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1. Introduction

One of the most important goals of hadron physics nowadays is the precise understanding of
three-dimensional hadronic structures. These structures are described by a class of parton distri-
butions that can be interpreted as the density of partons in the infinite momentum frame (IMF).
For example, the collinear parton distribution functions (PDF) were first introduced to describe the
number density of partons in the longitudinal momentum space, which also include spin-dependent
structures such as helicity and transversity. In addition to the collinear PDFs, genearlized parton
distributions (GPDs) give the color charge density distribution in the transverse position space,
and transverse momentum dependent (TMD) PDFs measure the transverse momentum of partons.
Moreover, all the above distributions can be projected from a phase-space Wigner distribution or
generalized TMD (GTMD), which also contains more abundant structures such as the parton orbital
angular momentum distributions in the hadron.

On the experimental side, the global analysis of deep inelastic scattering (DIS) and hadron-
hadron collision data in the past few decades have led to remarkable quantification of the collinear
PDFs, such as the unpolarized and helicity valence quark PDFs. Nevertheless, other distributions
such as spin-dependent gluon and sea quark PDFs, as well as the GPDs and TMDPDFs, still have
quite significant uncertainties due to the limitation of currently available experiments. The planned
Electron-Ion Colliders in the US [1], China [2] and Europe [3], with unprecedented luminosity,
polarization and kinematic coverage, are aimed at completing the missing pieces on this jigsaw
puzzle.

On the theoretical side, it would be highly desirable if first principle methods such as lat-
tice QCD can provide an independent determination of these parton distributions. Comparing to
the cost and complexity of building more powerful and versatile colliders, the lattice calculation
of hadronic structures requires tremendous supercomupting resources which are attainable in the
forseable future. From a more practical angle, lattice QCD can provide the necessary input to con-
strain the models used in the global fitting of the longitudinal and transverse parton distributions,
thus improving the experimental extraction of these observables. For example, a recent global fit of
the transversity quark PDF δq(x) which was combined with the lattice result of the tensor charge
δq =

∫
dx δq(x) has seen significant reduction of uncertainties [4].

Neverthless, it is extremely difficult to directly calculate light-cone correlations on a Euclidean
lattice due to their explicit time dependence. A few years ago, Ji proposed the large-momentum
effective theory (LaMET) [5, 6] to directly extract the x-dependence of the PDFs on the lattice,
which has seen remarkable progress in its application to lattice calculations. The exploratory study
of this method was first carried out for the isovector quark PDFs in the proton [7, 8, 9], which
has been systematically improved over the past years and obtained promising results for a precise
determination of PDFs from lattice QCD [10, 11, 12, 13, 14]. Meanwhile, the extension of LaMET
to the lattice calculations of gluon and singlet quark PDFs, as well as GPDs, are also being ex-
plored on the lattice [15, 16]. More recently, efforts are being made to generalize this method to
the TMDPDFs [17, 18, 19, 20, 21, 22, 23], which has been used to calculate the nonperturbative
Collins-Soper evolution kernel on the lattice [19, 24, 25].

In this work, we review the formalism of LaMET in Sec. 2, and show how this approach can
be used to calculate all PDFs on the lattice in Sec. 3. Finally, we will discuss the extension of
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the LaMET method to the transverse hadronic structures, i.e., GPDs and TMDPDFs, in Sec. 4. In
particular, we will show how the nonperturbative Collins-Soper evolution kernel for the TMDPDFs
can be extracted from lattice QCD, and show some preliminary lattice results for this observable.
We conclude in Sec. 5.

2. Large-Momentum Effective Theory

LaMET is a systematic approach to calculate light-cone parton physics from lattice QCD [5,
6]. The key idea is to approximate a light-cone observable by a highly boosted static quasi ob-
servable that is calculable on the lattice, and then extract the former from the latter through a
factorization formula that can be quantified in perturbative QCD [26, 27, 28].

