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Figure 1: Meson masses and decay constants  Figure 2: Scaling with the number of colours
from [1] at a fixed value of the lattice spacing  of the low energy constants of the chiral La-
a\/o =0.2093. grangian F and Ly [5].

1. Introduction

Many years have past since 't Hooft pointed out that QCD becomes simpler in the limit of
large number of colours, yet we are still very far from solving the theory in this limit. Much like
in the real world, non-perturbative quantities in large N QCD can only be computed ab initio by
numerical lattice simulations. It is in this respect that the large N limit seems to offer no particular
simplification. The lattice approach is very demanding for large N; in addition to the usual infinite
volume and continuum extrapolations, a quite costly extrapolation in NV is required. As a matter
of fact, large N lattice standards are far from those in QCD. The most comprehensive, up-to-date
study of the meson spectrum is summarized in fig. 1 [1]. The results are extracted from quenched
simulations with N =2 to 17, at one value of the lattice spacing, a\/o = 0.2093. However, a
detailed analysis in SU(7) shows significant lattice artefacts at this value of a [2]. In addition, the
effect of quenching can also be important, affecting subleading in N corrections that are currently
being studied [3,4] — fig. 2 illustrates for instance the scaling with N of some low energy constants
of the chiral Lagrangian with four active flavours, presented by F. Romero-Loépez at this conference
[5]. All in all, large N lattice simulations are costly and restricted to rather limited values of N.
Although the dependence in the number of colours seems to be mild, it is convenient to have an
approach that allows a more constrained large N extrapolation.

In this regard, it was pointed out long ago by Eguchi and Kawai that large N comes with a
remarkable property: under certain conditions, to be discussed later on, volume effects disappear
in the large N limit [6]. From the practical point of view, this is a huge simplification; reliable
large N results can be obtained even on a reduced one-point lattice. Although the original proposal
put forward by Eguchi and Kawai and some of its variants have been shown not to work [7-11],
the idea has been revived in the past few years. In this contribution, after reviewing some of
the working prescriptions, I will illustrate with several examples the efficiency of this approach
for directly exploring very large values of N (up to N = 841 for computing the SU(N) string
tension [12]). From the theoretical point of view, the idea is also very powerful; one of the few
exact results in gauge theories with direct links to non-commutative gauge theory, supersymmetry
and string theory, some of which will be highlighted later on. Since the focus of the presentation
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will be on this topic, I will not review other work in the standard lattice approach to the large N
limit. To keep up with the progress in the field, the reader is addressed to the contributions to these
proceedings [5, 13—20], several recent works [3,4,21-23] and the reviews [24,25].

2. Eguchi-Kawai reduction

As already mentioned, the essence of the proposal by Eguchi and Kawai is the observation that
finite volume effects are absent in the planar large N limit. This statement is exact on the lattice
provided center symmetry and translational invariance are preserved. The proof is non-perturbative
and relies on the equivalence of the Schwinger Dyson equations of Wilson loop expectation values
on infinite and finite lattices [6]. The equivalence, known as EK reduction, can be taken to the
extreme, reducing the lattice SU (o) Yang-Mills theory to a matrix model defined on a single site.

Center symmetry is the crucial point for the validity of reduction, since in several instances
it is spontaneously broken. In fact, it is broken on a 4-dimensional lattice with periodic boundary
conditions for the gauge fields, as in the original Eguchi-Kawai proposal [7]. At weak coupling, it
is simple to argue why this should be the case. Consider for instance a finite-temperature set-up in
which only one direction is reduced by compactifying it on a small circle. It is well know that center
symmetry is spontaneously broken at high temperature in pure Yang-Mills theory. The breaking
is manifest at weak coupling in the fact that the one-loop effective potential for the Polyakov loop
(P) is minimized when P € ZyI. The same happens when all 4 directions are compactified with
periodic boundary conditions, the Z3, symmetry is broken at infinite N by quantum fluctuations [7].

