PROCEEDINGS

OF SCIENCE

Introduction to the Intersection Theory for Twisted
Homology and Cohomology Groups

Keiji Matsumoto*

Department of Mathematics, Faculty of Science, Hokkaido University,
Kital 0-NishiS8, Kita-ku, Sapporo, 060-0810, Japan

E-mail: matsu@math.sci.hokudai.ac.jp

We give an introduction to the intersection theory for twisted homology and cohomology groups
associated with Euler type integrals of hypergeometric functions. We introuduce twisted homol-
ogy and cohomology groups motivated by Twisted Stokes’ Theorem, and give their dimension
formulas. We define an intersection form between twisted homology groups and that between
twisted cohomology groups, and explain how to compute them. These intersection forms are
compatible with the natural pairing between the twisted homology and cohomology groups. This
compatibility yields a twisted period relation, which relates intersection numbers and period in-
tegrals regarded as some kinds of hypergeometric functions. In Appendix, we show that Elliott’s
identity can be obtained from the twisted period relation.

MathemAmplitudes 2019: Intersection Theory & Feynman Integrals (MA2019)
18-20 December 2019

Padova, Italy

*Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/


mailto:matsu@math.sci.hokudai.ac.jp
https://pos.sissa.it/

Introduction to Intersection Theory Keiji Matsumoto

Contents
1 Introduction 2
2 Regularization of open intervals 4
3 Lauricella’s hypergeometric system 7 6
4 Twisted Stokes’ Theorem 7
5 Twisted homology groups 9
6 Intersection form between twisted homology groups 10
7 Twisted cohomology groups 12
8 Intersection form between twisted cohomology groups 16
9 Twisted period relation 18
A Elliott’s identity as the twisted period relation 22
A.1 Integral representations 22
A.2 Setting of a local system 23
A.3 Transform of a twisted period relation into Elliott’s identity 24
Acknowledgments 25

1. Introduction

This article is an introduction to the intersection theory for twisted homology and cohomology
groups based on results in [AK], [CM], [KY1], [M1] and [Y2].
The hypergeometric series F(a, b, c; x) is defined by

Flab o) - Z<a>n(b>n "

(¢)nn!

where x is a main variable in D = {x € C | |x| < 1}, a, b,c are complex parameters with
c#0,—-1,-2,...,and
(@), =ala+1)---(a+n-1), (a)=1.

Under Re(a), Re(c — a) > 0, F(a, b, c; x) admits an Euler type integral

. — F(C) : a c—a -b dt
F(d,b,C,X)—m‘/o t (1-1‘) (I—IX) t(l—t). (1)
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Here we assign a branch of the multi-valued function u(r) = t*(1 — £)°~%(1 — tx)™” in (1) on the

integration interval (0, 1) by arg(t) = arg(1 —¢) = 0, and —7/2 < arg(l — tx) < n/2 for x € D.
dt

t(1-1)
this integral as a pairing between the 1-form ¢ and a pair I ® u;(¢) of I = (0, 1) and a branch of

up(t) = t(1 = 1)°"%(1 — tx)™ on I. With respect to this, any branch u;(¢) on I vanishes at the
boundary of I under Re(a), Re(c — a) > 0, and the exterior derivative d acts on u(t)y as

du(t)
u(r)

Motivated by the above, we define twisted homology and cohomology groups associated with

We separate u(r) = t4(1 — 1)°"%(1 —tx)™> and ¢ =

from the integrand in (1), and regard

d(u(t)e) = u(t) - dg + du(t) A @ = u(r) - (d¢ + A <p) - 0.

an Euler type integral of Lauricella’s hypergeometric series Fp in m-variables given in (8) as
follows. We set a multi-valued function

(1) = 190 = ) (1 = ) (1~ 1)

on the space T, = P! — {X0, X15 + + s Xmm> Xm+1> Xm+2} for mutually different fixed complex variables
X0 =0,X1, ..., Xm, Xm+1 = 1, X4 = oo with parameters
m+3
@ = (@, 1, . . ., Uy Ui 1, Umy2) € (C=Z)™7, Ao = —@0 — @1 =+ = A — A1

Let C;/ be the space of finite linear combinations D a0 @up; (t), where a; € C, A; is a k-simplex
in 7y and up,(7) is a branch of u(r) on A;. A twisted boundary operator is given by the linear
extension of

Ow : C]? 5A® MA(Z‘) — 0A® MA(Z‘)|3A € Cl?—l (k =0, 1,2),

where A is a k-simplex in T, 9 is the topological boundary operator, and ua()|sa is the restriction
of ua(r) to JA. A twisted homology group is defined as the quotient

H(C,,d,) = ker(0y, : Cf' = C)/0,(Cy).

On the other hand, we set a single-valued rational 1-form w on T, by the logarithmic exterior
derivative of the multi-valued function u(z):

du(t) ”i‘ a;dt

w = dlog(u(t)) = ol 24 —_—
A twisted cohomology group is defined as the quotient

HY (&%, V,,) = ker(V, : &' - E?)/V,(EY)
by a twisted exterior derivative

Vo :EK sy (d+why e 8 (k=0,1,2),

where & is the space of smooth k-forms on 7. These groups are dual to each other by the pairing

Wﬂ=2m[w@%
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where y is a V,-closed 1-form on 7 satisfying V¢ = Oandy = }; a;I; ®uy, (¢) is a twisted 1-cycle
satisfying d,,(y) = 0. We show that the dimensions of these groups are equal to —y(Ty) = m + 1,
where y(T)) is the Euler number of 7.

By using d_,, and V_,, given by u~'(t) = 1/u(t) instead of u(t), we have H; (C,”_I, 0—w)
and H'(&°,V_,,). There are an intersection form between H;(C¥, d,,) and H, (Cl‘_l, 0_), and that
between H'(&°,V,,) and H' (&, V_,,). We explain how to evaluate intersection numbers for twisted
1-cycles in §6 and those for V,,-closed 1-forms in §8.