Take the calculation of quark PDF as example. The light-cone quark PDF is defined as

q(x,µ)≡
∫ dξ−

4π
e−ixP+ξ−〈P|ψ̄(ξ−)γ+U(ξ−,0)ψ(0)|P〉, (2.1)

where x is the momentum fraction, the nucleon momentum Pµ = (P0,0,0,Pz), ξ± = (t± z)/
√

2
are the light-cone coordinates, and the Wilson line is

U(ξ−,0) = Pexp
(
−ig

∫
ξ−

0
dη
−A+(η−)

)
. (2.2)

µ is the renormalization scale as the PDF is usually defined in the MS scheme. In light-cone
quantization with A+ = 0, the MS definition has an interpretation as a parton number density in the
longitudinal momentum space.

Due to the explicit time dependence in the light-cone coordinate ξ−, the quark PDF cannot
be directly obtained from the lattice. According to LaMET, one can approximate it by the “quasi-
PDF” which is defined from an equal-time correlator in the hadron state,

q̃(x,Pz,µ)≡
∫

∞

−∞

dz
4π

eixPzz〈P|ψ̄(z)ΓU(z,0)ψ(0)|P〉 ,

where Γ = γz or γ t , zµ = zẑµ , ẑµ = (0,0,0,1), and the Wilson line is

U(z,0) = Pexp
(
−ig

∫ z

0
dz′Az(z′)

)
. (2.3)

Since the light-cone PDF is defined to be boost invariant along the longitudinal direction, it
does not depend on the external momentum of the hadron. The momentum fraction x of the partons
in the PDF is confined to [−1,1], with negative x correpsonding to the antiquarks. This is because
the light-cone coordinate correpsonds to the IMF where quarks or gluons moving in the backward
direction are suppressed. In contrast, the quasi-PDF defined from the equal-time correlator is not
boost invariant, and depends dynamically on the hadron momentum Pz. Moreover, the quasi-PDF
has support x ∈ (−∞,∞), because in the finite momentum frame the quarks and gluons can escape
the hadron and move in backward directions.

By calculating the quasi-PDF in a large-momentum hadron state, it is equivalent to boosting
the equal-time correlator towards the light-cone. Therefore, one might naively think that the light-
cone PDF can be obtained by taking the IMF limit by extrapolating to Pz → ∞. Unfortunately,
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due to noncommutativity between the Pz → ∞ and ultra-violet (UV) regularization in quantum
field theory, the IMF of the quasi-PDF cannot be directly taken, which is similar to the situation
of heavy quark effective theory (HQET) where the heavy quark mass MQ → ∞ limit cannot be
exchanged with the UV regularization.

Nevertheless, we can perform a large Pz expansion near infinity instead, just like that in HQET.
This expansion is guaranteed by the factorization formula [26, 27, 28],

q̃(x,Pz,µ) =
∫ 1

−1

dy
|y|

C
(x

y
,

µ

|y|Pz

)
q(y,µ)+O

(M2

P2
z
,
Λ2

QCD

x2P2
z

)
, (2.4)

where the leading power contribution can be factorized into the convolution of a matching coeffi-
cient C and the light-cone PDF. The power corrections originate from the target-mass and higher-
twist effects, which are suppresed by the large hadron momentum, except that the higher-twist
correction is suppressed by the large parton momentum xPz.

Based on the factorization formula in Eq. (2.4), one can establish a systematic procedure to
calculate the PDF from lattice QCD:

1) Lattice simulation of the bare quasi-PDF. This requires a lattice calculation of the equal-
time correlator at large hadron momentum. With currently available lattice ensembles, one can
perform lattice calculation with Pz = 2 ∼ 3MN for the proton and Pz = 3 ∼ 5Mπ for the pion [11,
13, 14, 29, 30].

