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1. Introduction

Neutrinos are the most mysterious and fascinating of all elementary particles puzzling physi-
cists. It is common belief that they play a very important role in both of the microscopic view of par-
ticle physics and the macroscopic view of evolution of the universe. The remarkable development
over the past two decades has been the discovery of the flavor oscillations in neutrinos[1, 2, 3, 4, 5],
which has established that neutrinos have masses and mix.

In the framework of three active neutrinos, neutrino oscillations can be described by 6 in-
dependent parameters, of which three mixing angles and two mass squared differences, have
been measured by the experiments using neutrinos coming from the Sun, atmosphere, reactor and
accelerators[1, 2, 3, 4, 5] . The remaining parameter in the mixing matrix, CP violating phase,
becomes the main target of next generation of neutrino experiments [6]. Although neutrinos turned
out to be massive particle, their individual masses have not yet been measured. The hierarchy of
their masses is also one of the big mysteries, as the ordering of their values has profound implica-
tion in particle physics and cosmology [7, 8].

On the other hand, there are other issues that keep neutrino physicists puzzled, which are
known to be "neutrino anomalies" that are unexpected results in several experimental studies [9].
They challenge the standard explanation of neutrino oscillations which have been used to determine
three mixing angles and two mass squared differences in the framework of three active neutrinos.

In this talk, we briefly review on the recent development of neutrino physics from the theoret-
ical perspective. Starting from presenting the current experimental status of neutrino mixing and
masses, we discuss how we can understand the pattern of neutrino mixing and how tiny neutrino
masses can naturally be generated. We study the issue on leptonic CP violation, and present how
we can predict Dirac CP phase. Finally, we discuss the effects of non-standard interactions and
non-unitarity of neutrino mixing matrix on the interpretation of neutrino data in terms of neutrino
oscillation.

2. Status of neutrino mixing and masses

Current neutrino oscillation data obtained from the various neutrino sources coming from
the Sun, atmosphere, reactors and accelerators can be interpreted in the framework of 3-neutrino
paradigm, where the flavor eigenstates να = (νe,νµ ,ντ) are admixtures of the three mass eigen-
states νi =(ν1,ν2,ν3) through a unitary mixing matrix depending on three mixing angles (θ12,θ23,θ13),
one possible Dirac CP–violating phase δ and two additional phases if neutrinos are Majorana par-
ticles [10]. Note that the standard parametrization presented in [10] is adopted in this presentation.
Neutrino oscillations are driven by the two mass squared differences, ∆m2

21 ≡ m2
2−m2

1, |∆m2
31| ≡

|m2
3−m2

1|. The two cases ∆m2
31 > 0 and ∆m2

31 < 0 correspond to normal (NO) and inverted (IO)
neutrino mass ordering. Thanks to the global fit to neutrino data, we could determine five oscil-
lation parameters, the three mixing angles, two mass squared differences with percent accuracy,
while the octant of θ23, the sign of ∆m2

31 and the phase δ are still unknown. Fig. 1 presents how
precisely θ12,θ13 and ∆m2

21,∆m2
31 are measured, whereas how less precisely θ23 and CP phase δ as

well as mass ordering.
The constraints on (∆m2

21,θ12) come from the fit to the solar and KamLAND (Solar + KL) data,
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Figure 1: δ χ2 vs. neutrino oscillation parameters.

whereas those on (|∆m2
31|,θ23) from the fit to the atmospheric and accelerator data. Subsequently,

long baseline (LBL)+Solar+KL data combined with short baseline reactor data (SBL Reactors) can
precisely determine θ13 and give bounds on ∆m2

31 starting to be comparable with those coming from
LBL and atmospheric neutrino data. The synergy between LBL+Solar+KL data and SBL Reactor
data significantly improves the sensitivity to δ [11]. We obtain the allowed parameter ranges at
Nσ ,with N2

σ = χ2− χ2
min [10] depending on the oscillation parameters (∆m2

21, |∆m2
31|,θ12,θ13,θ23)

and on a certain number of systematic parameters [11, 12, 13]. For the details of the analysis and
the input data sets used see [11, 12]. While the Solar, KamLAND, MINOS and DeepCore IceCube
data are unchanged with respect to [11], the analysis of the T2K and NOνA experiments, both in
appearance and disappearance channels, the atmospheric neutrino data analysis by including the
latest Super-Kamiokande data (phase I-IV, 0.33 Mtyr exposure) and SBL analysis by using the
latest Daya Bay [3] and RENO [4] data are updated. The results of global fit to all the available
neutrino oscillation data are summarized in Table 1, where the best-fit values and the allowed 1 and
3σ ranges are reported, for both mass orderings with relative 1σ uncertainty [14] . We note that
the NO is favored over the IO, with δ χ2 = χ2