It is known that the intersection forms are compatible with the natural pairings between twisted
homology and cohomology groups. This compatibility yields a twisted period relation, which relates
intersection numbers and period integrals regarded as some kinds of hypergeometric functions. In
case of m = 0, we have the simplest example, which is the inversion formula

2aV-1(p + q) 1 — ¢27V-1(p+q)
B > - B(— s = . 2
(P.q) - B(-p,—q) o (1 erin1 — onVia) 2)
for the Beta function
1
Bp.a)= [ 710y (Re(p). Re(q) > 0). 3)
0 t(1-1)

extended to a meromorphic function on C? by the functional equations

_I'(»Ir(g)
I'(p+q)

Here B(p, q) and B(—p, —q) are regarded as period integrals, and the right hand side of (2) is the

B(p, q) , pF(p):F(p+1):/me_ttpdt (Re(p) > —1).
0

product of the intersection number of V.,-closed 1-forms and that of twisted 1-cycles.
For case m = 1, we also show that the twisted period relation yields identities among several
values of the hypergeometric series such as

Fla,b,c;x)F(1-a,1-b2—-c;x)=F(b-c+1l,a—c+1,2-c;x)F(c—a,c—b,c;x).

For general m, we give identities among several values of the hypergeometric series Fp by the
twisted period relation.
In Appendix, we show that Elliott’s identity can be obtained from the twisted period relation.

2. Regularization of open intervals

For the integrals (1) or (3), we need the convergence condition Re(a),Re(c — a) > 0 or
Re(p), Re(g) > 0. Let us change these conditions into a,c —a ¢ Zor p,q ¢ Z.

Let C;® be a circle with center ¢ = 0, radius & and terminal t = &, and C[ be that with center
t = 1, radius € and terminal # = 1 — &, where ¢ is a sufficiently small positive number; see Figure
1.

Proposition 1. IfRe(p),Re(q) > 0, p, g ¢ Z then

1 I-e 1
B(p,q) = —— e + N — —— e, 4
(. q) Y P /Cgs u(t)ep /g u(t)ep Y= P /Crg u(t)e )
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1 -1
e2mV/—=1p _ 1 Ca’s C;E e2mv—=1q _ 1

Figure 1: Regularization of the open interval (0, 1)

dt

t(1—1)
and those on Cj® and C[ ¢ are assigned by the arg(t) = arg(1 — t) = 0 at their start points.

where ¢ = u(t) = tP(1 —1)4, its branch on &, 1 — €] is assigned by arg(t) = arg(1 —¢) = 0,

Proof. We show that the right hand side of (4) is independent of €. This property yields the identity,
since

lim u(t)e = lim / u(t)p =0
&e—0 Clﬁt‘

&e—0 CJS

and
1-&
lim u(t)e = B(p, q)

=0 )¢

under Re(p), Re(q) > 0. Take a circle C; 9 for 0 < & < &, and consider the difference

-/C“' u(t)p — ./c+6 M(l‘)(p] - ‘/: u(t)ep.

0

1
eZﬂ'ﬁp -1

It is equal to

1 di
L VSN
eznﬁp_lfct I=-0"0

which vanishes by Cauchy’s integral theorem, where the path C is in Figure 2. We can similarly

Figure 2: Path C

show that the right hand side of (4) is independent of ¢ for the circle C;*. O
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Definition 1 ([AK, Example 2.1]). We define the regularization of the open interval (0, 1) with
respect to u(t) = t?(1 — r)? by the formal sum

1 1
— T t[el-g]-———CF
eZﬂ\/jlp -1 0 [8 8] eZﬂ\/jlq -1 1

with assignments of branches of u(¢) on C;*, [, 1 — €], C® as in Proposition 1.

Note that each path integral of (4) in Proposition 1 reduces to an integral of a continuous
function over a bounded closed interval. Since it is well defined under the condition p, g ¢ Z, we
remove the convergence condition Re(p), Re(q) > 0 for implicit integrals for B(p, g).

We can apply this cycle to the Euler type integral (1) for hypergeometric series. We change
the convergence condition Re(a), Re(c — a) > 0 into a, ¢ — a ¢ Z by using this cycle. To prove (1)
integrated along this cycle, we use the Taylor expansion

00 b .
(1-tx)" = Z %t"x"
!

and change the order of the infinite series and the integral. This order change is permitted under
the uniform convergence of the series for the fixed variable x € D. Note that we need much more
strong conditions for changing the order of an infinite series and an implicit integral.

Moreover, we will see an advantage to be able to define the intersection form by introducing
the regularization of open intervals.

3. Lauricella’s hypergeometric system 7

In this section, we generalize the Euler type integral (1) of F(a, b, ¢c; x) or (3) for B(p, g) by
referring to [Y1, §6]. By the variable change s = 1/¢, (1) and (3) are transformed into

© ds © ds
/ sPC(s = x)7b(s = 1) , / sP(s - 1) i
1 s—1 1 s—1
Here we generalize u(¢) to
m+2 m
u(®) = u(t,x) = [ [ = xp) =[] [0 = x)¥ ] = 1y, 5)
j=0 j=1
where xo = 0, x1, ..., X, Xms1 = 1, Xppy2 = oo are mutually different complex variables, and a; are
complex parameters satisfying
m+2
Qo, A1, -+« s Uy As 1, Ams2 & Z, Z a; = 0. (6)
Jj=0
We set
a = (a/07 a/la LR a,m7 a’m+1’ a’m+2)

and assume (6) throughout this article unless otherwise specified. We consider the integral

0 d
/1 utye, o= )

t—1
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which converges under our assumption (6) if we use the regularization of (1, oo) with respect to u(z).
Introduce parameters a, b = (by, .. ., by,), ¢ from a as

a=ams2, b=(-an...,—y), €=ani1 + A2
In case of m = 0, the integral (7) is equal to B(ay, az) = B(a, ¢ — a); in case of m = 1, it is equal to
B(az, a3)F(a3, —ay, a2 + @3;x1) = B(a,c — a)F(a, b, ¢; x1)

forc =ay+a3 #0,-1,-2,... and x; € D. For general m, if ¢ = a;,+1 + @42 is different from
0,-1.-2,... and x = (xy, ..., X;;,) belongs to

Dy, = {x € C"| max |xj| <1}
1<j<m
then the integral (7) can be expressed as
B(@ms1, ¥ms2) Fp(@ms2, =1, - - ., =@y A1 + @y2; X) = B(c — a,a)Fp(a, b, ¢; x),

where Fp(a, b, c; x) is Lauricella’s hypergeometric series defined by

(a)n|+---+nm HT:](b])n, ﬁ

(C)n1+~~~+nm l—[;n:l nj!