2) Renormalization of the quasi-PDF on the lattice. To make sure that after matching correc-
tions the final result has a controllable continuum limit, it is necessary to perform a nonperturba-
tive renormalization of the quasi-PDF on the lattice, so that the matching is between renormalized
quantities. To ensure a well defined renormalization procedure on the lattice, a multiplicative renor-
malizability is required for the quasi-PDF, which has been proven in coordinate space [31, 32, 33].
As a result, a nonperturbative renormalization of the quasi-PDF can be performed in the coor-
dinate space. In recent years, several renormalization schemes have been proposed. One way
is to determine the mass correction δm nonperturbatively from the static quark-antiquark poten-
tial [34, 35, 36], and then use lattice perturbation theory to match to the MS scheme in the con-
tinuum [35, 26]. However, it is still not clear how to match δm from the nonperturbative lattice
scheme to MS. Another way that has been popularly implemented is the regualrization independent
momentum subtraction (RI/MOM) scheme [37, 38, 39, 40], which can be umambiguously matched
to the MS scheme [37, 38], except that at large |z| the perturbation theory may need to be revis-
ited. It has also been propsed to renormalize the equal-time correlator by its matrix element at zero
hadron momentum, which is referred to as the “reduced pseudo Ioffe-time disribution” [41, 42].
This method has the advantage of being renormalization group invariant and has less systematic
uncertainties due to the correlated errors. Nevertheless, at large |z|, the nonperturbative higher-
twist corrections in the renormalization factor also make the matching unreliable. After all, novel
approaches to renormalize the quasi-PDF is still favored to reduce the systematic corrections from
this procedure.

3) Power corrections. There are two types of power corrections. One is the familiar target mass
corrections [43] in the twist-two contributions of the quasi-PDF, and has been derived to all orders
for the quark case in Ref. [8]. The other is the genuine higher-twist corrections, whose explicit form
at twist-four has been derived in Ref. [8], but still needs to be calculated nonperturbatively from
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lattice QCD. For current calculations, one can perform all the other power and matching corrections
first, and then extrapolate to the Pz→ ∞ limit, assuming that logarithmic Pz dependence has been
sufficiently canceled by the matching coefficient.

4) Perturbative matching. As a key part of the LaMET approach, the perutrbative matching is
necessary for us to obtain the final light-cone PDF. The matching coefficients have been derived at
one-loop order in the transverse momentum cutoff regularization [26], MS scheme [44, 28], and
the RI/MOM scheme [38, 45, 14] for the unpolarized, helicity and transversity quark quasi-PDFs.
A two-loop matching is necessary to understand the convergence of perturbation series.

3. Gluon and Singlet-quark PDFs from Lattice QCD

Ever since LaMET was proposed, it has been explored on the lattice calculation of non-singlet
quark PDFs [7, 9]. The nonperturbative renormalization was implemented in more recent calcu-
lations [39, 40], and reached remarkable agreement with the global fits for the unpolarized and
helicity cases [12, 11, 13] at physical pion mass. Notably, for the transversity case, the lattice re-
sults have smaller uncertainties than experimental fits [10, 14], which can be of great phenomeno-
logical significance in the near future. Meanwhile, lattice calculations of the pion distribution
amplitude [36, 46] and PDF [29, 30] have also been made.

A natural extension of LaMET is from the flavor non-singlet case to the singlet case. Since
the singlet quark PDF mixes with the gluon PDF, it would also require the calculation of the latter
at the same time.

The gluon quasi-PDF can be defined in the following way,

g̃(x,Pz)≡ N
∫ dz

2πxPz eixPzz〈P|Õg(z)|P〉= N
∫ dz

2πxPz eixPzz〈P|PµνFn1µ(z)W (z,0)Fn2ν(0)|P〉 ,

(3.1)

where W (z,0) is a Wilson line in the adjoint representation, Fnµ = nρFρµ and nµ

1 , nµ

2 are either ẑµ

or v̂µ = (1,0,0,0). The projector P

Pµν = gµν or gµν − v̂µ v̂ν/v̂2− ẑµ ẑν/ẑ2 . (3.2)

