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Figure 1: (Left) Combinations of direct γ measurements from Belle [4], BaBar [5], LHCb [6, 7, 8, 9, 10, 11],
and the global averages by CKMFitter [12], as well as indirect determinations of γ by CKMFitter [12].
(Right) Comparison of uncertainties on the γ combinations.

1. Introduction

One of the main physics goals of the LHCb experiment is to perform high precision measure-
ments of CKM [1, 2] parameters of the Standard Model (SM). Measurements of the CKM angle
γ ≡ arg

(
−VudV ∗ub/VcdV ∗cb

)
play a key role, because γ can be measured in tree-level processes, with

negligible theoretical uncertainties [3]. Thus, these measurements are simple to interpret within the
SM, and less likely to be affected by potential New Physics effects than measurements relying on
loop-level processes. A consistency test of the SM can be obtained by comparing direct measure-
ments of γ with indirect determinations, based on observables measured in loop-level processes
and related to γ assuming the SM to hold true. Recent averages of both direct measurements and
indirect determinations of γ are shown in Fig. 1, where it is clear that this consistency test is cur-
rently limited by the precision of existing direct measurements. The LHCb experiment is currently
world-leading in improving this precision.

Experimentally, γ is probed via observables sensitive to interference between b→ uW and
b→ cW quark-level transitions. The majority of LHCb measurements of γ rely on interference
between B→D0K and B→D0K type decays, the classical example being the B±→DK± channel,
where the D meson is reconstructed in a final state common to D0 and D0 mesons.1 The CP-
violating phase between the two B decays is ±γ , where the sign depends on the B charge (or
flavour), and can be measured along with a CP-conserving phase difference, δB, and the ratio of the
amplitude magnitudes, rB. For a D final state f common to both D0 and D0 mesons, as well as its
CP conjugate state f̄ , four decay rates sensitive to γ can be considered:

Γ(B−→ D(→ f )K−) ∝ 1+ r2
Dr2

B +2rBrD cos [δB +δD− γ] ,

Γ(B+→ D(→ f )K+) ∝ r2
D + r2

B +2rBrD cos [δB−δD + γ] ,

Γ(B−→ D(→ f̄ )K−) ∝ r2
D + r2

B +2rBrD cos [δB−δD− γ] ,

Γ(B+→ D(→ f̄ )K+) ∝ 1+ r2
Dr2

B +2rBrD cos [δB +δD + γ] .

(1.1)

1LHCb has also published measurements based on time-dependent analyses of B0
s →D∓s K± [13] and B0

→D∓π± [14] decays, but they are not treated in these proceedings.
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Figure 2: Invariant-mass distributions (data points with error bars) and fit projections (lines and
coloured areas) for the four-body GLW modes (left) B0 → D(→ π+π−π+π−)K∗0 and (right) B0 → D(→
π+π−π+π−)K∗0.

Here, the decay amplitudes for D0→ f decays and D0→ f decays are related via A(D0→ f ) =
rDeiδDA(D0 → f ), where rD < 1 if f is chosen so the former decay is suppressed. The effect
of CP violation in the D decay is not included, and is negligible compared to the precision of
current measurements. These equations (or equivalent versions for B0 →DK∗0 and other, similar
decays) form the basis of a number of related measurement strategies, the exact analysis approach
depending on the chosen D final state. Naturally, the best sensitivity to γ is achieved by combining
measurements in many different channels. These proceedings cover two such measurements, as
well as the combination of all LHCb results.

2. ADS/GLW measurement with B0→DK∗0 decays

LHCb has recently published a measurement using B0 →DK∗0 decays [15], where the D
mesons decay in the so-called GLW [16, 17] modes D→ π+π− and D→ K+K−, which are CP
eigenstates, the quasi-GLW [18, 19] mode D→ π+π−π+π−, as well as the so-called ADS [20, 21]
modes D→ π±K∓ and D→ π±K∓π+π−. Two charge associations of the Kπ pair are consid-
ered in the latter cases, denoted the favoured mode, D0 → K−π+(ππ), and suppressed mode,
D0→ π−K+(ππ). The measurement uses 3 fb−1 of data taken in Run 1, and 2 fb−1 of data taken
in 2015 and 2016.