Fp(a,b,c;x) = Z

m
n ENO

J’f ) (8)
j=1

The differential operators

k#j k#j
xj(l—xj)@f +(1-xj) 1sgsmxk6j(9k +[c—(a+bj+1)x;]0; — b; lskZSkaak —abj, (1 <j<m)

(xj - xk)(‘),ak — brdj + b0k, 1<j<k<m)

0

annihilate the series Fp(a, b, c; x), where 0; = Tx (1 < j < m). The partial differential equations
Xj

given by their actions generate Lauricella’s hypergeometric system ¥ (a, b, ¢), which is a holonomic

system of rank m + 1 with regular locus
m
X={xec ]—[[xj(l - x))] ]_[ (xj — xi) # 0}.
j=1 1<j<k<m

This means that the vector space of solutions to Fp(a, b, ¢) on a small neighborhood of any x € X
is m + 1 dimensional.

4. Twisted Stokes’ Theorem

We consider the treatment of a multi-valued 1-form u(#)e(¢) in (7) by referring to [AK, §2.1].
Let ¢ be a smooth k-form on Ty = P! — {xp, x1, ..., Xps2} = C = {0, X1, ..., X, 1}, and let A be a
k-simplex in Ty. To define an integral
[ utor. ©
A
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we need to assign a branch ua(¢) of u(r). Though u(¢) is multi valued on Ty, the restriction of any
branch of u(t) to A is single valued since A is simply connected. Thus we separate the multi-valued
function u(¢) and y from u(t)yr, and regard the integral (9) with assignment of a branch ua (¢) of u(z)
on A as a pairing (¢, A ® ua(t)) between i and the pair A ® ua(z) of A and ua(¢).

We rewrite Stokes’ theorem

/ dup (D)) = / up (i (10)
D oD

under this policy, where i is a smooth k-form, D is a (k + 1)-simplex, up(¢) is a branch of u(¢) and
0 is the boundary operator. The left hand side of (10) is

d(up (W) = up()dy + dup(t) A = up(t)(dy + w A) = up )V,

where we set

dup(t) _ mzzﬂ a/jdt

w = dlog(up(r)) = up(0) PR
Jj=0 /

and introduce a twisted exterior derivative
Vo=d+wA.

Here note that w = dlogup(t) = dlogu(r) is a single-valued smooth 1-form on 7T, though u(t) is
multi valued on 7.

On the other hand, the right hand side of (10) is (¥, (D) ® up(t)|sp) under this policy, where
up(t)|gp is the restriction of up(f) to dD. Thus we define a twisted boundary operator d,, by

0u(D ® up(t)) = (D) ® up(t)|ap-
We summarize these results as follows.

Theorem 1 (Twisted Stokes’ Theorem ([AK, §2.1.2,2.1.3])).

(Votr, D® up(t)) = (¥, 0,(D ® up(t))).

Let ¢ be a smooth k-form ¢ on 7. If Vi = 0 then ¢ is said to be V,,-closed, and if there
exists a smooth (k — 1)-form f on Ty such that V,, f = i, then y is said to be V,,-exact. Since
VooV, =0,ify is V,,-exact then i is V,-closed. Any holomorphic 1-form ¢ on Ty is V,,-closed
since V,(p) =do + w A ¢ =0by df A dt =0. The 1-form w is V,-exact since w = V1.

A finite linear combination

y = Z ajA; ® up,(t)
J

is said to be a twisted k-chain, where a; € C, each Aj ® up, () is a pair of a k-simplex A; in 7 and
a branch uy,;(¢) of u(t) on A;. If 9,,(y) = 0 then v is said to be a twisted k-cycle, where the twisted
boundary operator d,, is extended linearly. Since d,, o d,, = 0, 9., (y) is a twisted (k — 1)-cycle for
any twisted k-chain .

In case of m = 0, we define a twisted 1-chain as

Cy? ®uo(t) + e, 1 — €] ® uy(r) — 1C1_€®u1(t) (11)

Yo = e27r\/3p -1 eZﬂ\/jq —
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by I = [e,1~-¢], C;®, C[® and the branches u;(t), uo(t), ui(t) of u(t) = t”(1 - )4 on them as in
§2. (Strictly speaking, we should divide C;j* and C|* into upper and lower semi-circles, since Cj*
and C[“ are not isomorphic to a 1-simplex in 7.) It is a twisted 1-cycle since

[t],_, ® ™ Pug(e) - [1],_, ® uo(e)

B (y0) = ] ([ o @u=2) = [1],_, @ ur(2))
[Z] t=1-& ® eZﬂﬁqul(l - 8) - [I]t:l—s ® Lt](l - 8)
- 6271'\/:(] -1

=0,

where uo(g) and u;(1 — &) denote the values of uo(t) and u(t) at the start points of C;* and C|?,
respectively. Here note that the values of uo(¢) and u;(¢) at the end points of C;* and C[® are equal

to e27V=1p up(e) and ezﬂﬁqul(l — &), respectively, and that

up(e) = ur(e), wui(l—e)=u;(1-e).

We can regard the integral (1) or (3) as a pairing between a V,-closed 1-form and a twisted
1-cycle.

Remark 1. Since the open interval (0, 1) in 7, = C — {0, 1} cannot be expressed by a finite sum of
1-simplexes in 7, we cannot regard the pair (0, 1) ® uo,1)(¢) of (0, 1) and a branch g, 1)(t) of u(z)
as a twisted 1-chain for this definition. To regard (0, 1) ® u(q,1)(¢) as a twisted 1-chain, we need to
extend “finite sums” to “infinite sums with local finiteness”, which are not treated in this article.

5. Twisted homology groups

The vector space of twisted k-chains in T is denoted by C;'. Let ¢ be a V,,-closed 1-form on
T, and y be a twisted 1-cycle in 7. Since

<SD’ aw(G» = <Vw‘10’ G> = <0’ G> =0,

for any G € G}/ by Twisted Stocks theorem, we have

(@7 + 0u(G)) = (¢, 7).

This means that d,,(C}') has no effect on the pairing (¢, y) between a V,,-closed 1-form ¢ and a
twisted 1-cycle y in 7.

Definition 2 (Twisted homology group). The k-th twisted homology group Hi(C¥, d,,) is defined
by
Hi(CJ', 00) = ker(0o : G = G /0u(Cyy) (K =0,1,2).