The normalization factor N = (Pz/Pt)δn1v+δn2v.
It has also been proven that the gluon Wilson line operators can be multiplicatively renormal-

ized in coordinate space [47, 48], up to mixings with equation-of-motion operators that contribute
to a contact term [47]. Moreover, using operator product expansion, the factorization formula for
the gluon and quark-singlet PDF has also been rigorously derived [49]:

q̃i(x,Pz,µ)=
∫ 1

−1

dy
|y|

[
∑

j
Cqiq j

(
x
y
,

µ

|y|Pz

)
q j(y,µ)+Cqg

(
x
y
,

µ

|y|Pz

)
g(y,µ)

]
+O

(
M2

P2
z
,
Λ2

QCD

x2P2
z

)
,

g̃(x,Pz,µ)=
∫ 1

−1

dy
|y|

[
∑

j
Cgq

(
x
y
,

µ

|y|Pz

)
q j(y,µ)+Cgg

(
x
y
,

µ

|y|Pz

)
g(y,µ)

]
+O

(
M2

P2
z
,
Λ2

QCD

x2P2
z

)
,

(3.3)
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where i, j runs over both quark and anti-quark flavors. The matching coefficients have been derived
at one-loop order in the transverse momentum cutoff, MS and RI/MOM schemes [50, 51, 49].

An exploratory study focusing on the calculation of gluon quasi-PDF has been made [15],
which has not included the lattice renormalization. The implementation of the RI/MOM for the
gluon quasi-PDF, however, should be studied for its systematic uncertanties.

4. Transverse Hadron Structures from Lattice QCD

The three-dimensional hadron structures can be described by the generalized parton distri-
butions (GPDs) and transverse momentum dependent (TMD) PDFs. The former gives the color
charge densities in the tranverse coordinate space in the IMF, whereas the latter is the density dis-
tribution in the transverse momentum space. Both can be derived from a phase space Wigner or
GTMD, which contains more abundant structures such as the spin-orbtial correlation of the partons.

The principles of LaMET can be applied to these observables, which have also seen rapid
progress in recent years.

GPDs. The GPDs are collinear distributions defined from the off-forward matrix elements of
hadrons. For the non-singlet quark case, the GPD is defined from the light-cone correlator,

F(x,ξ , t) =
∫ dz−

4π
e−ixz−P̄+〈P2|ψ̄

( z
2
)
γ
+U
( z

2
,− z

2
)
ψ
(
− z

2
)
|P1〉 , (4.1)

where

P̄ =
P1 +P2

2
, ∆ = P2−P1, P2

1 = P2
2 = M2, t = ∆

2 , (4.2)

and the skewness parameter is

ξ ≡− ∆+

2P̄+
. (4.3)

At zero skewness ξ = 0, the GPD can be interpreted as number density of partons in the Fourier
conjugate space of ∆ [52, 53].

Similarly, the quasi-GPD can be defined from the equal-time correlator as

F̃(x, ξ̃ , t) =
∫ dz

4π
exzP̄z〈P2|ψ̄

( z
2
)
ΓU
( z

2
,− z

2
)
ψ
(
− z

2
)
|P1〉 , (4.4)

where Γ = γz or γ t , and the quasi skewness

ξ̃ ≡− ∆z

2P̄z = ξ +O
(M2

P2
z

)
. (4.5)

The factorization formula for the quasi-GPD has also been proved using operator production
expansion [54], which take the following two equivalent forms:

F̃(x,ξ , t,Pz,µ) =
∫ 1

−1

dy
|ξ |

C̄
(

x
ξ
,

y
ξ
,

µ

ξ Pz

)
F(y,ξ , t,µ)+O

(
M2

P2
z
,

t
P2

z
,
Λ2

QCD

x2P2
z

)
, (4.6)

=
∫ 1

−1

dy
|y|

C
(

x
y
,
ξ

y
,

µ

yPz

)
F(y,ξ , t,µ)+O

(
M2

P2
z
,

t
P2

z
,
Λ2

QCD

x2P2
z

)
, (4.7)
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where the two matching coefficients in Eqs. (4.6) and (4.7) are related to each other by