IO−χ2
NO = 3.5.

parameter best fit ±1σ 3σ range
∆m2

21[10−5 eV2] 7.55+0.20
−0.16 7.05-8.14 2.4%

∆m2
31[10−3 eV2](NO) 2.50±0.03 2.41-2.60 1.3%

∆m2
31[10−3 eV2](IO) 2.42+0.03

−0.04 2.31-2.51 1.3%
sin2

θ12/10−1 3.20+0.20
−0.16 2.73-3.79 5.5%

sin2
θ23/10−1(NO) 5.47+0.20

−0.30 4.45-5.99 4.7%
sin2

θ23/10−1(IO) 5.51+0.18
−0.30 4.53-5.98 4.4%

sin2
θ13/10−2(NO) 2.160+0.083

−0.069 1.96-2.41 3.5%
sin2

θ13/10−2(IO) 2.220+0.074
−0.076 1.99-2.44 3.5%

δ/π(NO) 1.32+0.21
−0.15 0.87-1.94 10%

δ/π(IO) 1.56+0.13
−0.15 1.12-1.94 9%

Table 1: Results of global fit to neutrino data for neutrino oscillation parameters. The 4th column represents
relative 1σ uncertainty.
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3. Theoretical Issues

3.1 Origin of neutrino mixing pattern and CP phase

From fit to neutrino data in 3-neutrino paradigm, neutrino mixing matrix looks much different
from quark mixing matrix. A natural question concernd with neutrino mixing patterns is how we
can understand neutrino mixing matrix from the theoretical perspective. Before measuring θ13, the
so-called tri-bimaximal mixing (TBM) hypothesis given by

UTBM =


2√
6
− 1√

3
0

1√
6

1√
3
− 1√

2
1√
6

1√
3

1√
2

 (3.1)

has been accepted and studied how the TBM can be generated.
In fact, the TBM matrix can diagonalize the neutrino mass matrix as follows [16];

UTBMMD
ν UT

TBM =

m1 m2 m2

m2
1
2(m1 +m2 +m3)

1
2(m1 +m2−m3)

m2
1
2(m1 +m2−m3)

1
2(m1 +m2 +m3)

 (3.2)

=
m1 +m3

2

1 0 0
0 1 0
0 0 1

+
m2−m1

3

1 1 1
1 1 1
1 1 1

+
m1−m3

2

1 0 0
0 0 1
0 1 0

 (3.3)

In the above expression, the integer matrix elements suggest non-Abelian discrete symmetry.
There are a lot of non-Abelian discrete symmetries can generate the TBM matrix [17]. But, the
exact TBM mixing pattern is ruled out by the results from react neutrino experiments [3, 4, 5]; thus,
we need to modify it to have non-zero (1,3) component. If the deviation of neutrino mixing matrix
from the TBM form is not substantial, we can regard UTBM as a leading-order approximation. Be-
cause the non-trivial (1,3) component may contain a CP phase, incorporating δ on modifying UTBM

would be desirable. The minimal modification is to multiply UTBM by a rotation unitary matrix in
the (i,j) plane with an angle θ and a CP phase ξ , Ui j(θ ,ξ ) [18]. Then, the mixing angle θ intro-
duced possibly gives rise to non-zero mixing angle θ13 and deviation from maximal mixing θ23.
In Ref. 11, it is shown that the minimal modification of UTBM can be realized in a neutrino model
with A4 flavor symmetry by incorporating A4 symmetry-breaking terms appropriately. Confronting
those forms with experimental data, it turns out that the best fit is achieved by UTBMU23(θ ,ξ )

among possible forms of the minimal modification. Following the procedures presented in [18]
based on UTBMU23(θ ,ξ ), one can obtain the relation between the solar and reactor mixing angles,
and the relation between δ and neutrino mixing angles,

s2
12 =

1
3(1− s2

13)
, cosδ =

2−4s2
13

s13

√
2−3s2

13

. (3.4)

The relation (3.4) reflects that the CP phase δ can be predicted in terms of two neutrino mixing
angles. In the left panel of Fig. 2, we plot δ along with θ23. Alternatively, the authors in [19] study
a way to predict δ in terms of neutrino mixing angle θ23 as shown in right panel of Fig. 2.
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Figure 2: Predictions of δ in terms of θ23.