Proposition 2 (Dimension formula [AK, Lemma 2.14]). Under our assumption (6) on a, we have

dim H{(C!,0,) =m + 1.
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Proof. Since C*, and Cj' are isomorphic to the zero vector space, we have
Hy(C,', 0,,) = Cy /0,(Cy),  Ha(C,', 0u) = ker(d,, : C) — CY').

Let p be any point in Ty and C be a loop in 7y with terminal p turning around x( once positively.
Then
3w (C ®uc(t) = (V71 1) - [1],-p ® uc(p)

where uc(p) is the value of a branch uc(t) of u(z) at the start point. Thus we have C}' = 0.,(C}")
which means Hy(C¥, d,,) = 0 under the condition @y ¢ Z. Since any twisted 2-chain consists of
finite sum of ¢;A; ® u(t) for ¢; € C and 2-simplexes A;, we cannot eliminate their boundaries. Thus
we have ker(d,, : C}' — C}') = 0, which means H»(C}', d,,) = 0.

We use the fact

X(Tx) = dim HO(C?’ aw) —dim H,; (C:ta aw) + dim HZ(C:ta aw),
where y(Ty) is the Euler number of 7. Since
x(T) = x(P') = #{x0,... .. Xna2} =2 = (m+3) = —-m — 1,

we have dim H{(C¥, d,,) = m + 1. m|

Remark 2. This dimension formula is valid under the condition & ¢ Z™*3. If a; € Z then we
cannot use the regularization of cycles for paths with terminal x;. For example, we give some cases
(p,q,—p — q) ¢ Z2 for B(p, q): Ty = P! = {0, 1, 00}, u(t) = tP(1 — 1)4 and dim H;(CY, 8,,) = 1.

If p € Zand g, p+ q ¢ Z, then the regularization of (0, 1) with respect to u(¢) cannot be defined.
In this case, C§ ® uo(t) becomes a twisted 1-cycle, and it spans H;(C,', d,,). Note that this twisted
1-cycle can be regarded as d,,(Ag ® ua,(t)) if we permit infinite sums with locally finiteness, where
Ao ={t € C|0 < |t| < &} and up,(¢) is the continuation of uy(t) to Ay.

If p,q ¢ Zand p+q € Z then we have the regularization of (0, 1) with respect to u(¢), and it gives
a non-zero element of H{(C¥, d,,). In this case, if we permit infinite sums with locally finiteness
then (0, 1) ® u(,1)(#) can be regarded as a twisted 1-cycle and it coincides with d,,(A; ® ua, (1))
up to a non-zero constant, where A; = T, — (0,1) and a branch ua,(¢) of u(t) is assigned by
arg(t), arg(l — ¢) € (0,27) on A;.

6. Intersection form between twisted homology groups

By using 1/u(t) = u~'(¢) instead of u(t), we define the spaces C,i‘_l of twisted k-chains, the
twisted boundary operator d_,, and the twisted homology groups Hy (Ci‘_l, 0_u) (k=0,1,2).

Definition 3 (Intersection number of twisted 1-cycles). Lety = »; a;l; @ uy,(t) and 6 = }; b;J; ®
u;jl (¢) be twisted cycles, where a;, b; € C, I; and J; are 1-simplexes in 7. Suppose that any /; and
J; intersect transversally at every intersection point p of them. The intersection number of y and 6
is defined by

7, 8) = > aib; D () - [ur,(p)]- [u7! ()], (12)

i,j pEL;NJ;

where (I;, J;),, denotes the topological intersection number of /; and J; at p.

10
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As in [KY1, §1], we have the following theorems.

Theorem 2. The intersection number (12) induces a bi-linear form between the spaces of twisted
cyclesker(d,, : C{' — C}) andker(d—, : C{’il — Cg‘il ), which descends to that between H,(CY, 0,,)
and H; (Cl‘_l, 0_w). It is non-degenerate.

Theorem 3 ([AK, §2.3.3], [KY1, Theorem 2.1] and [Y2, §4.7]). Suppose that xi,...,xn € R,
0=x0<x1 <+ <Xp < Xps1 =1, Xppo = 00. Let yj be the twisted cycle given by the
regularization of I; = (x;, xj41) with respect to u(t), and let 5y be that of Iy = (Xk, Xr+1) with respect
to u=\(t). Then we have

—0; . .
1-6; k=71
J
1_9j9j+1 lfk—J
(yjoky =4 (L=0;)(1—611) ’
-1
if k=j+1,
=0 if J
0 otherwise,

where 0; = exp(2rV-1a;).

Proof. Let us compute (y;, ;). We can regard the branches of u(t) and u~'(¢) on any components
of y; and §; as the analytic continuations of branches up () and uﬁl (#) defined on the upper half
space of Ty satisfying ug(?) - uﬁl (1) = 1. These continuations are denoted by u,, (¢) and u(;j (t). We
can see by Figure 3 that the topological intersection number of the 1-simplexes of y; and §; at p;
is —1, that at p, is +1, and

tty; (p1) - s, (p1) = u(p1) g (P1) = 1ty (p2) -z, (p2) = Ojruna(pa) - g (2) = 61

Here note that the value of uy, (¢) at p; is multiplied 6}, to ug(¢) since the variable ¢ turns once
around x;, positively along the circle. Thus the intersection number (y;, d;) is

_u (@)
N\
\N
\
\
2}
“u(t)

Figure 3: Intersection of twisted cycles

9j+1 -1 (1- gj)(l - 9j+l)‘

=1

g1 "o
J

11
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We can similarly compute other (y;, dx).
We can show that the intersection form between H;(CY,d,) and H\ (C:‘fl, 0_,) is non-
degenerate by the regularity of the intersection matrix

__1-606; =1 ...
- 16 0 0
=0 12610, =L
1-6 (1-6,)(1-6,) 1-6,
= ((v: . = -0 1-6,01
Hy, (<71’5k>)0sj,k5m 0 ﬁ m
. 10,1111
0 (1—0,n)(]70m+])
- 9;11+2
Under our assumption (6), det(Hy,) = does not vanish. m|

(1 =60)(1 = 61)-- (1 = Oms1)
By Theorem 3, the intersection number between twisted cycles defining B(p, ¢) and B(—p, —q)

is
1= eZn\/:(p+q)

(1 — e2xV=Ip)(] — eznﬁq)'

7. Twisted cohomology groups
Recall that Twisted Stokes’ Theorem

(Vo D @ u(t)) = (¥, (D ® u(1))),

where w = dlogu(t), V,, = d + wA, ¥ is a smooth k-form, D is a (k + 1)-chainin 7. Let ¢ be a
Vw-closed 1-form on T, and vy be a twisted 1-cycle in 7. Since

Vo fy) = {f,0uy) =(f,0)=0

for any smooth function f on 7, by Twisted Stocks’ theorem, we have

(p+Vuf,v)={(p7).