C
(

x
y
,
ξ

y
,

µ

yPz

)
=

∣∣∣∣ y
ξ

∣∣∣∣C̄( x
ξ
,

y
ξ
,

µ

ξ Pz

)
. (4.8)

Since the quasi-GPDs are defined from the same Wilson line operators as the quasi-PDFs, their
renormalization can be done in exactly the same way, except that the matching coefficient needs to
be recalculated for the bare matrix element. The one-loop matching coeffcients have been derived
in Ref. [54]. An exploratory calculation of the pion non-singlet quark GPD has been performed
using the RI/MOM renormalization [16].

TMDs TMDPDFs (and TMD fragmentation functions) can be measured in semi-inclusive deep
inelastic scattering, Drell-Yan like processes and dihadron production of electron-positron annihi-
lation. Take the Drell-Yan process as example, for the production of a color-singlet final state par-
tile(s) with center of mass enery Q, if one measures the transverse momentum qT , the differential
cross section satisfies a factorization theorem when qT �Q [55, 56, 57, 58, 59, 60, 61, 62, 63, 64],

dσ

dQdY d2qT
=∑

i j
Hi j(Q,µ)

∫
d2bT ei~bT ·~qT Bi(xa,~bT ,µ,

ζa

ν2 )B j(xb,~bT ,µ,
ζb

ν2 )

×Si j(bT ,µ,ν)
[
1+O

( q2
T

Q2 ,
Λ2

QCD

Q2

)]
, (4.9)

where H is a hard function calculable in perturbation theory, Bi, j are the collinear beam functions
describing the initial state partons, whereas Si, j is a soft function that captures the radiation of soft
gluons in the entire phase space. i, j are flavor indices. Due to the overlap of the soft and collinear
degrees of freedom, both the beam and soft functions suffer from the so-called rapidity divergence
(or light-cone divergence) that occurs when one tries to separate them, which needs an additional
regulator 1. After renormalization, both the beam and soft functions depend on the renormalization
scale µ and rapidity scale ν . ζa and ζb are called the Collins-Soper scales and are related to the
energy of the incoming partons, ζaζb = Q4.

Due to rapidity regularization scheme dependence, it is usually more convenient to absorb the
soft function into the beam function and define the so-called physical TMDPDFs that are universal
in TMD processes,

f TMD
i (x,~bT ,µ,ζ ) = Bi

(
x,~bT ,µ,

ζ

ν2

)√
Si(bT ,µ,ν) , (4.10)

so that the TMD factorization formula can be expressed in a more intuitive form

f TMD
i (x,~bT ,µ,ζ ) =∑

i, j
Hi j(Q,µ)

∫
d2bT ei~bT ·~qT

× f TMD
i (xa,~bT ,µ,ζa) f TMD

j (xb,~bT ,µ,ζb)
[
1+O

( q2
T

Q2 ,
Λ2

QCD

Q2

)]
. (4.11)

When bT � Λ
−1
QCD, the soft function is perturbative, while the beam function can be matched

onto the collinear PDFs with logarithms of (bT µ). Instead, when bT ∼ Λ
−1
QCD, both the beam and

1For a review of different rapidity regularization schemes, see Ref. [20].
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soft functions are intrinsically nonperturbative and can only be determined through global fitting
or first principle calculations.