The thermal analogy brings about one of the ideas to salvage volume reduction; it goes under
the name of continuum reduction [26,27] and enforces center symmetry by working on lattices with
L sites satisfying La > 1/T,, with T, the critical temperature for deconfinement. Under that condi-
tion, volume effects disappear in the large N limit. Nevertheless, full reduction can be attained in
other approaches that include the use of twisted boundary conditions (TBC) [28-30], the addition
of adjoint fermions (QCD(AdJj)) [31], or the use of trace deformed gauge actions [32]. Along this
review, I will focus on discussing TBC and QCD(Adj) but, before doing that, I will present two
examples of the other two alternatives at work.

One of the recent working examples of continuum reduction has been presented in ref. [33]. It
provides a computation of the bilinear condensate in 3-dimensional SU (N) gauge theory coupled to
2Ny flavours of massless quarks, for values of N ranging from 7 to 47 on rather small lattices L = 4,
5, and 6. For an example, fig. 3 displays the lowest lying eigenvalues of the overlap Dirac operator,
exhibiting no appreciable lattice size dependence and a good comparison with the predictions of
a Hermitian non-chiral random matrix model (RMM). The value of the condensate at N = oo is
estimated to be /A% = 0.0042 4+ 0.0004.

Likewise, M. Cardinali has presented at this conference a study of the 8 dependence in trace
deformed SU (3) Yang-Mills theory on R? x S' [34,35]. In brief, trace deformations result from the
addition to the Yang-Mills action of terms of the form

Stp=h / x| TrP(X)|?, 2.1)

with P the Polyakov loop along the compact cycle (including also traces of higher powers of P
when dealing with larger number of colours). This term may be seen as a Lagrange multiplier,
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Figure 3: The distribution at b = 0.75 of the  Figure 4: The topological susceptibility and
lowest eigenvalues of the overlap Dirac oper-  the expectation value of the Polyakov loop as
ator is compared with the prediction from the  a function of the strength of the trace defor-
non-chiral RMM (L is the lattice size) [33]. mation parameter /4 in eq. (2.1) [34].

enforcing a traceless Polyakov loop even for small compactification radius. The authors of [34]
have analyzed the dependence of the topological susceptibility and the Polyakov loop expectation
value on the strength of the trace deformation 4 — presented in fig. 4 for an 8 x 323 lattice at f = 6.4,
which for 42 = 0 lies in the deconfinement phase. Unquestionably, as the parameter / is switched on,
both quantities approach the zero-temperature values. Furthermore, a study in SU(4) has shown
that the 8-dependence of the deformed theory coincides with that at zero temperature whenever
there is full center symmetry restoration [35, 36].

2.1 Eguchi-Kawai reduction at weak coupling

Under the use of twisted boundary conditions [28,29] or in adjoint QCD [31], the prerequisite
that Polyakov loops on the reduced lattice are traceless at weak coupling is satisfied. In the case
of R? x S, the addition of N '+ massless adjoint fermions with periodic boundary conditions in the
thermal circle changes the form of the effective potential for the Polyakov loop to [31,37]

Vet = (2N — 1)% Y i4 e (P")]* . 2.2)
et =n

Therefore, if the number of flavours is larger that 1/2 the potential is minimized for Tr(P") =
0. Likewise, the same holds for the QCD(Adj) effective potential on R x T, computed in [38]
following the techniques put forward in [39,40].