It means that V,,(E") has no effect on the pairing (¢, y) between a V,,-closed 1-form ¢ and a twisted
1-cycle y in T, where & is the space of smooth functions on Ty.
Let &K and EF be the space of smooth k-forms on T and that with compact support. Note that

dt dt
,——e&l-gl,
t(l-1)t-1 © €

gk c &,
and that ¢ € &* belongs to EX if and only if = 0 on a small neighborhood Ujof xj (j =
0,1,...,m+2).

Definition 4 (Twisted cohomology groups). A twisted cohomology group and that with compact
support are defined as

H*&*,V,) = ker(V, :E&F — kv, &,
H&2,V,) = ker(V,, : 85 - 5/V,EE,

fork=0,1,2.

12
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By regarding ¢ € & as an element of &', we have a natural map
H'(8%,V0) = H'(E", Vo). (13)

Proposition 3 (Dimension formula [KN, Main Theorem, Remark 2]). Under our assumption (6)
on a, we have
dim H'(&%, V) = dim H'(EX, V) = m + 1,

and the natural map (13) is an isomorphism.

Proof. To obtain the claim for the dimension, we show that the spaces

H(E*, V) = ker(V,, : E° — 1), HA(E%,V,,) = E7/V,(E),
HY(E*, Vo) = ker(Vy, 1 &) — &), HAE" V) = E2/Vu(Ep),

vanish, and use the fact

x(Ty) dimH(&*,V,,) —dim H'(&°,V,,) + dim H*(&",V,,)

dim H°(&2,V,,) — dim H (82, V,,) + dim H*(E2, V,,).

Let us show H*(E*,V,,) = HY(&,V,,) = 0. Regard V,, f = 0 as a first order linear differential
equation for unknown function f. Its solution is ¢ /u(¢) (¢ € C) in a neighborhood of any 7 € Ty. In

fact,
1 1 L du(t)  du) _

-G TN T ey
Since 1/u(t) is not single valued on Ty under @ € (C — Z)"™*3, its global solution is only 0. Thus
the spaces vanish.
Let us show H*(&%,V,,) = 0. For any 5 € &, we find ¢ € &' such that V., = . Note that 1
is (1, 1)-form and dn = 0. By the d-Poincaré lemma, there exists a (1, 0)-form ¢ such that ¢ = 7.
It takes the form ¢ = g(¢)dt and satisfies

Vot = (9 +8) - (g(1)dt) + w A (g(1)dt) = d(g(t)dr) = n.

Thus any element of &2 is a V,,-image of &', and H*(&*,V,,) = 0. Hence we have

dimH (&%, V) = —x(Tx) = m + 1.
To obtain H*(E?, V,,) = 0, we show the natural map H'(E2,V,,) — H'(E®,V,,) is surjective.
For any € &' satisfying V¢ = 0, we find ¢’ € & such that y — ¢’ € V,,(E°). Set

1
(1) = : 14
/i@ %~ D) /C o u(t)y (14)

where C(t) is a loop with terminal ¢ turning once around x; positively. It is independent of the

choice of loops by V¢ = 0 and Twisted Stocks’ theorem. Thus f; is single valued around x; and
satisfies

- nV-la; —
Vo) du(t) /C ()MWHZ (e — (e

(ez,r\/jaj — Du(t)? (g2”\/j‘1f = Du(r)

du(t) 1
u(t) " (e27V=1a — 1)u(r) /cm oy
.

13
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Let h; be a smooth function on P! satisfying

hi(r) = 1 if reU, 15
Y0 f teVy, (15)

where U; and V; are neighborhoods of x; satisfying U; C V;. Though f; are defined only around

xj, the function Z;’;Bz h;j(t)f;(t) can be regarded as a function on 7.

Since f; satisfies V,, fj = ¢ around x;, and h; f; identically vanishes around xi (j # k), we have

m+2

W ==V ) hi0fi0) e EL
Jj=0

which shows that the natural map (13) is surjective.

Let us show H*(E2, V,,) = 0. For any 5 € &2, there exists a (1, 0)-form ¢ such that V¢ = .
We have seen the existence of ¢ as an element of E1, ¥ may not belong to E.. However V,y(= 1)
vanishes identically around x; (j =0, ..., m + 2), there exists a smooth function f; around x; such
that V,, f; = y asin (14). Though f; is defined only around x;, /;(¢) f;(t) can be regarded as defined
on T. Thus we have

m+2 m+2

U= Vo 3 iOF®) € 8L Valv = Vol Y n@)£0)) =
Jj=0 j=0
which mean that H2(8;, V.,) = 0. Hence we have

dim H'(E2,V,,) = —x(Tx) =m + 1.

We have seen that the natural map H'(E2,V,,) — H'(E°,V,,) is surjective. Because of
dimH'(&*,V,,) = dim H1(8;, V), this map is isomorphic. O

Definition 5. We define
1o H'(8%, V) > H' (82, V,,)

by the inverse of the natural map H'(E2,V,,) — H'(E*, V,,).

14
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Here we mention about the natural map H'(&2,V,,) — H'(E%,V,,) in case of @ ¢ Z™* and
a; € Z. We may assume a2 ¢ Z otherwise use a projective transformation sending x; with
@y ¢ Zto co. In this case, f; in (14) cannot be defined. Instead of the circle C(¢) in (14), we take a
path Ce(?) starting from ¢, approaching to x;,+» = oo turning this point once around positively, and
tracing back to ¢. Then the function

1
e — L., o
is single valued on a small neighborhood of ¢, and satisfies V,,g;(t) = . However, if u(¢)y includes
the term % then c log(t — x;) appears and g;(t) cannot be single valued on U;. Thus the natural
map H'(&2,V,,) — H'(E*,V,,) is not surjective in this case.

—cdt
by adding a 1-form e
t—Xxj ([—xj)"j"'l

In the proof of H*(E2,V,,) = 0, we can kill this term

—dt

PRTE ) = 0, the property V¥ = 7 is kept by this addition. Hence we obtain

to . Since Vw((
H*(E2,V,,) =0in this case. Thus we have the following proposition.