To fit the TMDPDFs using Eq. (4.11), we must know how to evolve the TMDPDFs to differ-
ent renormalization and Collins-Soper scales, which are described by two independent evolution
equations,

µ
d ln f TMD

i

dµ
=γ

i
µ(µ,ζ ) ,

1
2

ζ
d ln f TMD

i

dζ
=γ

i
ζ
(µ,bT ) , (4.12)

where the anomalous dimension γ i
ζ
(µ,bT ) is also called the Collins-Soper kernel. The two anoma-

lous dimensions are related by the cusp anomalous dimension,

dγ i
ζ
(µ,bT )

d ln µ
= 2

dγ i
µ(µ,ζ )

d lnζ
=−2Γ

i
cusp[αs(µ)] , (4.13)

which guarantees the analyticity of the TMDPDF in the µ − ζ plane and allows us to uniquely
evolve the TMDPDFs from initial scales µ0, ζ0 to arbitary scales,

f TMD
i (x,~bT ,µ,ζ ) = f TMD

i (x,~bT ,µ0,ζ0)

× exp
[∫

µ

µ0

dµ ′

µ ′
γ

i
µ(µ

′,ζ0)

]
exp
[

1
2

γ
i
ζ
(µ,bT ) ln

ζ

ζ0

]
. (4.14)

Apparently, when bT ∼Λ
−1
QCD, the Collins-Soper kernel is nonperturbative, which poses extra chal-

lenge for the global fit of the TMDPDFs.
To approximate the physical TMDPDF according to LaMET, we start by constructing the quasi

beam function B̃q and soft factor S̃q(bT ,a,L) on the lattice [18, 19, 20], i.e.,

f̃ TMD
q (x,~bT ,µ,Pz) = lim

L→∞

∫ dbz

2π
eibz(xPz)Z̃′(bz,µ, µ̃)Z̃UV(bz,µ,a)B̃q(bz,~bT ,a,L,Pz)/

√
S̃q(bT ,a,L) ,

(4.15)

where L is the size of the staple, which is limited by the finite volume of the lattice. Z̃UV(bz,µ,a)
renormalizes the overall UV divergences on the lattice, and Z̃′(bz,µ, µ̃) converts the renormalized
quasi TMDPDF into the MS scheme. µ̃ are scales introduced in lattice renormalization, and their
dependence are canceled by the conversion factor. In the end, and infinite L limit must be taken to
obtain the quasi TMDPDF.

The light-cone beam function is defined from the matrix element of a staple-shaped Wilson
line operator

Bq(x,~bT ,ε,τ) =
∫ db−

2π
e−i(xP+)b−〈P|q̄(bµ)W (bµ)

γ+

2
WT (−∞

−;~bT ,~0T )W †(0)q(0)
∣∣∣
τ

|P〉 , (4.16)

where the configuration of the Wilson lines are shown in Fig. 1a. Here τ is the rapidity regulator.
Correpsondingly, the quasi beam function can be constructed with a staple-shaped Wilson line

extending in the z direction, as shown in Fig. 1b,

B̃q(x,~bT ,a,L,Pz) =
∫ dbz

2π
eibz(xPz)〈P|q̄(bµ)Wẑ(bµ ;L−bz)

Γ

2
WT (Lẑ;~bT ,~0T )W

†
ẑ (0)q(0)|P〉 . (4.17)
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b

t
z

q

q

b+

T

(a)

b

t
z

q

q

bz

L

T

(b)

Figure 1: Wilson line configurations for the beam and quasi beam functions.

The quasi beam function is related to the beam function through a Lorentz boost in the z
direction, so one expects that the LaMET matching would work out for them, though in practice
the rapidity regulator could spoil this relation. Nevertheless, one can still hope that after including
the soft factor that cancels scheme dependence of the rapidity regulator, a factorization formula
could still exist for the quasi and physical TMDPDFs.

The soft factor in TMD factorization theorem is defined from the vacuum matrix element of a
Wilson loop that invovles two light-cone directions, as shown in Fig. 2a,

Sq(bT ,ε,τ) =
1

Nc
〈0|Tr

[
S†

n(~bT )Sn̄(~bT )ST (−∞n̄;~bT ,~0T )S
†
n̄(~0T )Sn(~0T )S

†
T (−∞n;~bT ,~0T )

]∣∣∣
τ

|0〉 ,

(4.18)

where Nc = 3, and n and n̄ are the collinear and anti-collinear light-cone directions.
A naive construction of the quasi soft factor would be a Wilson loop defined in the equal-time

plane, as shown in Fig. 2b,

S̃q(bT ,a,L) =
1

Nc
〈0|Tr

[
S†

ẑ (
~bT ;L)S−ẑ(~bT ;L)ST (Lẑ;~bT ,~0T )S

†
−ẑ(

~0T ;L)Sn(~0T ;L)S†
T (−Lẑ;~bT ,~0T )

]
|0〉 .