Comparatively, the starting point with TBC is much simpler. To be specific, let us discuss
the case of a SU(N) pure gauge theory defined on a torus 7¢ with period / and twisted boundary
conditions given by [41,42]: A, (x+1V) =TVA, (x)I}, with Ty a set of d constant SU (N) matrices

subject to the condition:
27k

where the antisymmetric tensor €,y = 1 if u < v, and N=N¥4cZ Ifkand N are coprime
integers, all Polyakov loops with winding number in each direction less than NV are traceless on flat
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Figure 5: Schematic representation of the relevant scaling variable for volume independence x =
Mg, where Lo = NI and M represents a relevant mass scale, i.e. Aqgcp for 4-dimensional SU (N)
Yang-Mills theory. Weak coupling holds at x << 1 and the strong coupling regime sets in at large x.

connections. As a result, a Z;‘é subgroup of the center symmetry, sufficient to guarantee reduction
in the large N limit, is preserved at weak coupling. Still, one would have to show that the remnant
center symmetry is maintained non-perturbatively'. As a matter of fact, this can be achieved if the
flux k is appropriately scaled with N in a way to be further discussed below [30].

Perturbation theory also reveals how the spatial and colour degrees of freedom are intertwined
in these two set-ups; momentum quantization is in terms of an enlarged effective size: Iz = N1 2.
Notably, the absence of finite volume effects at large N implies that large volume dynamics is akin
to large I, regardless of the concrete value of /. Furthermore, it leads to conjecture that, even
at finite N, the relevant scaling variable controlling the dynamics is s, or else the dimensionless
variable x = Mg, with M a characteristic mass scale of the theory. It this assumption holds, weak
coupling occurs at x << 1 and the thermodynamic, strongly coupled, regime sets in for large x, as
schematically illustrated in fig. 5.

In what follows, I will first review some results derived with the so-called twisted Eguchi-
Kawai (TEK) reduction [28, 29], in which the full 4 dimensional volume is reduced to a one-site
lattice with twisted boundary conditions and l.¢s = av/N, and afterwards T will discuss the use of
volume independence in a few other contexts, not necessarily involving large N in the planar limit.

3. Some large N results obtained from Twisted Eguchi-Kawai reduction

Twisted Eguchi-Kawai reduction on a one-site lattice has been used in the last few years to
study a number of problems in large N gauge theories. Most of the results correspond to the use
of the so-called symmetric twist in 4 dimensions for which the effective size of the torus in all
four directions scales as: I = aN = av/N. With this in mind, the large . limit is attained by
sending N to infinity at fixed lattice spacing a; this notably leads to the cancellation of non-planar
diagrams as advocated for "t Hooft’s large N limit [29]. From a practical point of view, one works
at finite NV, with finite N corrections playing the role of finite volume effects on a N* lattice. As
an example of the potential of this approach, fig. 6 displays the inverse of the square root of the
string tension in the continuum limit, in units of Ay, as a function of 1 /N2 [12]. The red points
correspond to standard lattice simulations with N = 3,5,6,7 compared with the result on a one-site
lattice with N = 841. Markedly, the result on the reduced TEK lattice matches perfectly well the
large N extrapolation extracted from the standard results.

'Numerical simulations have shown that center symmetry is broken for the original choice of twist with k = 1 [9—11].
2N = N for QCD(Adj) on R3 x 1.
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Figure 6: Dependence on N of the SU(N)  Figure 7: Linear dependence of the PCAC

string tension in the continuum limit [12]. mass on 1/(2k) for TEK with N = 289 [44].
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Figure 8: Meson masses in the chiral limit as  Table 1: Determination of the large N meson
a function of the lattice spacing, determined = masses in the chiral limit from TEK [44] and
from TEK with N = 289 [44]. standard lattice simulations [1].

