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Quantum Critical Phenomena in an O(4) Fermion
Chain
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We construct a fermionic lattice model containing interacting spin- 1
2 fermions with an O(4) sym-

metry. In addition the model contains a Z2 chiral symmetry which prevents a fermion mass term.
Our model is motivated by the ability to study its physics using the meron-cluster algorithm. By
adding a strong repulsive Hubbard interaction U , we can transform it into the regular Heisenberg
anti-ferromagnet. While we can study our model in any dimension, as a first project we study
it in one spatial dimension. We discover that our model at U = 0 can be described as a lattice-
regularized 2-flavor Gross-Neveu model, where fermions become massive since the Z2 chiral
symmetry of the model is spontaneously broken. We show numerically that the theory remains
massive when U is small. At large values of U the model is equivalent to the isotropic spin-half
anti-ferromagnetic chain, which is massless for topological reasons. This implies that our model
has a quantum phase transition from a Z2 broken massive phase to a topologically massless phase
as we increase U . We present results obtained from our quantum Monte Carlo method near this
phase transition.
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1. Introduction

It has long been known that many nonlinear sigma models on homogeneous target spaces with
topological terms can be studied through various quantum spin systems at their critical points both
in 1+ 1d [1, 2, 3, 4, 5] and 2+ 1d [6, 7]. In this contribution, we will study the possibility of
inducing a topological term in a lattice-regularized Gross-Neveu model [8] by adding a Hubbard
interaction. We first introduce a lattice model containing interacting spin- 1

2 fermions with an O(4)
symmetry and a Z2 chiral symmetry. Since in the continuum close to the Gaussian fixed point there
is a unique marginal coupling respecting these symmetries, we believe our model can be viewed as
a lattice regularization of that continuum model, which is the usual Gross-Neveu model. Perturba-
tive continuum analysis suggests that the marginal coupling can be relevant or irrelevant depending
on the sign of the coupling. When the coupling is relevant one gets the usual massive phase of
the Gross-Neveu model. Here we provide evidence that our lattice model is in this phase. Adding
a strong Hubbard interaction to our model, we can argue that it becomes the quantum spin-half
Heisenberg chain, whose low energy physics can be described by the SU(2)1 Wess-Zumino-Witten
(WZW) model [9], with an additional marginally irrelevant operator. Thus, by tuning the Hub-
bard interaction U slowly away from zero, we can study the phase transition between the massive
phase of the Gross-Neveu model and the massless phase of the spin-half Heisenberg chain. Using
the meron-cluster algorithm we discover that this transition is second order and at the quantum
critical point the marginally irrelevant operator present in the spin-half Heisenberg chain seems to
disappear. We also provide evidence for the enlarged symmetry corresponding to the WZW model
[10].

This contribution is organized in the following way. In Section 2, we will introduce our lattice
Hamiltonian and show the relevant symmetries. In Section 3, we connect our model to the contin-
uum Gross-Neveu model based on symmetry arguments, and discuss the quantum phase transition
from the point of view of RG flows. Finally in Section 4, we show some numerical results to
support our theoretical analysis.

2. The Lattice Model and its Symmetry

We work in the imaginary time Hamiltonian formalism. The theory is defined by the partition
function Z = tr e−βH , where the Hamiltonian is given by

H = HJ +HU =−J ∑
〈i, j〉

H〈i, j〉↑H〈i, j〉↓+U ∑
i

(
ni↑−

1
2

)(
ni↓−

1
2

)
. (2.1)

The first term HJ is a nearest neighbor term motivated by the ability to solve the physics using the
meron-cluster algorithm, where

H〈i, j〉α =−(c†
iαc jα + c†

jαciα)+2
(

niα −
1
2

)(
n jα −

1
2

)
− 1

2
. (2.2)

The symbol 〈i, j〉 refers to that i and j are assumed to be nearest neighbors. The second term HU is
the usual on-site Hubbard interaction between spin-up and spin-down fermions.
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The symmetries of both terms are manifest in terms of Majorana operators, where we define
two Majorana operators γ1

j and γ2
j for spin-up fermions on each lattice site j through the relations

c j↑ =
1
2
(γ1

j − iγ2
j ), c†

j↑ =
1
2
(γ1

j + iγ2
j ), n j↑ =

1
2
(−iγ1

j γ
2
j +1), for j even,

c j↑ =
1
2
(γ2

j + iγ1
j ), c†

j↑ =
1
2
(γ2

j − iγ1
j ), n j↑ =

1
2
(−iγ1

j γ
2
j +1), for j odd. (2.3)

Similarly we can define two more Majorana operators γ3
j and γ4

j using the spin-down fermions. In
terms of the Majorana operators the Hamiltonian takes the form

H = HJ +HU =−J
4 ∑
〈i, j〉

4

∏
µ=1

(1+ iγµ

i γ
µ

j )−
U
96 ∑

i
εµνρσ γ

µ

i γ
ν
i γ

ρ

i γ
σ
i .