(4.19)

As one can see, the naive quasi soft factor cannot be boosted to the light-cone soft factor.
Actually, all the other constructions of quasi soft factor from equal-time Wilson lines cannot be
boosted to the configuration in Fig. 2a. This suggests that a perturbative matching relation between
the quasi and physical TMDPDFs cannot be established like the quasi-PDF case.

Nevertheless, since the boost argument in LaMET only fails for the soft sector which does not
depend on the external hadron state, it indicates that the mismatch between the physical and quasi
TMDPDFs only depends, if nonperturbatively, on bT . Therefore, it was argued in Ref. [20] that
they satisfy the following relation (for the non-singlet case),

f̃ TMD
ns (x,~bT ,µ,Pz) =CTMD

ns
(
µ,xPz)gS

q(bT ,µ) exp
[

1
2

γ
q
ζ
(µ,bT ) ln

(2xPz)2

ζ

]
× f TMD

ns (x,~bT ,µ,ζ )+O

(
bT

L
,

1
bT Pz ,

1
PzL

)
. (4.20)
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t
z

(a)

b⊥

t
z

L

(b)

Figure 2: Wilson line configurations for the soft and quasi soft functions.

Here the exponential is required to cancel the ζ dependence in the physical TMDPDF, and gS
q(bT ,µ)

can be a nonperturbative function due to the failure of the boost argument for the soft sector. The
perturbative matching coefficient CTMD

ns
(
µ,xPz

)
can be calculated by identifying gS

q(bT ,µ) at each
loop order.

Very recently, it is proposed that the soft factor in TMD factorization theorem can be calculated
using HQET on the lattice or extracted from the form factor of a current-current correlator [22,
23]. Instead of starting from Wilson line operators, these methods utilize the Wilson-line-heavy-
quark equivalence or large momentum factorization of the lattice matrix element to obtain the soft
factor regulated by off-lightcone Wilson lines [65]. This proposal would guarantee a perturbative
matching between the quasi and physical TMDPDFs, and has the potential to predict the Drell-Yan
cross section from the lattice [23].

Irregardless of the calculation of the soft sector, it was soon pointed out that the quasi-TMDPDF
can be used to form ratios at different nucleon momenta to extract the nonperturbative Collins-
Soper kernel [19]. The master formula is

γ
q
ζ
(µ,bT ) =

1
ln(Pz

1/Pz
2)

ln
CTMD

ns (µ,xPz
2) f̃ TMD

ns (x,~bT ,µ,Pz
1)

CTMD
ns (µ,xPz

1) f̃ TMD
ns (x,~bT ,µ,Pz

2)

= =
1

ln(Pz
1/Pz

2)
ln

CTMD
ns (µ,xPz

2)
∫

dbz eibzxPz
1 Z̃′(bz,µ, µ̃)Z̃UV(bz, µ̃,a)B̃ns(bz,~bT ,a,L,Pz

1)

CTMD
ns (µ,xPz

2)
∫

dbz eibzxPz
2 Z̃′(bz,µ, µ̃)Z̃UV(bz, µ̃,a)B̃ns(bz,~bT ,a,L,Pz

2)
.