Proposition 4. If o ¢ Z/"*3 then
H&%,V,) =0, H*&",V,)=0, H'&ELV,)=0, H*&ELV,)=0,
dim H'(&%,V,,) = dim H'(E2, V) = m + 1.
In the above observation, we see that if @ ¢ Z™*3 and «@; € Z then the natural map
H' (&L V,) — H'Y(E%,V,,) is not surjective though dim H'(&*,V,,) = dimH'(EL,V,,). We
given an element of the kernel of the natural map in this case. Note that
dh;(t hi(t
(1) sl (1)
u(t) u(t)
where h;(¢) is given in (15). Since
dhj(t1)\  dod(h;1))
u(t) B u(t)

= —dhj(t) AV, (()) 0,

WO\ A0y | ( ) hy(t)
(a(z)) = T RO ) e
dhj([) 1 _ dh](l)
a0V (B)‘ u()

egl-g&v

dhj(l‘)
u(t)

—dhj(t)/\d(%) +w A

dhj(t) 0 dhj(t) . .
o is V,,-closed and belongs to V,,(E"). Thus 7 is zero as elements of H' (&%, V,,). Recall
u u
that ker(V,, : — &) is spanned by 1/u(t), which is not single valued on 7y under o ¢ Z"*3.

hie) o di(0)
@ 0 L%

from 0 as elements of H'(E?,V,,). Hence this is a non-zero element in the kernel of the natural

Thus the global solution to V,,(f) = on T is unique. Since —— is different

map.

15



Introduction to Intersection Theory Keiji Matsumoto

Remark 3. Since there exists € &' such that Vi = 5 for any 7 € %, and 1/u(z) does not have
a compact support,
H* (&%, V,) =0, H&ELV,)=0

without any conditions on «.

8. Intersection form between twisted cohomology groups

By using V_,, = d — wA instead of V,,, we have twisted cohomology groups H*(&*,V_,)
(k = 0,1,2), which satisfy

HYE°,V_,) =0, H*E,V_,)=0, dimH(E%V_p)=m+1.

Definition 6 (Intersection number of V_,-closed 1-forms). The intersection number of ¢ € ker(V,, :
&l — &) and y e ker(V_,, : &' — &?) is defined by

<¢,¢>=//T pAY. (16)

It induces a bi-linear form between the space of V,-closed 1-forms and that of V_,,-closed 1-forms.

Since ¢ € & has a compact support, the support of ¢ A i is also compact, and the integral in
(16) converges.

Theorem 4. The intersection form betweenker(V,, : E! — E2) andker(V_,, : &' — E?) descends
to that between H'(E2,V,,) and H'(E*,V_,,). The isomorphism i, : H'(E®, V) — H(EL, V)
given in Definition 5 induces the intersection form between H'(E*,V,,) and H'(E*,V_,,) by

() = //T o)A

Proof. Fora V_,-closed 1-form y € E!, f € &2, we have

//Tx(wa)M//=//Tx(df+w/\f)mb=//Tx(df)/\¢+f.w,\¢
//Tx(d(f-lﬁ)—f.dw)+f.a)/\w=//Txd(f.¢)_f.V_ww

/aTxf-w—//Txf-ozo,

since f -y € EL. Similarly, we can show [/ @ A(V_u,g) =0 for a V,,-closed 1-form ¢ € &,
Tx

g € &% Thus (, ) descends to the intersection form between H'(E?2,V,,) and H'(E°,V_,,).
Though // @ Ay is not well defined for a V,-closed 1-form ¢ € &' and a V_,,-closed 1-form
Tx

w € &', (, ) is a well-defined form between H'(E2,V,,) and H'(E*,V_,,) and 1, is isomorphic.
Thus (, ) can be extended to the intersection form between H'(E°,V,,) and H'(E*,V_,). O

16
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Theorem 5 ([CM, Theorem 1],[M1, §4]). The intersection form is non-degenerate. For

t—Xx; 1 —
¢j = dlog Ly = dlog —%,
= Xj+1 I — Xg+1
we have
-1
— ifk=j-1,
aj
a; +aj
J j+1 if k=],
(pjs) = 2aV—14 %1
-1
if k=7j+1,
@j+1
0 otherwise.

Proof. We consider 1, : H'(E°,V,,) —» HY(E, V,,). Note that ¢; is a rational 1-form admitting
poles only on xj,x;;; with residues 1,—1 on P!. Recall that we have expressed a solution to
Vu(f) = ¢ by the integral in (14). In this time, we express a solution fz to V,, fr = ¢; in V7 as a
power series.

Put fp(t) = 27" an(t — x¢)" with unknowns a,,’s in V. Then we can determine uniquely a,, by
comparing coeflicients of the both sides of V, fr = ¢;. Since the Laurent expansion of w around

t=xpis
w= |2 + by + bi(t —xp) +--- | dt,
t— X¢
the starting term ag of fp() is
0 if ¢#j,j+1,
! if €=
ap = Q_[ 1 =J (17)
— if f=j+1
Qe+

By the existence of a solution, each series has a positive radius of convergence.
We can regard

m+2

F= hefe
=0

as a function on 7', where A is given in (15). Note that ¢; — V,, f vanishes identically on U, and
0i—=Vof € &!. Hence 1, (¢;j) is represented by ¢; — V,, f, and ¢; — V,, f = ¢; on the complement

17



Introduction to Intersection Theory Keiji Matsumoto

of U?‘:ng[. Thus we have

m+2
i = [ KCRAZIED) I o= Vb A
m+2 m+2
=" Z //V U (Vohefe) Ni = = Z /]‘; y (fedhe + he(Vo f2) A Y
=0 e £=0 ¢—Ur
m+2 m+2 m+2
=— ; “//W—U[ fedhe ANy = — ;} ‘/6(‘/8_(]6) he fedy, = Z ‘/aU Sfev

m+2

=27V=1 )" Reso, (fethi)-
=0

Here we use Stokes’ Theorem and Residue Theorem. Note that /s, vanishes identically on 9V,
and becomes identically 1 on dU,. Residue calculuses together with (17) yield the expression of
(@), ¥ in this proposition.

