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1. Introduction

The decay constant fp of a pseudoscalar meson P is defined by
(0[A*|P) = ip" f, (1.1)

where the external state |P) carries momentum p*, and the axial current A* = ¥, y*y5y;. Here,
the subscript & (/) represents heavy (light) flavors in the B,y and Dy states. We use the Oktay-
Kronfeld (OK) action [1] for valence heavy quarks y;, with 7 = b, ¢, and the HISQ action [2] for
valence light quarks y that are recast into the naive quark field y;. The calculations are done on
MILC HISQ ensembles with Ny = 2+ 1 + 1 [3], whose parameters are summarized in Table 1.

The OK action Sok improves on the Fermilab formulation of the Wilson clover action [4] by
including ¢'(A?) and ¢'(A3) improvement terms in heavy quark effective theory (HQET) power
counting.

Sok = a4Zlfl(x) mo+ YaDy — ﬁ(lo)
1 1 (3) 1 . 1
—EaA4+C’y-D—§rSCaA —EcBaClZ.-B — OAY)
— %cEaCa-E - ﬁ(}ﬁ)
+cla22ykaAk+cza2{’)/-D,A(3)}+C3a2 {y-D,iX-B}
k

— ﬁ(?ﬁ)

+cEEa2{}/4D4,a-E}+C4a3ZA£+C5a3ZZ{iZkBk,Aj} y(x)

3 % j2k
(1.2)

The definition of the operators in Eq. (1.2) can be found in Ref. [1]. The bare quark mass my is
related to the hopping parameter k as follows,

am():l(l— ! ) (1.3)
2\K  Kerit

ensemble ID || a (fm) Nf X N; M; MeV) | amy am am,
al2m310 0.1207(11) | 243 x 64 305.3(4) | 0.0102 0.0509 0.635
al2m220 0.1184(10) | 323 x 64 216.9(2) | 0.00507 0.0507 0.628
al2m130 0.1191(7) | 48% x 64 131.7(1) | 0.00184 0.0507 0.628

a09m310 0.0888(8) | 32° x 96 312.7(6) | 0.0074  0.037  0.440
a09m220 0.0872(7) | 48° x 96 220.3(2) | 0.00363 0.0363 0.430
a06m310 0.0871(6) | 483 x 144 | 319.3(5) | 0.0048  0.024  0.286

Table 1: Parameters of the MILC HISQ ensembles with Ny =2+ 1+ 1 [3] used in our calculations. The
lattice spacing a is set by the Sommer scale r| and N; (V;) is the lattice size in the spacial (temporal) direction.
M is the mass of Goldstone pions and am;, amg and am, are sea quark masses for the light (up and down),
strange and charm quarks in lattice units, respectively.
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The non-perturbatively tuned hopping parameters for bottom and charm quarks, k, k., and the
critical hopping parameter K [5] for each measurement are summarized in Table 2.

In order to achieve a better overlap with the wave functions of the B(;) and D(;) meson states,

we apply the covariant Gaussian smearing (CGS), {1+ 6%V?/(4Ngs) }NGS to the point source and
sink as in Ref. [6]. The CGS parameters {o,Ngs} for each measurement are given in Table 2.
Here, we apply the CGS only to the heavy quark fields of the pseudoscalar interpolating operators.

2. Correlator and current improvement

The meson-meson (MM) and meson-current (MC) 2-point correlators are defined as follows

(7],

4
Cram (1 Z< (1,%) Op( )> = Y Y (64(t,%)64(0)) @.1)
X a=1 x
Cuc(t) = Y (A* (1,x)0p(0)) = 24; Y (A4 (1,%)04(0)) , (2.2)
X o=1 X

where the pseudoscalar heavy-light meson interpolating operator 0y (z,x) and the axial current
operator A%, (¢,x) are

ﬁa(tvx) = [ll_l(t,X)YsQ(t,X)]a%(t,X) (2.3)
Aé(t,x) = [‘P(t,x)}/“}gﬂ(t,x)]ax(t,x). 2.4)

Here y is the OK heavy quark field, x is the HISQ light quark field, and
Qr,x) = '}’1xl szz 73X3 74tv (2.5
and the subscript o represents the taste degree of the staggered light quarks. The rotated heavy

quark field W is introduced to improve the axial current A%, up to O(1?), the same level as the OK
action.

W(r,x) = (1 «0(2%)
+day-D — oY
+drd®A®) 4+ dpa*iE - B—dpd’a-E —0(A?)

+dsa® {y-D,a-E} —dsa® Y yiDi; — dad® {y-D,A<3>}
— d5a3 {'y D, ix- B} —l—dEEa3 {'}/4D4, a- E} — d6a3 |:Y4D4,A(3)} A 0(13) (2.6)

—d7a* [13Dy,iZ - B] ) y(,x),

where the improvement coefficients d; are given in Ref. [8].
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ensemble ID || my/mg | Keit K Kp {0, Ngs} | Netg X Nsre
al2m310 1/5,1 | 0.051211 0.048524 0.04102 {1.5, 5} 1053 x 3
al2m?220 1/10,1 | 0.051218 0.048613 0.04070 {1.5, 5} 1000 x 3
al2m130 1/27,1 | 0.05119 0.048501 0.041343 | {1.5, 5} 499 x 3
a09m310 1/5,1 | 0.05075 0.04894  0.0429 {2.0, 10} 996 x 3
a09m?220 1/10, 1 | 0.05077 0.04902  0.0431 {2.0, 10} 1001 x 3
a06m310 1/5,1 | 0.050357 0.04924  0.0452 {3.0, 22} 1017 x 3

Table 2: The 2"¢ column gives the valence light quark masses m, and the following columns are the hopping
parameters, CGS parameters and the number of measurements. Ncf, represents the number of gauge con-
figurations analyzed and Ny is the number of sources used for measurement on each gauge configuration.