3.2 Origin of neutrino masses

As we know that neutrinos are massive particle, it is necessary to modify the SM Lagrangian
including the neutrino mass terms and then to account for the origin of them in a gauge invariant
manner. Since there are no right-handed neutrinos, we can not add a Dirac neutrino mass terms.
Majorana mass terms can be constructed using the νL fields only, but breaks the SM gauge in-
variance. Consequently, the SM does not allow for neutrino masses without introducing new heavy
particles and higher dimensional effective terms. In this sense, neutrino masses and mixing serve as
the evidence that the SM is incomplete. Therefore, we are forced to construct neutrino mass terms
in a consistent framework. In addition, we should invent a mechanism to explain why neutrino
masses are so small. A vast number of models has been proposed.

The see-saw type I mechanism is one of the simplest extensions of the SM which can explain
not only neutrino masses but also their smallness. It breaks lepton number by two units and predicts
Majorana neutrinos. Among all SM fermions, neutrinos are the only ones that can have a Majorana
mass term. Noticing that the term L̄ · H̃ is gauge invariant, it is possible to construct a singlet
combination,

y
Λ

LT · H̃∗C†H̃† ·L+h.c., (3.5)

where C is charge conjugation operator, and Λ is a mass scale. This term, called the Weinberg
operator, has dimension 5 [20]. After Higgs field gets a vacuum expectation value, the Weinberg
operator leads to a Majorana mass term that breaks lepton number by two units,

yv2
H

2Λ
ν

T
L C†

νL +h.c.. (3.6)

Since the Weinberg operator of Eq. (3.5) is a (d = 5) operator, it implies that the SM is the low
energy remnant of a higher energy theory. It should be effectively generated by integrating out
some new heavy particles contained in a higher energy theory. At tree level, there exist only three
different realizations of the Weinberg operator, which are characterized by the quantum numbers of
the new mediators Fig. 3 shows how tiny neutrino masses can be generated at tree level via seesaw
mehcanisms. [21],

• Type-I Seesaw: mediated by heavy Majorana right-handed neutrinos NR that are singlets
under the SM gauge group.
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• Type-II Seesaw: mediated by heavy SU(2)L triplets of scalar fields Φ with hypercharge
Y = 2.

• Type-III Seesaw: mediated by heavy SU(2)L fermionic triplets ΣR with zero hypercharge.

Figure 3: Diagrams for Seesaw and inverse seesaw mechanisms

Alternatively, tiny neutrino masses can be generated though the so-called inverse seesaw
mechanism [22]. It works at a much lower scale than seesaw mechanisms shown above. It is
also realized with rather large Yukawa couplings. The model leading to inverse seesaw con-
tains a very small lepton number violating parameter, µS ∼ eV, which is crucial to achieve
the smallness of the light neutrino masses. Thanks to the presence of µS, the Yukawa cou-
pling generating the Dirac neutrino mass term can be quite large (∼ 0.1) even in the presence
of sub TeV heavy neutrino masses in this scenario. One of advantages of inverse seesaw
is testable at colliders. Phenomenology of inverse seesaw mechanism and its variants such
as minimal inverse seesaw, littlest inverse seesaw and scotogenic inverse seesaw have been
studied. Recently, several authors proposed alternatives to achieve naturally light Dirac neu-
trinos with masses induced via seesaw mechanism [23]. Similar to the seesaw mechanism
for Majorana neutrinos, there exist type-I,II, III seesaw for Dirac neutrinos.

Tiny neutrino masses can also be generated at loop level [24]. In the radiative neutrino mass
models, new scalar fields are added on top pf standard model (SM), and matrices of their
Yukawa couplings determine the structure of the neutrino mass matrix. There are variants of
the radiative neutrino mass models as shown in Fig. 4.