Fermions in the fundamental representation can also be introduced in the game. In 't Hooft’s
large N limit they are quenched and meson propagators can be computed on the background of
gauge configurations generated with a pure gauge numerical simulation. Additionally, one has to
deal with the fact that fundamental fermions are not compatible with the twist, and we refer the
reader to ref. [43] to see how to bypass this issue. The basic idea is that fermions leave on an ex-
tended lattice constructed by replicating the background gauge fields. Using this construction, the
large N meson spectrum has been computed on a N3 x [y N lattice, both with Wilson and twisted
mass fermions; some of the results have been presented by A. Gonzdlez-Arroyo at this confer-
ence [44]. As an illustration, we display in fig. 7 the linear dependence of the PCAC mass as a
function of 1/(2x) for N = 289 at three different values of the lattice spacing. The lattice spacing
dependence of the p, ag, a;, and b; meson masses extrapolated to the chiral limit is displayed in
fig. 8, and the results are compared in table 1 with the values obtained through standard lattice sim-
ulations in ref. [1] (as indicated in the introduction, the latter have been extrapolated to the infinite
N limit but correspond to a fixed value of the lattice spacing ay/c = 0.2093).
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Figure 9: Continuum extrapolation of the  Figure 10: The continuum extrapolated
step-scaling function X/u for several values  SU(oo) step-scaling function compared to the
of u [47]. one-loop and two-loop predictions [47].

Unlike fundamental fermions, adjoint ones are compatible with TBC and can be directly sim-
ulated on a one-site lattice [45]. We have analyzed the case of two adjoint Dirac fermions, consid-
ered in the context of walking technicolour theories. The mass anomalous dimension for SU(289)
is % = 0.269 £0.002 £ 0.05 [46], a value compatible with results derived in standard SU(2) simu-
lations. Currently, the mass spectrum is under investigation [44].

The last result T would like to highlight is the determination of the SU (o) running coupling
in the gradient flow scheme [47]. The scale of the coupling is set by l.st = av/N and step scaling
is implemented by changing N, with the continuum limit obtained by sending N to infinity at
fixed value of the renormalized ’t Hooft coupling u = A (). Several examples of the continuum
extrapolation of the step scaling function X are presented in fig. 9; the continuum extrapolated step
scaling function compared with the 1-loop and 2-loop perturbative predictions is shown in fig. 10.

4. Volume independence at finite and large N

From a theoretical point of view, the idea of volume independence is very powerful, with
implications that go beyond those of providing an efficient tool for the study of large N dynamics.
To exemplify this, let us first go back to fig. 5 and play the standard game of using the volume to
explore the dynamics of the gauge theory. The old dream of the 80s and 90s, trying to link in an
analytic way the perturbative, small volume, regime to the confined one [41,42,48,39,49-62] 3
goes nowadays under the name of adiabatic continuity — see i.e. [65] — and assumes the absence of
phase transitions between the two regimes. The hope has always been to extend the analytic results
at small x to regions where non-perturbative phenomena, such as confinement, set in. Specifically,
old attempts in SU(2) include for instance the emergence of a mass gap on T2 x R, generated,
depending on the boundary conditions, by tunneling through a quantum induced barrier [53, 54],
or with the contribution of fractional instantons to the perturbatively induced mass gap [57-62].
Nowadays, there is a plethora of new SU (N) results in the analytically computable regime (x << 1),

3See [63,64] for a review and further references.
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Figure 11: Sketch of the phase diagram of a Yang-Mills theory with an arbitrary simply-connected
gauge group G and a single Weyl fermion in the adjoint representation with mass m and periodic
(left) and anti-periodic (right) boundary conditions on R x S' [70].

that refer in particular to the case of QCD(Ad]j) on R3 x S!. A review of results and references
can be found in [65], they include the analytic computation of the mass gap in the pure gauge
sector, semiclassically induced by bions [66], and the spectrum of glueballs, mesons and baryon
resonances [67]. A large number of results have also been obtained for trace deformed gauge
theories, see i.e. [65] and references therein, and other models such as CPV; for the latter a large N
numerical study on R x S' has been presented by T. Misumi at this conference [68].