3. Correlator fit

We fit the 2-point correlation functions Cyvwm (f) and Cvic(f) with three even time-parity and
two odd time-parity states and label it the 34+2-state fit. The time parity is determined with respect
to the shift operator in the Euclidean time direction. The fitting function is

Cy(t) =gy (t) £gv(T —1),

gY(t) = AOYe*MOt [1 _f_Rge*Ale‘ +R4Ye*(AM2+AM4)t 4.

(4 for MM, — for MC)

—(—=1) RY e M1t _ (1) RY g~ (AMi+AMs)r . (3.1)
where Y=MC or MM, AM; = M; — M;_», M_; = My, and
1 AY
AN = OlOpIPYRION0),  AYC = S OANP)RIOP0), R = Ay G2

Here, P, represents the i-th excited meson state and Py the ground state. For a brevity, the subscript
“0” for the ground state is dropped from now on. We take the following steps to analyze the 2-point
correlation functions.

1. We fit the 2-point correlator, Cyv (2), data using the 3+2-state fit given in Eq. (3.1) to extract
the ground state pseudoscalar meson mass M (= M) and amplitude AMM(= AY™) and con-
trol the excited states. We impose empirical Bayesian priors [9] on the excited state mass
gaps AM; and amplitude ratios R™ to stabilize the fit. (See Fig. 1).

2. We feed the results for My, and AM; obtained in the previous step as inputs into the fit
for Cumc(t) to extract AMC (= AMC) and the ratios RMC. We use the same fit range and fit
functional form as taken for Cypv(7)

An example of the effective mass plot with

Cr(t) ] (3.3)

1
mef(t) = ~log |:Cy(l+2)

2
)

for the 2-point correlators Cymv () and Cye(¢) is shown in Fig. 2 along with the fits to them.
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Figure 1: Fit results and Bayesian priors for AM; from al2m130 ensembles.

Figure 2: Effective mass plots for the Cvm(#) and Cyc(#) correlators of the D meson on the al2m130
ensemble with n; = m,/27. The orange (purple) curves connect 3+2-state fit results on the odd (even) time
slices. The horizontal red line shows the ground state mass My within the fit range [fmin, fmax] = [5,20]. The
axial current operators are improved up to the A3 order.

4. Results

The decay constant fp defined in Eq. (1.1) can be expressed in terms of the ground state
amplitudes AM and AMC as follows,

2 AMC
\/ AMM

where we take the meson mass Mp = M, of the ground state obtained from the fits to Cypyi. The tree-

. . P hi tree
level renormalization factor is givenas Z,, =

fr=2" @.1)

¢™/2 where mt =1log(1+mf) is the rest mass and
mg is the bare mass for the heavy quark [4]. The perturbative and non-perturbative determination
of Zhl is in progress. In this work, we present the flavor SU (3) breaking ratio of decay constants:

MX AMM AMC
fx/fx = Zhl AMM AMC —

B(;) and D(;) mesons. Here, AY™ and AY'C are the ground state amplitudes for the

AMM AMC

AMM AMC ’ (4.2)
for X( ) =
heavy-strange mesons. In this ratio, we assume that the light quark mass m; dependence of Z
negligible [7], so the ratio Aj /ZZ{1 = 1.

Fig. 3 shows that in the ratios fp /fp and fp,/ fp, the effect of the current improvement applied
to the heavy quark field (as given in Eq. (2.6)) cancels up to O(A?).

41s
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Figure 3: The ratios of decay constants, fp /fz and fp /fp, on the al2m130 ensemble as a function of
current improvement order in HQET power counting.

In Fig. 4, we present preliminary results on fg /fp and fp,/fp calculated on 6 different HISQ
ensembles, and compare them with the continuum limit value given in the FLAG 2019 review [10].
The statistical errors in f, /fp (Fig. 4 (a)) are much larger than in fp /fp (Fig. 4 (b)). As a result,
discerning a chiral or discretization effect in fp,/fp is not clear, other than to note that the result
from the physical ensemble a12m130 is consistent with the FLAG 2019 value. The results for
fp,/ fp show no significant discretization effect on the three lattices with My ~ 310 MeV and the
two with My ~ 220 MeV. On the other hand, there is a shift upwards towards the FLAG result as
M is lowered towards the physical value. Presuming that the OK action has significantly elimi-
nated the heavy quark discretization error even on the coarsest lattice spacing a ~ 0.12 fm [11], the
leading effect to quantify is the pion mass dependence. For the a ~ 0.12 fm data, the current trend
is anchored by the physical ensemble with a value close to the FLAG 2019 result. In near future,
we plan to add measurements on more ensembles to check for discretization effects and on more
physical pion mass ensembles to improve the chiral-continuum extrapolation.
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Figure 4: The ratios of decay constants, fp,/fz and fp,/fp on six ensembles. The errors are purely statisti-

cal. The FLAG 2019 [10] results are given for the physical value.
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