In the GLW channels, where the D mesons are reconstructed in CP eigenstates, Eqs. (1.1)
simplify since f = f̄ , rD = 1, and δD = 0 (for CP-even eigenstates). The CP asymmetry

Ahh
CP =

Γ(B0→ DCPK∗0)−Γ(B0→ DCPK∗0)
Γ(B0→ DCPK∗0)+Γ(B0→ DCPK∗0)

=
2κrDK∗0

B sinδ DK∗0
B sinγ

RCP
(2.1)

is measured. It can be obtained from the raw yield asymmetry, if it is corrected for any poten-
tial production asymmetry between B0 and B0 mesons, and detection asymmetries for the final
state products. As shown, it can be related to the physics parameters (γ,rDK∗0

B ,δ DK∗0
B ) via another

observable, the ratio

Rhh
CP =

Γ(B0→ DCPK∗0)+Γ(B0→ DCPK∗0)
Γ(B0→ D0K∗0)+Γ(B0→ D0K∗0)

. (2.2)
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The relation can be derived via equations equivalent to those in Eq. (1.1), with the inclusion of
a coherence factor, κ = 0.958+0.005

−0.046 [22], in the interference term that accounts for the fact that
B0→ DK∗0 is not the only resonance contributing to the full B → DπK amplitude. The ratio
RCP can be obtained from the yield ratio between the GLW mode in question and the favoured
ADS mode, using known branching fractions of the D0 meson. The D→ π+π−π+π− mode can
be analysed analogously to the pure CP eigenstates because the CP-even fraction of the decay
F4π
+ = 0.769±0.023 has been measured in quantum-correlated D0D0 decays [23]. For this mode,

all interference terms of Eqs. (1.1) obtain an additional factor of (2F4π
+ − 1). The B mass spectra

that have been fit to obtain the yields are shown for this channel in Fig. 2. The obtained results
from all GLW-like measurements are

AKK
CP =−0.05±0.10±0.01,

Aππ
CP =−0.18±0.14±0.01,

RKK
CP = 0.92±0.10±0.02,

Rππ
CP = 1.32±0.19±0.03,

A4π
CP =−0.03±0.15±0.01,

R4π
CP = 1.01±0.16±0.04,

(2.3)

where the first uncertainty is statistical, and the second arises due to systematic effects. Furthermore
this measurement constitutes a first observation of the decay mode B0 → D(→ π+π−π+π−)K∗0

with a significance of 8.4σ .
In the ADS modes, the measured observables are the ratios

RπK(ππ)
+ =

Γ(B0→ D(→ π+K−(π+π−))K∗0)
Γ(B0→ D(→ K+π−(π+π−))K∗0)

,

RπK(ππ)
− =

Γ(B0→ D(→ π+K−(π+π−))K∗0)
Γ(B0→ D(→ K+π−(π+π−))K∗0)

.

(2.4)

These ratios can be related to the underlying physics parameters of interest (γ,rDK∗0
B ,δ DK∗0

B ) via
equations equivalent to those in Eq. (1.1), again including the coherence factor κ , and, in the
D→ K±π∓π+π− case, a second coherence factor, κK3π = 0.43+0.17

−0.13 [24] that arises due to inter-
ference between the D0 and D0 amplitudes over the phase space of the D decay. The obtained
results are

RπK
+ = 0.064±0.021±0.002,

RπK
− = 0.095±0.021±0.003,

RπKππ
+ = 0.074±0.026±0.002,

RπKππ
− = 0.072±0.025±0.003,

(2.5)

where the first uncertainty is statistical, and the second arises due to systematic effects. CP asym-
metries analogous to that in Eq. (2.1) are measured in the favoured ADS channels, where they are
expected to be very small. The obtained values are AKπ

ADS = 0.047± 0.027± 0.010 and AKπππ
ADS =

0.037±0.032±0.010. Finally, this measurement constitutes a first observation of the suppressed
ADS decay mode B0→ D(→ π−K+)K∗0 with a significance of 5.8σ , and obtains evidence of the
suppressed four-body mode with a significance of 4.4σ .
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Figure 3: Constraints on (left) (γ,δ DK∗0
B ) and (right) (rDK∗0

B ,δ DK∗0
B ) from the LHCb ADS/GLW measure-

ment [15] of B0→ DK∗0 decays, where D→ h+h′−(π+π−).