Another important case of study has been .4 = 1 supersymmetry on R3 x S' deformed away
from the supersymmetric case by a gluino mass term [69-71]. There is a clear difference in the
phase structure of the deformed theory depending on whether the fermions have periodic, super-
symmetry preserving, boundary conditions or thermal ones; the difference is illustrated for general
simply-connected gauge group G in fig. 11, taken from [70]. With pbc and for massless gluinos
the theory stays in the Z(G) unbroken, confined phase, irrespective of the size of the compact cir-
cle. However, as the gluino mass is switched on a phase transition takes place. The authors of
ref. [69,70] argue that one can adiabatically connect the analytically computable phase transition
at small m with the finite temperature deconfinement phase transition in the pure gauge theory, at
infinite gluino mass. This is another instance of adiabatic continuity that can shed light over the
(de-)confinement mechanism. With this in mind, a lattice investigation of the phase diagram for the
case of SU(2) super-Yang-Mills has been presented in [72] and by G. Bergner at this conference.
I don’t have time to cover in these proceedings the study of the phase diagram of mass deformed
non-supersymmetric cases, the reader is referred for that to the large number of original works on
53 x 8! [73], R* x §' [74,75], and T* [76-83].

Finally, I will comment below upon two results that have come up from the combination of
adiabatic continuity and large N volume independence: emergent fermionic symmetry [84], and
singular large N limits in connection to non-commutative gauge theories [85-87].

4.1 Emergent fermionic symmetry

Reference [84] has pointed out that large N volume independence has necessarily strong im-
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Figure 12: Cartoon of the large N bosonic and fermionic spectrum of: QCD with fundamental
fermions (left), .#” =1 SUSY Yang-Mills (center), and adjoint QCD with 2N > 1 (right) [88].

plications for the spectrum of Yang-Mills theory in this limit. Considering the case of QCD(Ad))
on R x S!, the question arises of how to reconcile the expected Hagedorn growth of the density
of states in the large N limit with the fact that the theory becomes independent of the size of the
S! cycle. The expected spectrum is schematically depicted in fig. 12, taken from [88]. In the su-
persymmetric case, there is an exact degeneracy between fermionic and bosonic excitations with
E > 0. The natural quantity reflecting this degeneracy is the Witten index which is independent of
the compatification radius /. By analogy, in the non-supersymmetric case one can define a graded
partition function:

1) =T [(=1)fe ] = [ dE(Qu(E) - Qe (E))e . @1

with Qp and Qp the bosonic and fermionic density of states. Volume independence implies some
restrictions on the dependence on [ of this quantity, since physics becomes independent of / at
large N. In particular, one expects that the leading Hagedorn growth cancels out in I(/) between
fermionic and bosonic degrees of freedom [84], leading to an emergent fermionic symmetry much
alike that of supersymmetry. This proposal connects with similar ideas raised in the context of
planar equivalences at large N [89,90] or in non-supersymmetric string theories under the name of
misaligned supersymmetry [91]. Further recent work on this topic can be consulted in [88,92,93].

4.2 Singular large N limits, non-commutativity and the Golden ratio

We will end up by discussing a type of large N limit that differs from that of 't Hooft in
that it preserves non-planar diagrams. It fits naturally in the discussion that led to fig. 5 if one
considers the double scaling limit in which the number of colours is sent to infinity and the size of
the torus to zero keeping fixed the value of the effective size and hence x. This type of limit has
been considered first in the context of non-commutative gauge theories [94-98]. It is well known
that gauge theories defined on a torus with twisted boundary conditions are equivalent, through
Morita duality, to certain non-commutative gauge theories. As a matter of fact, the Feynman rules
of non-commutative U (1) were for the first time derived from a continuum version of TEK [99],
much before they became fashionable in the string theory literature, see i.e. [100].
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This connection has been used in the past to argue that gauge theories with TBC are the
natural choice for a non-perturbative regulator of non-commutative gauge theories [101-103]. In
the context of Morita duality, the effective size emerges in a natural way as the size of the non-
commutative torus, and the ratio 6 = I_c/N (kk = 1 (mod N)) in the twisted theory determines the
dimensionless non-commutativity parameter. Yet, from this connection only rational values of 6
can be covered. To approach other values, ref. [94] proposed to use a sequence of SU (N;) theories
with 6; = k; / N; — 6. However, this limit is not not guaranteed to be smooth at large N; in fact, some
instabilities have been found to occur, first determined in the non-commutative context [104, 105].