(4.21)

Since the nonperturbative function gS
q(bT ,µ) and the quasi soft factor S̃q(bT ,a,L) do not de-

pend on bz or Pz, they cancel out in the ratio of the quasi-TMDPDFs, and we are only left to
calculate the quasi beam function and renormalize it nonperturbatively on the lattice. The final re-
sult should be independent of the choice of x and Pz, which indicates that there must be a stablized
region which we can exploit to constrain the corresponding systematics. Finally, since the Collins-
Soper kernel is a property associated with the operator itself, it does not depend on the external
hadron state, and one can perform a calculation with the simplest hadron on the lattice, i.e. pions,
even with a heavy valence pion mass. The idea of forming such ratios to access information of the
x-moments of TMDPDFs has already been implemented in Refs. [66, 34, 67, 68, 69, 70].
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An exploratory calculation of the Collins-Soper kernel using the above method is already
underway. As an important step, the nonperturbative renormalization of staple-shaped Wilson line
operators on the lattice has been studied using the RI/MOM scheme [24], and the conversion factors
that convert the RI/MOM quasi beam function to the MS scheme has also been calculated at one-
loop order for bz = 0 [71] and bz 6= 0 [21] cases. On a fine quenched lattice with a = 0.06 fm and
heavy pion mass Mπ = 1.2 GeV, the Collins-Soper kernel has been extracted from the quasi beam
functions at Pz = 1.2 and 1.9 GeV [25], as shown in Fig. 3.

In Fig. 3, the lattice results are compared to the Collins-Soper kernel from perturbation theory
predicitons with effective quark flavor number equal to zero. As one can see, the solid and dashed
curves become singular at bT ∼ 0.25 fm due to the Landau pole in the perturbation theory, which
indicates that the latter is no longer reliable. In the small bT region where perturbation theory is re-
liable, the exploratory lattice results still differ from the expected curve qualitatively. Nevertheless,
since there are also signifcant systematics in this region such as power corrections, this comparison
can be improved in the future with larger hadron momentum and lattice volume. Moreover, the
fact that these lattice results are of the same order magnitude as the perturabtive predictions gives
promising sign that this method can provide robust predictions in the future.

� � � � � � �
�

�

� �

�

�

� � � � � � �
�

�

� �

�

�
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�

�
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�

0.0 0.2 0.4 0.6 0.8
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-0.4

-0.2

0.0

0.2

0.4

0.6

Figure 3: Collins-Soper kernel from an exploratory calculation. Blue error bars present statistical
uncertainties and systematics from lattice renormalization; green error bars estimate the power
corrections given by 1/(PzbT ); orange error bar estimates the uncertainty in the choice of x values
for the final results.

5. Summary

We have discussed the principles of LaMET, which allows for a lattice calculation of parton
physics by utilizing the Lorentz boost picture of the parton model. For the lattice calculation of
collinear PDFs, a systematic procedure has already been set up and applied to the calculation of
isovector quark PDFs, and tremendous improvement has been made over the past years. The ex-
tension of this approach to the calculation of gluon and singlet quark PDFs, as well as the PGDs,
is also straightforward, and the factorization formulas with one-loop perturbative mathcing coeffi-
cients have already been understood, and the relevant lattice calculations have just started.
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Finally, much progress has been made towards the lattice calculation of TMDPDFs with
LaMET. The construction of the quasi beam and soft functions have been studied in perturba-
tion theory, and there have been proposals to completely determine the soft factor from the lattice.
An immediate application of the current findings is the lattice calculation of the nonperturbative
Collins-Soper kernel, which is an important input for the global fitting of TMDPDFs from exper-
iments. Preliminary lattice results have shown encouraging signs that lattice QCD can achieve a
robust prediction of the Collins-Soper kernel in the future. With TMDPDFs and GPDs being cal-
culable in the future, one can expect that the Wigner distributions are also within reach of LaMET,
which would help us fully undrstand other issues such as the parton orbital angular momentum and
spin-orbit correlations, etc.

LaMET has opened a window for us to study the 3D hadron structures from lattice QCD.
With the improvement in computational power and systematic corrections, lattice QCD will be
capable of providing significant inputs for the experimental programs such as Jefferson Lab 12
GeV Upgrade and the EIC in the next decade.
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