We have the intersection matrix

aptai =1 -
Qpay | 0 0
-1 ajt+ap -1
| a1 02
H: = ({¢), . =27V-1 -l ataes
c (<¢J wk))OS],kSm 0 a a3
0 .. At U]
UmUm+1
—2av=-1""a,,.»
with det(H.) = ( ) ™2 % 0. Therefore the intersection form is non-degenerate. O

QO] - Al
9. Twisted period relation

There is a natural pairing between the twisted cohomology group H'(&°,V,,) and the twisted
homology group H;(C%, d,,) defined by

) = Y [ wor (18)

where ¢ € H'(E",V,,) and y = Y, a;l; ® us.(t) € H|(C*,d,,). It is known that this pairing is
perfect, and yields solutions to Lauricella’s hypergeometric system Fp(a, b, c). Similarly, we have
a natural perfect pairing

W.6) =) by | uz (W, (19)

between ¢ € H'(E°*,V_,,) and § = 2ibjJi® u;jl (r) € H1(Ci‘_], 0—w).

We can regard H'(&%,V,,) and H, (C?_l, 0_.,) as dual spaces of H(&E*,V_,,) with respect to
the intersection form between twisted cohomology groups, and to (19), respectively. Thus we have
an isomorphism iso. : H'(&*,V,,) — H; (C,“_l, 0_,) such that

(. ¥) = (Y, is0c(9p))

18
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for any ¢ € H'(&%,V_,). On the other hand, it is also possible to regard them as dual spaces of
H(C¥, d,,) with respect to (18), and to the intersection form between twisted homology groups,
respectively. There is an isomorphism isoy, : H' (&%, V,,) — H, (Cffl, 0_.) such that

(@ y) = (v, ison(p))

for any y € H(C¥, d,,). See the diagram below.

H'(&*,V,) <o Gual > HY(E*,V_,)
A A

dual ison 150, dual

Hy(CY, 0.) ST - Hy(Cx',0_,)

As shown in [KY1, §1] and [CM, §3], the following theorem holds.
Theorem 6 (Compatibility of intersection forms). The isomorphisms iso. and isoy, coincide.

Remark 4. Definition 3 does not directly yield a bilinear form between the spaces of twisted 1-
cycles. Note that there is a case that simplexes /; and J; do not intersect transversally, where I; and
J; are 1-simplexes of twisted 1-cyclesy = 3; a;l; ®u(t) and 6 = 3, b;J; ® u~!(¢), respectively. By
using iso., we can define the intersection form between twisted homology groups H;(CZ, d,,) and
Hi(CY,0-) by

) = G0 @17 = Vi [ uttiser ) 0

Though there is no ambiguity in this definition, we cannot directly evaluate (y, ¢) by this definition.
We can show that (20) is equal to the value given in Definition 3, refer to [M3, §7].

Corollary 1 ([CM, Theorem 2]). For bases (¢, ..., om), @05 s¥m)s Yos -« s Ym)> (605 - - .» Om)
of H\(E*,V,,), H(E°,V_4,), H|(CH,d,,), Hi (Cj‘_l, 0_w), construct four (m + 1) X (m + 1) matrices

Iy = (epy))s Moo= (Y)00)), He=({@pn)), Hn = ({vj»6k)).
Then they satisfy a twisted period relation
U, 'H ' 'lI_y =He, ie 'TI_,H'Il,="Hy. (1)

Proof. By Theorem 6, we show this corollary. Let M be the representation matrix of iso.(= isop,)
with respect to bases (¢, ..., ¢n) and (5, ..., 0m), i.c.,

Yison(¢o), . .. is0p(om)) = M (S, ..., Om).
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We have

H. :(<(pj7 ‘J/k>)j,k = t(SDO’ SRR ‘;Dm) ' ('J’O, s lrl’m) = t(iSOC(QDO)’ s iSOC((pm)) : (w09 R Qbm)
=M t(éo,---,5m)‘(lﬁ0,---,¢m) = MtH—a)’

where - denotes the pairing with matrix arrangement. Similarly, we have

1y, =(@jsvi))jk = (@05 - - s @m) - (Yor - - . ¥m) = "(is0n(0)s - . . i50p(@m)) - (Y0s - - -+ Ym)
=M (60, ..., 6m) - (Y0r .- Ym) = M "Hj,.

By eliminating M from two identities H. = M 'Il_,, and Il,, = M 'Hj,, we have H. =
1, "H' I,

We explain several examples in [CM, §4]. In case of m = 0, the twisted (co)homology
groups in Corollary 1 are one dimensional, where T, = P! — {0, 1,00} and u(t) = tP(1 — t)4,

1/u(t) = t7P(1 — £)"9. Take bases of H'(E%,V,,), H'(E*,V_s), Hi(CY, dy), Hi(CY ', d_0) as
dt

t
m, Yo = ———, Yo givenin (11), &g replaced p, g into —p, —g for yy, respectively. Note

w0 = t(1-1)

that
<(700’ 70) = B(P, CI), <'7[’0a 60) = B(_p’ _Q)

by (18), (19) and Proposition 1, and that they are well defined under p, g ¢ Z. By Theorems 3 and
5, we have

(o o) = 22V=-1(p + q) o.60) = 1 — e V-1(p+a)
®o, Yo) = Pq 5 Y0,00) = (l_ezn\/jp)(l_eZR\/jq)‘

In this case, the twisted period relation (21) is equivalent to (g, v0) {0, %0) = {0, ¥0){Y0,0),
which yields the inversion formula (2) for the Beta function.

In case of m = 1, we derive identities for hypergeometric functions from the twisted period
relation. Recall our setting

=0 x=x10<x<1), x=1x3=00

a=b-c¢, a=-b, amm=c—-a, a3=a,
u(t) =t°=C@t = x)P(r - 1), w=dlogu(r).
To simplify the twisted period relation, we assume a; + @3 = ¢ ¢ Z. We select V,,,-closed forms

t—xp dt t— X —xdt
=dl =, =dl = ,
2 Ogt—x3 t—1 0 Ogt—)q 1t — x)

and they are V_,,-closed. Let y», 7y and 8, 6y be bases of H{(C¥, d,,) and H, (C,“fl, 0_.,). Here
recall that the twisted cycles y; and §; are given by the path /; from x; to x;,; and branches of u(z)
and 1/u(t) on them, respectively. We have four matrices:

_ [{p272) {¢2.70) . = (92,02) {2, 00)
(00, 72) (@0, v0) |’ 7 o, 62) (o, 60))’
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an+a3 O 1—9203 0
H. =2nV-1 61/2613 apray | Hy, = (1-6,)(1-63) 1-606,
(1-6p)(1-61)

Qpa
Any entry of /1., can be expressed by the hypergeometric function. For example,

B(a,c — a)F(a, b, c; x)
—e"ﬁ(c_“_b)xl_CB(b —c+1L,-b+1DF(b-c+1l,a—c+1,2-c;x).

