shrinks as ε decreases.

Note, these distribution are well approximated with the normal distribution with the standard

deviation of σ . Therefore the shrinkage is also expressed by a normal distribution with the standard

deviation σshrink defined by the equation,

1

σ2
shrink

=
1

σ2
ε

−
1

σ2
∞

, (4.1)

We assume a simple relation between σshrink and ε , such that

σshrink =

√

σ2
res +(R · ε)2 , (4.2)

or we assumed that there is atmospheric neutrino variation related to atmospheric muon variation

and independent of it. We fit σshrink with Eq. 4.2, and plot the fitting results In left panel of Fig. 4.

We find the muon independent variation σres is around or less than 0.05 for the neutrino at 1 GeV.

Next we calculate the energy dependence of σres for all kind of vertically downward moving

neutrino at Kamioka, using the integral kernel of vertically downward moving atmospheric muon

at Kamioka (sea level) and plot it in the left panel of Fig. 5. and the integral kernel of vertically

5
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Figure 4: Left panel: the variation of νe flux. Outside wide solid line shows the distribution of ∆φν/φν

constructed with Eq. 3.5 and δ = 1 for 3000000 sets of normal random number assigned at each grid point.

Inside lines show the muon variation suppressed distribution of ∆φν/φν with ε = 0.1, 0.2, 0.3 (narrow to

wide). Right panel: σshirink and fitting curve calculated with Eq. 4.2. Here, we used the integral kernels of

vertically downward moving atmospheric neutrinos and muons at Kamioka (sea level) .

downward moving atmospheric muon at mountain altitude (Mt. Norikura, 2770m a.s.l.) in the right

panel of Fig. 5.

We find the all the σres rise up for lower energy region below 1 GeV in the both panels of Fig. 5,

but the rize is suppressed in the right panel. Thus, we can expect less increase of σres with the

atmospheric muon flux observed higher altitude. In both panel, the variation of σres above 1 GeV is

similar that there is a quicker rise of σres for νµ than other neutrinos. This is because the condition

∆φµ/φµ < ε dose not suppress the Kaon production uncertainty, and the contribution Kaon to νµ

is larger than other neutrinos, and the condition Note, we have assumed 100 % uncertainty for the

Kaon production.

We calculate σres using the integral kernel of the muon flux at much higher mountain (Hanle

4500m a.s.l. India) and at the Balloon altitude, and plot them in Fig. 6. We find in both the cases

σres are almost the same as that for at sea level or lower mountain altitude, above 1 GeV. However,

σres below 1 GeV is largely different by the observation altitude. Generally we can expect lower

σres at higher mountain, but at the Balloon altitude it becomes even higher than that at the sea level.

The Balloon altitude is considered too high, and the integral kernel for muon at this altitude and

that for neutrino is observed at sea level is too different for this study.

Note, we can calculate σres for the horizontally moving neutrinos, using the integral kernel

of vertically downward moving muon at sea level or at higher altitude. The rise of σres for lower

energy is similar to vertically downward moving neutrino, but the rise for higher energy is smaller

that of vertically downward moving neutrinos. This is because the contribution of Kaons to the

atmospheric neutrino is still smaller than that for vertically downward moving neutrinos in this

energy region.

5. Summary and Discussions

In order to improve the accuracy of the calculation of the low energy atmospheric neutrino

flux, we have studied the response of atmospheric neutrino and atmospheric muon fluxes to the

6
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Figure 5: σres calculated by the fitting with Eq. 4.2 as the function of neutrino energy for all kind of

neutrinos. Left panel is for the vertically downward moving neutrino with the integral kernel of muon flux

at Kamioka (sea level). Right panel is the same as the left panel but with the integral kernel of muon flux at

Mt. Norikura (2770m a.s.l.).
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Figure 6: σres calculated by the fitting with Eq. 4.2 as the function of neutrino energy for all kind of

neutrinos. Left panel is for the vertically downward moving neutrino with the integral kernel of muon flux

at Hanle (4500m a.s.l.). Right panel is the same as the left panel but with the integral kernel of muon flux at

Balloon altitude (32Km a.s.l.).

variation in the hadronic interaction model based on the semi-analytic formalism.

We construct a huge number of the random variation of the hadronic interaction model and

calculate the atmospheric neutrino and muon fluxes. Then studied the variation of atmospheric

neutrino flux when the variation of atmospheric muon flux is suppressed. We find that the vari-

ation of atmospheric neutrino flux is also suppressed, and the variation of atmospheric neutrino

flux is statistically parametrized by the suppression degree of the atmospheric muon. This pa-

rameterization could be used to estimate the uncertainty of the atmospheric neutrino flux from the

reconstruction residual of the observed atmospheric muon flux in a precise measurement.

We have had done a similar study in Ref. [9] using the muon fluxes observed by BESS detector

at Tsukuba (sea level)[14], and at Mt. Norikura (2770m a.s.l.)[15]. The study of this paper could

be applied to those observation, but with a caution for neutrino energy less than 1 GeV, since

their lowest muon momenta observed were around 0.55 GeV/c, and are higher than what we have
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assumed here. However, this study agrees with the previous one for the neutrino energy above 1

GeV.

The atmospheric muon flux observation at higher mountain than Mt. Norikura (for example,

Hanle India, 4500m a.s.l.) would give more stringent result for the atmospheric neutrino uncer-

tainty, as the atmospheric neutrino independent component is smaller for the atmospheric muon

flux observed at higher mountains. However, the muon flux at Balloon altitudes (∼ 32 km a.s.l.)

has a larger the atmospheric neutrino flux independent component, probably due to very high alti-

tude.
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