We have explored in detail this issue for the case of a 2+1 dimensional Yang-Mills theory
defined on a twisted T2 x R [85,87]. The problem appears already at a perturbative level. The
energy of electric flux with momentum 7 is found to be at one-loop, in units of the coupling A:

o i’ G(6A)

o 4x2 X

4.2)

The quantity G(z) denotes the self-energy and diverges as 1/||z||, with ||z|| denoting the distance
to the closest integer. When the term G/x dominates, the energy square becomes negative, leading
to what is called a tachyonic instability. Notice that this happens unavoidably if the large N limit is
taken at fixed k (é — 0), as was done in the first TEK prescription [28]. Going beyond perturbation
theory, a good description of the energy of electric flux for any value of x is obtained by combining
in quadrature the one-loop expression with the expected large x dependence, leading to:
=12 = 2
& (x) = 'ﬂz - G(xe") — (4;26) 95 (67) %, (4.3)

where we have taken o = 0.6, /o /A = 0.213 and ¢y(7) = |(sin(7z;),sin(7z2))|/7 (an example
of the goodness of the formula for the case of SU(17) with k = 3 is shown in fig. 13).

Obviously, tachyonic instabilities can be avoided if éoﬁz (x) > 0, for all values of x and 7i. Re-
cently, ref. [86] has shown that this condition can be translated into one for the quantity [86]:

Zmin(N, k) = minm ‘ !méH , 4.4)
mlN

with m 1. N implying m coprime with N. Choosing N and k such that Z;, (N,k) > 0.1 is enough
to guarantee the absence of instabilities. Singularly, this quantity seems to be relevant also in
in 4 dimensions, controlling, for instance, the contribution of non-planar diagrams to both the
expectation value of Wilson loops [106] and the running one-loop ’t Hooft coupling in the twisted
gradient flow scheme [107]. An open question is whether, for any value of N, a flux k can be
chosen such that the condition is met. This amounts to the unsolved Zaremba’s conjecture in the
mathematical literature. Recently, it has been proven that is is possible for almost all values of
N [108]. A different issue is whether one can smoothly take the singular large N limit described
above, leading to any value of the non-commutativity parameter without encountering tachyonic
instabilities along the way. This turns out to be possible for an uncountable set of irrational values
of  with, however, zero measure [87]. In particular, one possible sequence corresponds to taking
N; = F; and k; = F._,, with F; the ith-number in the Fibonacci sequence, leading to a value 6 =
(3 —1+/5)/2 [86]. In fact, this choice is very especial; it might be just a striking coincidence but the
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Figure 13: The energy of states with electric ~ Figure 14: Twice the energy of electric flux
flux (e,0) for N = 17 and k = 3 compared  (e,0) with e a Fibonacci number and N =
with the prediction of eq. (4.3) with o = 0.6, 1597, k = 610. The red line is the value of
V6 /A =0.213 and ¢o(z) = sin(nz)/w [87].  the glueball mass in SU(5) atx = 7.76 [109].

lowest energy of electric flux, attained for fluxes being themselves in the Fibonacci sequence, is
very close to half the value of the infinite volume glueball mass computed on standard large volume
lattices [109] (an illustration is presented in fig. 14 for N = 1597, with energies set by eq. (4.3)).

5. Summary

To sum up, volume independence is a powerful concept that has opened up many interesting
avenues. It is an effective tool for large N lattice simulations, allowing to successfully determine
properties of gauge theories in this limit. It also encodes relevant information on the nature of
these theories even at finite N, encompassing many theoretical ideas: from adiabatic continuity
and analytic calculability to emergent fermionic symmetry, non-commutative gauge theories and
resurgence (a topic not touched in this contribution that has received a lot of attention). Overall, I
expect many games ahead to be played using this concept and many opportunities to make progress.
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