Note that [H,Γµν ] = 0, where Γµν = i∑ j γ
µ

j γν
j satisfy the so(4) algebra. The algebra so(4) is

isomorphic to su(2)s× su(2)c, which corresponds to the spin and charge symmetries respectively
as explained in the next section. There is an additional Z2 transformation P = i∑ j γ1

j γ3
j γ4

j which
corresponds to a spin-charge flip, also as explained in the next section. Since PHJP = HJ and
PHU P =−HU , HJ has O(4) symmetry, while HU only has SO(4) symmetry. In addition, the lattice
model is invariant under Ta, i.e. translation by one lattice site, which is a discrete subgroup of the
full continuum chiral symmetry as discussed below.

3. Connection to the Continuum Gross-Neveu Model

In this section we argue that our lattice model HJ in Eq.(2.1) is related to the continuum Gross-
Neveu model. If we ignore all the interactions and focus on the hopping part of the Hamiltonian
H, at low energies we obtain the free continuum Dirac fermion theory described by,

Hcont
0 = ∑

α=1,2

∫
dx
(
−ψ

†
α,L(x)i

d
dx

ψα,L(x)+ψ
†
α,R(x)i

d
dx

ψα,R(x)
)
. (3.1)

This Hamiltonian is invariant under SU(2)s,L×SU(2)c,L×SU(2)s,R×SU(2)c,R, which we refer to
as the full chiral symmetry. The SU(2)s× SU(2)c symmetry in each chiral sector can be made
manifest by arranging the fermion fields into two 2×2 matrix-valued fields,

ΨL,R(x) =

(
ψ1

L,R(x) ψ
2†
L,R(x)

ψ2
L,R(x) −ψ

1†
L,R(x)

)
, (3.2)

where each column (row) transforms as a spinor under SU(2)s(c) in that sector. We can then rewrite

Hcont
0 =

∫
dx

1
2

tr
(
−Ψ

†
L(x)i

d
dx

ΨL(x) + Ψ
†
R(x)i

d
dx

ΨR(x)
)
, (3.3)

whose chiral SU(2)s×SU(2)c symmetry can be read out immediately: SU(2)s(c) acts as left (right)
multiplication on ΨL(x) or ΨR(x) independently. Note that Hcont

0 is also invariant under the spin-
charge flip symmetries PL,R : ΨL,R(x)→Ψ

†
L,R(x) in each chiral sector.
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Let us now consider the possible interactions which respect the symmetries on the lattice. This
requires us to understand how the symmetries on the lattice are translated into the continuum. The
SO(4) symmetry on the lattice is mapped to the diagnonal part of the full chiral symmetry. The
spin-charge flip is P = PL +PR, while the translation symmetry Ta is the Z2 chiral transformation
ψα

L (x)→ iψα
L (x) and ψα

R (x)→−iψα
R (x) which belongs to SU(2)cL×SU(2)cR.

Near the free fermion (Gaussian) fixed point, quadratic terms are relevant, quartic terms are
marginal and higher terms are irrelevant. We will focus on the first two cases. There are no
quadratic terms respecting these lattice symmetries. As for the quartic terms, it was argued by
Affleck [11] that terms preserving the full chiral symmetry do not change the physics. Thus, per-
turbatively the continuum theory can only contain qaurtic terms that preserve the diagonal SO(4)
as well as Ta. The only two possible terms are Si

LSi
R and Qi

LQi
R, where

Si
L,R(x) =

1
2

tr Ψ
†
L,Rσ

i
ΨL,R = ψ

α†
L,Rσ

i
αβ

ψ
β

L,R, (3.4)

Qi
L,R(x) =

1
2

tr ΨL,Rσ
i
Ψ

†
L,R =

(
ψ1

L,R ψ
2†
L,R

)
σ

i

(
ψ

1†
L,R

ψ2
L,R

)
(3.5)

are spin and charge densities. They rotate as vectors under the left or right SU(2)s and SU(2)c

respectively. Hence our lattice model must be related to the following continuum Hamiltonian

Hcont(λs,λc) =
∫

dx∑
α

(
−ψ

†
α,L(x)i

d
dx

ψα,L(x)+ψ
†
α,R(x)i

d
dx

ψα,R(x)
)
+λsSi

LSi
R +λcQi

LQi
R.

(3.6)

Since HJ is also invariant under the P (spin-charge flip) symmetry, we must have λs = λc =: λ for
HJ . We can then rewrite the interaction as

λ
(
Si

LSi
R +Qi

LQi
R
)
= λ

(
M2 +1

)
, (3.7)

where M = i trΨ†
LΨR = i

(
ψ

†
Lα

ψα
R −ψ

†
Rα

ψα
L

)
preserves the diagonal O(4) symmetry manifestly.