3.3 New physics in neutrino oscillations

3.3.1 Non-standard Neutrino interactions

Non-standard neutrino interactions(NSIs) provide a general framework of effective field the-
ory to quantify new physics in the neutrino sector1. NSIs are typically presented in the
following forms of neutral current (NC) and charged current(CC) interactions [25],

LNC =−2
√

2GF ∑
f ,P,α,β

ε
f ,P

αβ
(ν̄αγ

µPLνβ )( f̄ γ
µP f ), (3.7)

LCC =−2
√

2GF ∑
f ,P,α,β

ε
f ,P

αβ
(ν̄αγ

µPLlβ )( f̄ γ
µP f ′), (3.8)

where the sum is over fermions such as f , f ′ ∈ {e,u,d}, P∈ {PL,PR} are the chirality projec-
tion operators, GF is Fermi’s constant and the ε terms quantify the size of the new interaction
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Figure 4: Diagrams for radiative generation of neutrino masses.

relative to the weak scale. NSI generally leads to a rich phenomenology in both scattering
experiments and neutrino oscillation experiments [26]. Since oscillation phenomenology is
generally quite distinct from scattering phenomenology, the NSI can provides a convenient
way to relate new physics to both cases.

The effect of NSI in propagation can be presented through the modification of matter poten-
tial given as [27]

Hmatt =
√

2GFNe(x)

1+ εee(x) εeµ(x) εeτ(x)
ε∗eµ(x) εµµ(x) εµτ(x)
ε∗eτ(x) ε∗µτ(x) εττ(x)

 . (3.9)

It is worthwhile to notice that transition να → νβ can occur via the interactions even if there
exists no mixing in vacuum. The comple phases of off-diagonal component of Hmatt could
be a new source of CP violation. The current conservative model independent bounds are
given as |εee|< 4.2 |εeµ |< 0.33 |εeτ |< 3.0

|εµµ |< 0.07 |εµτ |< 0.33
|εττ |< 21

 . (3.10)

NSI may affect neutrinos at the production point as well as detection point. To see those
effects, we use different parameters. The bounds on those effects coming from global fit to
solar data and KamLAND data are presented in [27].

It is worthwhile to notice that NSI may prevent determination of CP violation coming from
neutrino mixing matrix mainly because the parameters associated with NSI contains un-
known CP phases. Fig. 5 shows how uncertainties for the determination of CP phase in
neutrino mixing matrix can be increased along with the values of |εαβ | [28]. There are lots
of the origins of NSI coming from integrating out heavy new particles, loop effects and
higher dimensional operators.
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5σ

|εe τ| = 0.01

3σ

σ 
= 

√Δ
 χ

2

0

2

4

6

8

10

True δ / π
−1 −0.5 0 0.5 1

SI
NSI

SI
NSI (true φe τ = 0)
NSI (true φeτ : [-π : π])

|εe τ| = 0.04

True δ / π
−1 −0.5 0 0.5 1

DUNE (5+5)

|εe τ| = 0.07

True δ / π
−1 −0.5 0 0.5 1

Figure 5: δ vs. σ for three inputs of εαβ . Shaded regions represent uncertainties to determine CP phase.

3.3.2 Non-unitarity of neutrino mixing matrix

There are a lot of sources of non-unitarity of neutrino mixing matrix such as the exis-
tence of sterile neutrino, effective operators and minimal unitarity violation. One of popular
parametrization for the non-unitarity is [29]

N = NNPUPMNS =

α11 0 0
α21 α22 0
α31 α32 α33

 (3.11)

The parameters αi j are constrained from various experiments such as neutrino oscillation,
W and Z boson decays, rare lepton flavor violating decays, lepton universality tests, etc.
The current bounds are presented in [30]. The sensitivity to CP violation in long baseline
experiments can be affected by the presence of non-unitarity.

4. conclusion

In this talk we have presented recent results of the global analysis of neutrino oscillation
data including LBL data from T2K and NOνA, SBL results from the reactor experiments
Daya Bay and RENO, and the atmospheric neutrino results from Super-Kamiokande have
been included in the fit. As a result of the global fit, three neutrino mixing angles and
two mass squared difference have been determined with percent fractional accuracies of
(2.4%,5.8%,1.6%,3.9%,9%), respectively. We have discussed the current status of determi-
nations of neutrino mass ordering, CP violation and octant of θ23 from the fit by using latest
neutrino data. The current results show preference of NO in the first octant, IO in the sec-
ond one, and a more pronounced preference for the normal mass order at a level of ∼ 1.9σ .
We have discussed how we can understand the neutrino mixing pattern from theoretical per-
spective, and how such a tiny neutrino mass can be generated. Several recent proposals for
neutrino mixing patterns and tiny neutrino masses have been introduced. We have presented
recent development of the impact of non-standard interactions and non-unitarity of neutrino
mixing matrix on the results for neutrino oscillations.
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