The measured yield asymmetries and ratios can be used to constrain the underlying physics
parameters (γ,rDK∗0

B ,δ DK∗0
B ), resulting in the two-dimensional confidence regions of Fig. 3. The

measurement of rDK∗0
B = 0.265± 0.023 has an uncertainty 50 % lower than that of the current

LHCb combination [11], which was performed including only Run 1 results for this set of modes,
showcasing the increased precision to come with the inclusion of the Run 2 data set in other decay
channels.

3. GGSZ measurement with B±→DK± decays

LHCb has recently published a measurement using B±→DK± decays, with the self-conjugate
three-body final states K0

Sπ+π− and K0
SK+K−, based on a data set corresponding to an integrated

luminosity of 2 fb−1 taken in 2015 and 2016 [25]. This is an update of an analysis also performed
on Run 1 data [26]. In this case, rD and δD of Eqs. (1.1) vary over the phase-space of the D decay,
and the equations simplify again since f = f̄ . This phase-space variation can be exploited to make
a measurement with sensitivity to γ by measuring the decay yields in multiple bins of the phase
space [27, 28]. Defining the (real) CP-violation observables of interest (x±,y±) via the relation

x±+ iy± = rB exp[i(δB± γ)], (3.1)

the signal yield from B± decays in bin i of the Dalitz plot, N±i , can be expressed [29, 30]

N+
i = h+

(
F−i + r2

BFi +2rB
√

FiF−i(x+ci + y+si)
)
,

N−i = h−
(

Fi + r2
BF−i +2rB

√
FiF−i(x−ci− y−si)

) (3.2)

if the bins are chosen to be symmetric around the m2(K0
Sπ+) = m2(K0

Sπ−) diagonal of the Dalitz
plot, numbered so that bins above the diagonal have i> 0, and for a given bin +i, the symmetric bin
below the diagonal has number −i. The binning schemes used in this measurement are shown in
Fig. 4. In Eq. (3.2), the Fi parameters denote the fraction of D0 decays in bin i, and are measured in

4
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Figure 4: Binning schemes of the (left) D→ K0
Sπ+π− and (right) D→ K0

SK+K− Dalitz plots used in the
GGSZ measurements.

a control channel of double-flavour tagged D0 decays: B→D∗+(→D0π+)µ−ν̄µX . Corrections are
applied to take into account that there are unavoidable differences in the reconstruction efficiency
profile over the Dalitz plot between signal and control channels. The parameters ci and si are
the average cosine and sine of δD over bin i. These are external inputs, measured independently
by the CLEO collaboration [31] using quantum-correlated D0-D0 pairs produced via decay of the
ψ(3770) resonance.

The observables of interest, x± and y±, are determined directly in the fit to data, via a si-
multaneous fit to the B mass spectrum in all bins, where the signal yields are parameterised using
Eqs. (3.2). The normalisation constants h± are determined independently of each other in the
measurement, which leaves it insensitive to production and detection asymmetries, as well as the
leading-order effects of CP-violation and material interaction of the K0

S [32]. The obtained values
are combined with the results obtained from analysing the Run 1 data set [26], and used to constrain
the physics parameters of interest (γ,rDK±

B ,δ DK±
B ). The confidence regions for these parameters are

shown in Fig. 5. The Run 1 and 2015+16 results yield a combined measurement of γ = (80+10
−9 )◦,

which is the most precise measurement of γ in a single decay channel to date.