Note that under a chiral field redefinition ψLα → ei π

4 ψLα and ψRα → e−i π

4 ψRα , we have M =

ψ
†
Lα

ψα
R +ψ

†
Rα

ψα
L , which is the usual mass term. Therefore we recognize Hcont(λ ,λ ) as the two

flavor Gross-Neveu model, which has the following β function [8],

dλ

dlog µ
=−λ 2

2π
. (3.8)

When λ > 0, the model is asymptotically free and a mass scale is generated dynamically. As a
result, the Z2 chiral symmetry Ta, which flips the sign of the mass term, is spontaneously broken
and fermions become massive. All this suggests that the model HJ is a lattice regularization of the
Gross-Neveu model and numerical evidence shows we obtain a massive phase.

Since we know that the lattice Hamiltonian HU is odd under the spin-charge flip P, we conclude
that near the Gaussian fixed point the corresponding continuum Hamiltonian take the form

Hcont
U =U ′

∫
dx
(
−Si

LSi
R +Qi

LQi
R
)
. (3.9)

3



P
o
S
(
L
A
T
T
I
C
E
2
0
1
9
)
2
2
2

Quantum Critical Phenomena in an O(4) Fermion Chain Hanqing Liu

Figure 1: Flow diagram in the λs−λc plane.

where U ′ is related to U in some way. Thus by tuning U we are able to explore the physics of
Hcont(λs,λc) away from the symmetric point λs = λc. In perturbation theory the couplings λs,c

satisfy independent β functions [11],

dλs

dlog µ
=−λ 2

s

2π
,

dλc

dlog µ
=−λ 2

c

2π
, (3.10)

and the flow diagram is shown in Fig.1. We also schematically show the line of coupling U in this
space.

4. Quantum Monte Carlo Results

We have studied our model in continuous time formalism by extending the meron-cluster al-
gorithm developed earlier in [12, 13]. Details of the algorithm will be presented in a forthcoming
publication [14]. The configurations we sample contain information about fermion occupation
numbers n jα(t) in space-time. In addition every configuration is described by loop clusters which
provide information about correlations among the fermions. Using this information we study corre-
lation functions of spins Sz

j(t) =
1
2(n j↑−n j↓)(t) at lattice site j and time t. We also study correlation

functions of dimers D j(t) = 1
2(S

z
jS

z
j+1− Sz

j−1Sz
j)(t). In particular we have measured the spin and

dimer susceptibilities χS and χD defined as

χS =
∫

dt ∑
j
(−1) j〈Sz

0(0)S
z
j(t)〉, (4.1)

χD =
∫

dt ∑
j
(−1) j〈D0(0)D j(t)〉. (4.2)

In Fig.2 we plot the lattice size dependence of these susceptibilities at U = 0,0.5,2,4. We find
that when U < Uc ≈ 1.7 (Fig.2a), χS saturates while χD grows as L2 suggesting that we are in
a phase where fluctuations of the spins are massive but there is long range order in the dimer
order parameter D j(t). This is consistent with the broken Z2 chiral symmetry Ta. On the other
hand, when U > Uc (Fig.2b) we find that both susceptibilities increase linearly (plus logarithmic
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corrections) with L. This is consistent with the model being in the WZW conformal phase similar
to the spin-half Heisenberg chain, which is recovered in the U = ∞ limit.

10 100
L

1
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100
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r

U = 0.0 (rD)
U = 0.5 (rD)
U = 0.5 (rS)
U = 0.0 (rS)

(a) χS and χD as a function of L at U <Uc.
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(b) χS and χD as a function of L at U >Uc.

Figure 2: Below Uc, χS saturates while χD diverges as L2; above Uc both susceptibilities grow
linearly with log corrections.
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Figure 3: χS/L and χD/L as a function of U at various L cross at Uc ≈ 1.7.

Based on Fig.1 we see that at the critical point U = Uc, we expect λs = 0 which means the
marginal operator Si

LSi
R vanishes and the low energy theory is described exactly by the SU(2)1

WZW model. The spin operators ~S(x, t) ≈ ~Si(t) and the dimer operator D(x, t) ≈ Di(t) combine
and form a larger SO(4) vector describing the SU(2) WZW field, g(x, t) = D(x, t)+ i~S(x, t) ·~σ [10].
Thus we expect that at U = Uc spin and dimer fields have the same scaling dimension, which is
known to be 1/2 from this bosonic field theory. This implies χS and χD both scale linearly in L.
In Fig.3 we plot χS/L and χD/L as a function of U at various L and they cross at U =Uc. We find
that at Uc ≈ 1.7, χS ∼ L0.9994(18) and χD ∼ L1.0028(72).
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