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1. Introduction

Magnetic fields in neutron stars play important roles in the interpretation of many observed
phenomena. Magnetars, which are associated with super strong magnetic fields, [1, 2] have prop-
erties different from normal neutron stars. Thus, phenomena related to magnetars can provide a lot
of information about the physics of the magnetic field.

Many authors have paid attention into cooling processes of neutron stars (NS) because it gives
important information on neutron star structure [3]. Neutron stars are cooled by neutrino emission,
and a magnetic field is expected to affect the emission mechanism largely because a strong magnetic
field can supply energy and momentum into cooling processes.

In this work we study two kind of the processes, the νν̄-pair synchrotron radiation p(e−)→
p(e−) + ν + ν̄ , and the direct Urca (DU) process (n → p + e− + ν̄e, p + e− → n + νe) when
the temperature is lower than 1 keV. We apply the quantum theoretical approach to the νν̄-pair
productions in the strong magnetic field and calculate it through the transition between the different
Landau levels for electrons and protons.

2. Formalism

Here, we briefly explain our formalism.
In this work we assume the neutron-star matter composing proton, neutron and electron. and

a uniform magnetic field along the z-direction, BBB = (0,0,B), and take the electro-magnetic vector
potential Aµ to be A = (0,0,xB,0) at the position rrr ≡ (x,y,z). The relativistic proton (electron)
wave function ψ is obtained from the following Dirac equation:[

αz pz− iαx∂x +αy(py− eBx)+(M−Us)β −
κ

M
BΣz +U0

]
ψ(x, pz,s) = Eψ(x, pz,s), (2.1)

where M is the proton (electron) mass, κ is the AMM, e is the particle charge, and E is the single
particle energy written as

E(n, pz,s) =

√
p2

z +(
√

2|e|Bn+M2− sκB/M)2 +U0. (2.2)

with n being the Landau level number. In the above equations, Us and U0 are the scalar and vector
mean-fields which are given by the relativistic mean-field approach.

In order to control the proton fraction of the NS matter we introduce the two kinds of the iso-
vector interaction channels [4], the Lorentz scalar and Lorentz vector channels, which are given by
the following Lagrangian density as

LIV =− CIV
s

2M2
N
(ψτψ)2− CIV

v

2M2
N
(ψγτψ)2 , (2.3)

where MN is the nucleon mass, and CIV
s and CIV

v are the coupling constants.
We use the parameter-set PM1 [5] for the symmetric matter and give the three parameter-sets,

SF1, SF2 and SF3, which fix the symmetry energy of 32 MeV at the saturation density. The SF1
includes only the Lorentz vector channel (CIV

s = 0), the SF2 includes only the iso-vector Lorentz
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scalar channel (CIV
v = 0), and the SF3 includes the negative value of the Lorentz vector channel

(CIV
v < 0 <CIV

s ).
The weak interaction part of the Lagrangian density is written as

LW = GFψνγµ(1− γ5)ψν ∑
α

ψαγµ(cV − cAγ5)ψα , (2.4)

where ψν is the neutrino field, ψα is the field of the particle α which indicates the proton and
electron, and the cV and cA are the weak vector and axial coupling constants dependent on each
channel.

The detailed expressions to calculate the neutrino emissivity are written in Ref. [6] for the νν̄-
pair emission process and in Ref. [7] for the DU process. For the νν̄-pair emission process, energy
intervals between two states with different Landau numbers are much larger than the temperature,
so that we cannot use the Sommerfeld expansion at the low temperature limit. On the other hand,
for the DU process, the initial particle is a neutron which does not stay in the Landau level, and the
energy interval is continuous, so that we use this expansion in the calculations.

3. Results in νν̄-pair Emission Process

In Fig. 1, we show the density dependence of the luminosities in the νν̄-pair emission by using
the parameter-set, PM1-SF1 for the mean-fields. For comparison, we give the ν̄-luminosities from
the modified Urca (MU) process [8]
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Figure 1: Density dependence of the νν̄-pair
emission luminosity per nucleon for B = 1015G at
T = 0.5, 0.7 and 1 keV (from bottom to top). The
solid and dashed lines represent the contributions
from protons and electrons. The dotted lines in-
dicate the neutrino luminosities from the MU pro-
cess.
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Figure 2: Solid lines show the density dependence
of the νν̄-pair emission luminosity per nucleon
for B = 5× 1014 G, 1015 G and 2× 1015 G at
T = 0.5 keV. The dotted lines indicate the neutrino
luminosity from the MU process.

