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In this article we review the perfect-fluid hydrodynamics with spin framework proposed recently.
This framework generalises the standard relativistic hydrodynamics framework to include spin
degrees of freedom and provides a natural method to describe the spin polarization evolution of
massive spin 1/2 particles. This formalism is based on the GLW (de Groot - van Leeuwen - van
Weert) energy-momentum tensor and spin tensor. We show here using Bjorken model that how
this spin hydrodynamics framework may be used for the determination of the observables which
describes the particle polarization measured in the experiment.
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1. Introduction

Measurements of Λ hyperons spin polarization made by the STAR Collaboration [1–4] created
immense interest in the theoretical physics community focusing on the interplay between the orbital
angular momentum of the matter and particle polarization in the relativistic heavy-ion collisions [5–
35]. Thermal-basedmodels describing the global spin polarization [36–41], somehow fail to explain
the differential results [4]. These models deal with the spin polarization at the freeze-out where
they assume that thermal vorticity determines spin polarization of particles [6, 42]. Following
Refs. [43–46], we investigate the spacetime evolution of particle spin polarization by including the
spin degrees of freedom in the standard hydrodynamic formalism in the Bjorken hydrodynamical
setup [47].

2. Hydro-dynamical equations and spin polarization tensor

For particleswith spin-1/2, perfect fluid hydrodynamics formalism is formed on the conservation
laws for charge, energy and linear momentum and, angular momentum, which is based on GLW [48]
energy-momentum tensor, ) UV

GLW, and spin tensor, (UVWGLW1, namely [43–45]

m`#
` = 0, m`)

`a

GLW = 0, m_(
_,UV

GLW = )
VU

GLW − )
UV

GLW, (1)

with

#U = =*U, )
UV

GLW = (Y + %)*U*V − %6UV , (2)

with #U being the net baryon charge current and Y, %, = is the energy density, pressure and
baryon number density, respectively, and *V is the time-like hydrodynamic flow four-vector. Due
to the symmetricity of energy-momentum tensor in Eq. (1), conservation of the angular momentum
in-turn implies conservation of the spin part separately [46]. The spin tensor [44] is (U,VWGLW =

C
[
=(0) ())*UlVW + A (0) *U* X* [VlW ]

X
+ B(0)

(
* [VΔUXl

W ]
X
+*UΔ X [VlW ]

X
+* XΔU [VlW ]

X

)]
where C = cosh(b), B(0) = − 2

<̂2 B (0) ()) and A (0) = −3B(0) + 2=(0) ()), and =(0) ()), B (0) ()) is
the number density and entropy density of spin-less and neutral massive Boltzmann particles [49],
respectively, with ΔUV being the spatial projection operator orthogonal to * with b = `/) (i.e.
baryon chemical potential over temperature) and <̂ = </) , < is the particle mass.
Being an asymmetric second rank tensor, the polarization tensor lUV can be written as

lUV = ^U*V − ^V*U + nUVWX*WlX , (3)

where ^ and l are four-vectors orthogonal to fluid flow four-vector *. For system with boost-
invariant flow and transversely homogeneous set-up the following basis are useful for further
calculations

*U = (cosh([), 0, 0, sinh([)) , -U = (0, 1, 0, 0) ,
. U = (0, 0, 1, 0) , /U = (sinh([), 0, 0, cosh([)) (4)

1Herein we assume small spin polarization of particles (|l`a | < 1).
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with [ = 1
2 ln((C + I)/(C − I)) being the space-time rapidity. Using these four-vector basis, ^U and

lU can be decomposed in the following way where all the scalar coefficients are function of proper
time (g) only.

^U = �^- (g)-U + �^. (g). U + �^/ (g)/U, lU = �l- (g)-U + �l. (g). U + �l/ (g)/U (5)

Using Eq. (5) in spin conservation law and projecting the resulting tensorial equation on *V-W ,
*V.W ,*V/W , .V/W , -V/W , and, -V.W we get equations of motion for scalar coefficients which turn
out to evolve independently. Due to the rotational symmetry in the transverse plane, coefficients
�^- , �^. and �l- , �l. follow the same structure of differential equations, respectively.

3. Particle spin polarization at freeze-out

Spin polarization tensor evolution permit us to calculate the mean spin polarization per particle
defined as 〈c`〉 = �?

3Π` (?)
33?

/�?
3N(?)
33?

[46] with

�?

3Π` (?)
33?

= −cosh(b)
(2c)3<

∫
ΔΣ_?

_ 4−V ·? l̃`V?
V ,

�?

3N(?)
33?

=
4 cosh(b)
(2c)3

∫
ΔΣ_?

_ 4−V ·?, (6)

where �?
3Π` (?)
33?

being the total value of the Pauli-Lubański vector for particles and �?
3N(?)
33?

being
the momentum density of all particles having momentum ?. Using canonical boost, the polarization
vector 〈c★`〉 in the particle rest frame can be obtained, where its longitudinal component is [47]

〈c★I 〉 =
1

8<

[ (
< cosh(H?) + <)

<) cosh(H?) + <

) [
j

(
�^- ?H − �^. ?G

)
+ 2�l/<)

]
+
j < sinh(H?)

(
�l- ?G + �l. ?H

)
<) cosh(H?) + <

]
(7)

where j (<̂) ) = ( 0 (<̂) ) +  2 (<̂) )) / 1 (<̂) ), <̂) = <) /) and H? is the rapidity.

4. Results and Conclusion

For the Bjorken flow, charge current conservation and energy and linear momentum conser-
vation is written as 3=

3g
+ =

g
= 0 and 3Y

3g
+ (Y+%)

g
= 0, respectively. In Fig.1 (above panel left),

proper-time dependence of temperature and baryon chemical potential is shown, where temperature
decreases with proper-time, whereas ratio of baryon chemical potential over temperature increases
with proper time. In Fig.1 (above panel right), dependence of the � coefficients on proper time is
shown. Using thermodynamical quantities and � coefficients at freeze-out, different components
of the PRF average polarization vector 〈c★`〉 are obtained, see Fig.1 (below panel). We notice that
〈c★H 〉 is negative which reflects the initial system’s spin angular momentum. At midrapidity, the
longitudinal component of polarization vector (〈c★I 〉) is zero and 〈c★G 〉 shows quadrupole structure.
Our results presented here does not show quadrupole structure of the longitudinal polarization
observed in experiments because of the symmetries we assumed. We presented results using the
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Figure 1: Above panel left: Proper-time dependence of temperature ) rescaled by its initial value )0
(solid line) and the ratio of ` (baryon chemical potential) and ) (temperature) rescaled by the initial ratio
`0/)0 (dotted). Above panel right: Proper-time dependence of the coefficients �^- , �^/ , �l- and �l/ .
Below panel: Components of the PRF average polarization three-vector of Λ’s with the initial conditions
`0 = 800 MeV, )0 = 155 MeV, �^,0 = (0, 0, 0) and �l,0 = (0, 0.1, 0) for mid-rapidity.

perfect-fluid hydrodynamics framework with spin for the Bjorken scenario [50, 51]. Our approach
show that scalar coefficients � which describes spin polarization evolve independently with weak
proper-time dependence. Our results may be used to determine the particle spin polarization at
freeze-out and we have shown that particle spin polarization formed at freeze-out hypersurface
depicts the initial polarization direction.
I thankWojciech Florkowski and RadoslawRyblewski for clarifying and inspiring discussions. This
researchwas supported in part by the PolishNational ScienceCenterGrantsNo. 2016/23/B/ST2/00717
and No. 2018/30/E/ST2/00432.
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