4. Combination of LHCb measurements

LHCb has published a combination of many independent measurements, in order to obtain the
most sensitive overall determination of γ [11]. The combination includes measurements based on
decays of B± and B0 decays analysed using several different ADS, GLW, and GGSZ-type D final
states. Furthermore, time-dependent analyses of B0

s →D∓s K± [13] and B0→D∓π± [14] decays are
included. These rely on interference between mixing and decay, are sensitive to both γ and β(s), and
allow for unambiguous solutions for γ . The combined value is γ = (74.0+5.0

−5.8)
◦, which dominates

the current world averages. The confidence limits for γ obtained in the combination are shown
in Fig. 6, for both the overall combination and individually for measurements that use a given B

5
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Figure 5: Constraints on (left) (γ,rDK±
B ) and (right) (γ,δ DK±

B ) from the LHCb GGSZ measurements [25, 26]
of B±→ DK± decays, where D→ K0
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Figure 6: (Left) Overall confidence limit for γ in the LHCb combination, and (right) split by B decay mode
(the results of Section 2 have not yet been included in the constraints from B0 decays).

meson species. The results of Section 2 have been published after the latest LHCb combination,
but will be included in the next version.

The overall uncertainty on the LHCb γ combination is driven by the GLW analysis of B±→
D(→ hh)K± decays. All systematic uncertainties in this channel can be studied with the LHCb data
set, and therefore continuous improvement can be expected as data sets corresponding to 50 fb−1

of integrated luminosity will have been collected after the LHCb Upgrade phase, and 300 fb−1 or
more after the proposed Upgrade Phase II [33]. Still, GGSZ measurements are crucial, as they
provide a single, unambiguous solution for γ , and serve as an important consistency check of the
LHCb combination. The obtainable sensitivity on these measurements depend on the precision
of external strong-phase inputs, as described in Section 3, which currently contribute a systematic
uncertainty of about 4◦. Forthcoming, and much anticipated, measurements from BESIII will
reduce this number to approximately 1− 2◦ in the near future. However, further strong-phase
measurements will be necessary to obtain the best possible precision on γ in model-independent
GGSZ measurements, both for LHCb and Belle II.

5. Conclusions and outlook

These proceedings have detailed two of the latest γ measurements made by the LHCb collabo-
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ration, an ADS/GLW measurement made with B0→DK∗0 decays and a GGSZ measurement made
with B±→DK± decays, as well as the LHCb combination of γ measurements, which provides the
world-leading, single-experiment determination γ = (74.0+5.0

−5.8)
◦. Significant updates to the LHCb

combination can be expected in the near future, including the inclusion of the B0 → DK∗0 mea-
surement described in Section 2, which was published after the current LHCb combination, and
a number of results with the full Run 1 and 2 data set. As the full Run 2 data set is analysed the
precision on γ will be reduced to 4◦, and may surpass this expectation.

The uncertainty on γ will reach sub-degree levels within the next 5–10 years, reaching a world
average of 0.3◦ by ∼ 2035. This will be achieved with data corresponding to an integrated lumi-
nosity of 50 ab−1 collected by Belle II, and 300 fb−1 with the LHCb upgrades, and will allow for
many interesting, ultra-high precision tests of the Standard Model in the years to come.

References

[1] N. Cabibbo, Unitary symmetry and leptonic decays, Phys. Rev. Lett. 10 (1963) 531.

[2] M. Kobayashi and T. Maskawa, CP-violation in the renormalizable theory of weak interaction, Prog.
Theor. Phys. 49 (1973) 652.

[3] J. Brod and J. Zupan, The ultimate theoretical error on γ from B→ DK decays, Journal of High
Energy Physics 2014 (2014) 51 [1308.5663].

[4] BELLE collaboration, Study of direct CP in charmed B decays and measurement of the CKM angle
gamma at Belle, in 7th International Workshop on the CKM Unitarity Triangle (CKM 2012), 2013,
1301.2033.

[5] BABAR collaboration, Combination of gamma measurements from BaBar, in 7th International
Workshop on the CKM Unitarity Triangle (CKM 2012), 2013, 1301.3283.

[6] LHCB collaboration, Measurement of the CKM angle γ from a combination of B±→ Dh± analyses,
Physics Letters B 726 (2013) 151 [1305.2050].

[7] LHCB collaboration, Improved constraints on γ: CKM2014 update, LHCB-CONF-2014-004, Sep,
2014.

[8] LHCB collaboration, Measurement of the CKM angle γ from a combination of B→ DK analyses,
LHCb-CONF-2016-001, Mar, 2016.