We see that in the strong magnetic field, thus, the neutrino luminosities become larger than
those from the MU process particularly in low density regions. The calculation results include
fluctuations. The density dependence of the factor f (Ei)[1− f (E f )] does not smoothly vary for
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strong magnetic fields because the energy intervals between the initial and final states are larger
than the temperature.

In Fig. 2 we show the density dependence of the νν̄-luminosities at B= 5×1014 G, B= 1015 G
and B = 2×1015 G. We see that as the magnetic field strength decreases, the luminosity increases
in the density region, ρB/ρ0 & 1. The νν̄-pairs are produced via the transition of the proton and
electron between different Landau levels. As the magnetic field strength increases, the momentum
transfer from the magnetic field becomes larger, and the energy interval between the initial and final
states is also larger. The former effect enhances the emission rate, but the latter effect suppresses
it. In the present calculations the latter effect dominates in the higher density region.

4. Results in Direct Urca Process

Next, we show the results on the neutrino and anti-neutrino emissivities per volume in the DU
process. Because of energy-momentum conservation and Fermi statistics for NS matter composed
of protons, neutrons and electrons, the DU process occurs in a density region, where the proton
fraction, xp, is larger than 1/9, xp ≥ 1/9: this condition cannot be achieved in low density regions.
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Figure 3: (a) The density dependence of the neu-
trino emissivity per volume in the DU process at
T = 0.50 keV and (b) that of the proton fraction of
NS matter at B = 0. The vertical lines represent the
results with the SF1, SF2 and SF3, respectively. In
the upper panel (a) the solid and dashed lines indicate
the results when B = 1017G and B = 0, respectively.

In Fig. 3 we show the density depen-
dence of the neutrino emissivity in the DU
process (a) and that of the proton fraction in
NS matter, xp (b). In Fig. 3(a), the dashed
line indicates the results for B = 0, which
appear in the density region of xp ≥ 1/9;
xp = 1/9 is denoted by the horizontal dashed
line in the lower panel (b).

Here, we define ρDU as the critical den-
sity at which the proton fraction xp = 1/9.
When B = 0, the results of the neutrino emis-
sivity for SF1 and SF2 suddenly appear at the
density ρDU . They increase very rapidly and
become almost flat as the density increases.
When B = 1017G, . the emissivity appears
at a density of ρ < ρDU and becomes larger
gradually with increasing density. In the den-
sity region ρ ≥ ρDU , they undergo large os-
cillations though their local minima almost
agree with the B = 0 results.

For SF3, on the other hand, the proton
fraction does not exceed 1/9, and the DU
does not occur when B = 0. When B =

1017G, however, neutrinos are emitted, and
thus, we can confirm that the magnetic-field
increases the neutrino emission. In addition, the peak position of the neutrino emissivity agrees
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with that of the proton fraction, namely the effect of the magnetic field is related to the proton
fraction and can appear when the proton fraction is close to 1/9.

5. Summary

We have used a relativistic quantum approach to study neutrino and anti-neutrino emission in
the νν̄-pair production and DU processes from NS matter with strong magnetic fields. We see that
the magnetic field has a role to largely enhance the neutrino emission in both processes.

The νν̄-pair emission process has a much larger effect than that of the MU process in strong
magnetic fields. We can conclude that the νν̄-pair emission process is dominant in the low density
region, ρB . ρ0, for a cooling process of magnetars whose magnetic field strength is 1014−1015 G.
Therefore, our results suggest that one needs to introduce the νν̄-pair emission process when cal-
culating the cooling rate of magnetars.

In the high density region, ρB & 3ρ0, the direct Urca process appears, and its contribution is
much larger than that of the νν̄-pair emission. If the proton fraction satisfies the DU condition
xp ≥ 1/9, the neutrino emissivities are not much different from the case of B = 0, and the magnetic
field does not significantly amplify the emission, though it causes very large fluctuations in the
density dependence of the neutrino emissivity. In the usual forbidden region xp < 1/9, however,
the magnetic field contributes to the emission and changes the kinematical condition.

The present results demonstrate that the magnetic field very largely contribute to the neutrino
emission processes, and that quantum calculations are necessary to describe the momentum transfer
from the magnetic field exactly.

This work was supported in part by the Grants-in-Aid for the Scientific Research from the
Ministry of Education, Science and Culture of Japan (JP19K03833).
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