[9] LHCB collaboration, Measurement of the CKM angle γ from a combination of LHCb results, Journal
of High Energy Physics 2016 (2016) 87 [1611.03076].

[10] LHCB collaboration, Update of the LHCb combination of the CKM angle γ using B→ DK decays,
LHCb-CONF-2017-004, Jul, 2017.

[11] LHCB collaboration, Update of the LHCb combination of the CKM angle γ , LHCb-CONF-2018-002,
May, 2018.

[12] CKMFITTER GROUP collaboration, Current status of the Standard Model CKM fit and constraints on
∆F = 2 new physics, Phys. Rev. D91 (2015) 073007 [1501.05013].

[13] LHCB collaboration, Measurement of CP asymmetry in B0
s → D∓s K± decays, JHEP 03 (2018) 059

[1712.07428].

[14] LHCB collaboration, Measurement of CP violation in B0→ D±π∓ decays, JHEP 06 (2018) 084
[1805.03448].

7

https://doi.org/10.1103/PhysRevLett.10.531
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1007/JHEP01(2014)051
https://doi.org/10.1007/JHEP01(2014)051
https://arxiv.org/abs/1308.5663
https://arxiv.org/abs/1301.2033
https://arxiv.org/abs/1301.3283
https://doi.org/https://doi.org/10.1016/j.physletb.2013.08.020
https://arxiv.org/abs/1305.2050
https://doi.org/10.1007/JHEP12(2016)087
https://doi.org/10.1007/JHEP12(2016)087
https://arxiv.org/abs/1611.03076
https://doi.org/10.1103/PhysRevD.91.073007
https://arxiv.org/abs/1501.05013
https://doi.org/10.1007/JHEP03(2018)059
https://arxiv.org/abs/1712.07428
https://doi.org/10.1007/JHEP06(2018)084
https://arxiv.org/abs/1805.03448


P
o
S
(
B
e
a
u
t
y
2
0
1
9
)
0
0
7

Measurements of the CKM angle γ at LHCb Mikkel Bjørn, on behalf of the LHCb collaboration

[15] LHCB collaboration, Measurement of CP observables in the process B0 → DK∗0 with two- and
four-body D decays, JHEP 08 (2019) 041 [1906.08297].

[16] M. Gronau and D. Wyler, On determining a weak phase from charged B decay asymmetries, Physics
Letters B 265 (1991) 172 .

[17] M. Gronau and D. London, How to determine all the angles of the unitarity triangle from B0
d → DKs

and B0
s → Dφ , Physics Letters B 253 (1991) 483 .

[18] M. Nayak, J. Libby, S. Malde, C. Thomas, G. Wilkinson, R. Briere et al., First determination of the
CP content of D→ π+π−π0 and D→ K+K−π0, Physics Letters B 740 (2015) [1410.3964].

[19] S. Malde, C. Thomas, G. Wilkinson, P. Naik, C. Prouve, J. Rademacker et al., First determination of
the CP content of D→ π+π−π+π− and updated determination of the CP contents of D→ π+π−π0

and D→ K+K−π0, Physics Letters B 747 (2015) [1504.05878].

[20] D. Atwood, I. Dunietz and A. Soni, Enhanced CP violation with B→ KD0(D0) modes and extraction
of the CKM angle γ , Phys. Rev. Lett. 78 (1997) 3257 [hep-ph/9612433].

[21] D. Atwood, I. Dunietz and A. Soni, Improved methods for observing CP violation in B±→ KD and
measuring the CKM phase γ , Phys. Rev. D63 (2001) 036005 [hep-ph/0008090].

[22] LHCB collaboration, Constraints on the unitarity triangle angle γ from Dalitz plot analysis of
B0→ DK+π− decays, Phys. Rev. D93 (2016) 112018 [1602.03455].

[23] S. Harnew, P. Naik, C. Prouve, J. Rademacker and D. Asner, Model-independent determination of the
strong phase difference between D0 and D̄0→ π+π−π+π− amplitudes, JHEP 01 (2018) 144
[1709.03467].

[24] T. Evans, S. Harnew, J. Libby, S. Malde, J. Rademacker and G. Wilkinson, Improved determination of
the D→ K−π+π+π− coherence factor and associated hadronic parameters from a combination of
e+e−→ ψ(3770)→ cc̄ and pp→ cc̄X data, Physics Letters B 757 (2016) 520 [1602.07430].

[25] LHCB collaboration, Measurement of the CKM angle γ using B±→ DK± with
D→ K0

Sπ+π−, K0
SK+K− decays, JHEP 08 (2018) 176 [1806.01202].

[26] LHCB collaboration, Measurement of the CKM angle γ using B±→ DK± with D→ K0
Sπ+π−,

K0
SK+K− decays, JHEP 10 (2014) 097 [1408.2748].

[27] A. Bondar, Proceedings of BINP special analysis meeting on Dalitz analysis, 24-26 Sep. 2002,
unpublished.

[28] A. Giri, Y. Grossman, A. Soffer and J. Zupan, Determining γ using B±→ DK± with multibody D
decays, Phys. Rev. D68 (2003) 054018 [hep-ph/0303187].

[29] A. Bondar and A. Poluektov, Feasibility study of model-independent approach to φ3 measurement
using Dalitz plot analysis, Eur.Phys.J. C47 (2006) 347 [hep-ph/0510246].

[30] A. Bondar and A. Poluektov, The use of quantum-correlated D0 decays for φ3 measurement,
Eur.Phys.J. C55 (2008) 51 [0801.0840].

[31] CLEO COLLABORATION collaboration, Model-independent determination of the strong-phase
difference between D0 and D0→ K0

S,Lh+h− (h = π,K) and its impact on the measurement of the CKM
angle γ/φ3, Phys.Rev. D82 (2010) 112006 [1010.2817].

[32] M. Bjørn and S. Malde, CP violation and material interaction of neutral kaons in measurements of the
CKM angle γ using B±→ DK± decays where D→ K0

S π+π−, JHEP 07 (2019) 106 [1904.01129].

[33] LHCB collaboration, Physics case for an LHCb Upgrade II, LHCb-PUB-2018-009, May, 2018,
1808.08865.

8

https://doi.org/10.1007/JHEP08(2019)041
https://arxiv.org/abs/1906.08297
https://doi.org/https://doi.org/10.1016/0370-2693(91)90034-N
https://doi.org/https://doi.org/10.1016/0370-2693(91)90034-N
https://doi.org/https://doi.org/10.1016/0370-2693(91)91756-L
https://doi.org/https://doi.org/10.1016/j.physletb.2014.11.022
https://arxiv.org/abs/1410.3964
https://doi.org/https://doi.org/10.1016/j.physletb.2015.05.043
https://arxiv.org/abs/1504.05878
https://doi.org/10.1103/PhysRevLett.78.3257
https://arxiv.org/abs/hep-ph/9612433
https://doi.org/10.1103/PhysRevD.63.036005
https://arxiv.org/abs/hep-ph/0008090
https://doi.org/10.1103/PhysRevD.93.112018
https://arxiv.org/abs/1602.03455
https://doi.org/10.1007/JHEP01(2018)144
https://arxiv.org/abs/1709.03467
https://doi.org/https://doi.org/10.1016/j.physletb.2016.04.037
https://arxiv.org/abs/1602.07430
https://doi.org/10.1007/JHEP08(2018)176
https://arxiv.org/abs/1806.01202
https://doi.org/10.1007/JHEP10(2014)097
https://arxiv.org/abs/1408.2748
https://doi.org/10.1103/PhysRevD.68.054018
https://arxiv.org/abs/hep-ph/0303187
https://doi.org/10.1140/epjc/s2006-02590-x
https://arxiv.org/abs/hep-ph/0510246
https://doi.org/10.1140/epjc/s10052-008-0600-z
https://arxiv.org/abs/0801.0840
https://doi.org/10.1103/PhysRevD.82.112006
https://arxiv.org/abs/1010.2817
https://doi.org/10.1007/JHEP07(2019)106
https://arxiv.org/abs/1904.01129
https://arxiv.org/abs/1808.08865