(02, 72)
(02, 70)

Here note that the second is given by the variable change r = x/s. By the (1,2)-entry of the first
identity of (21) in Corollary 1, we have

F(a,b,c;x)F(1-a,1-b2-c;x)=F(b-c+l,a—c+1,2-c;x)F(c—a,c—b,c;x).
By its (1, 1)-entry, we have
F(a,b,c;x)F(—a,—b,—c;x) — 1
=%szF(b—c+ LLa-c+1,2-c;x)Flc—b+1,c—a+1,2+c;x).

In case of general m, the twisted period relation yields identities among some values of
Lauricella’s hypergeometric series Fp with several parameters. Recall our setting

=0, x=(x1,--, %) €D, Xms1 =1, Xpyo = 00,
m
(1/0=—C+Zb‘, aj==bj (1 <j<m), am=c—-a, an=a,
Jj=1

u=u(r) =2 = (r = x )P (= X)) P (= 1)

ot _dt
= m’ "Dj_t—xj’

3 dt 1 dr dt \ i
o = 1t—1) wf_x_j(t—xj_t—xo)_t(t—xj)’

where 1 < j < m and the index start from O for bases of twisted (co)homology groups. We assume
that a,,,+1 + o = ¢ € Z.

We set twisted cycles yp and d¢ by the regularization of the open interval (1, co) with respect to
u(t) and that to 1/u(t), respectively. For any bases of H{(C¥, d,,) and H; (Cf_l, 0_) including g
and &y, the identity for the (0, 0)-entry of 'I1_,H-'Il,, = "Hy is

([t [t e [ ugn)

1= eZﬂ\/jlc

= (0,0)-entry of Hy, = .
( ) y h (1 _ eZanl(c—a))(l _ eZn’\/Ia)

The intersection matrix H, is diagonal and

H' = diag(a — ¢, byx1, . . ., byuXm).

avV-1
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The integrals are expressed as

/ioo upo B(a$ ¢ — a)FD(a’ b’ c, x)

floo U B(a,c+1-a)Fp(a,b+ e, c+1;x)

flm UPm Bla,c+1—-a)Fp(a,b+ ey, c+ 1;x)
/loo u o B(l—a,a—c)Fp(1 —a,—b,1 —c;x)
/1 ‘lwl B(l—a,a—c+ 1)Fp(l —a,e; — b,2 —c; x)
flmu_ldlm B(l-a,a—c+ 1)Fp(l —a,e,, —b,2—c;x)

where e; is the j-th unit vector of size m. By using the inversion formula for the Beta function

B(a,c —a)B(1 —a,a—c) =B(a,c — a) - ( )B( a,a—c)

\/_ 1= eZn\/jc
=2aV-1 . ,
d c—a (1 _ eZn\/j(c—a))(l _ eZn\/ja)
B(a,c—a+1)B(1—a,a—c+1):(%-B(a,c—a))-( ZE? ;B(—a,a—c)
_ 1= 27r\/—7c
=27V-1 a-c¢

C(l - C) (1 — e2nr(c a))(l — e2nra)
we have an identity
Fp(a,b,c; x)Fp(1 —a,—b,1 —c;x) -1

m
c—a
= ce-1 ; bjxjFp(a,ej +b,c+ 1;x)Fp(1 —a,e; — b,2 - c; x).

A. Elliott’s identity as the twisted period relation

In Appendix, we show that Elliott’s identity among hypergeometric series can be obtained from
the twisted period relation (21) in Corollary 1 with detailed calculations.

A.1 Integral representations

Elliott’s identity is given in [BNPV] as

1 1 1 1
F(E+/l,—§—v,1+/l+,u;r)F(§—/L§+v,l+,u+v;1—r)
+F(1+/l1 I+A+ )F(1 /11+ l+u+v;l—r)

= — =V NF(—= -4, - +v v;l—r

2 ’2 ’ /’l’ 2 ’2 ’ ,Ll B

1 1 1
—F(§+/l,§—v,l+/l+;1;r)F(§—/l,§+v,1+/1+v;l—r)

A +A+ Wl +p+v)
FQ+p+v+ )+ 1Ly

(22)
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where A, u, v are complex parameters with
1+A+u, 1 +u+v+0,-1,-2,..., (23)
and the main variable r satisfies inequalities |[r| < 1 and |1 — r| < 1. We have

1 1 FA+pu+1) /1 A12(1 = V2 = gy
Ly Jo ’
2

Fz+A4-—=-v,1+A+ 1) =
(2 2 1) rQ+Hru+

1 1 rQ 1 !
Flaat oy v wn= 1 b ) 1 / V21— V21 =y 2y,
22 F@A+ )+ 3) Jo

1 1
F(E—/l,§+v,l+,u+v;1—r)
1
_ I—;(/.l+V+1) 1 / s—/l—l/Z(l_S)/l+/1+v—1/2(1_(1_r)s)—v—1/2ds
I'(=A+3)[(A+u+v+3) Jo
I'(u+v+1)

0

_ —a-1/2 —u-1/2 —v-1/2

= —t 1-¢ 1-rt dt,
T+ )T (A+p+v+3) /_oo( ) (=) (1=r7)

1 1
F(—E—/l,§+v,1+u+v;1—r)

B I'(u+v+1)
Cr(A-HrQ+psv+3
B I'(u+v+1)
S (A-DHrQpv+3

1
) / S—/l—3/2(l_s)/l+/1+v+l/2(l_(l_r)s)—v—l/ZdS
0

0
) / (=) 2=ty # P (A =ty P,
under the condition ]
/l,u,v,/l+,u+v¢{§+n|neZ}, 24)

where we use the regularization of (0, 1) or (—oo, 0) with respect to the integrand if necessary. Here
note that a variable change s = ¢/(t — 1) is used.

A.2 Setting of a local system

Hereafter we assume the conditions (23) and (24), and we set

M([) — tl/2+/l(1 _ t)—l/2+/1(1 _ rt)l/2+v’

dt dt 1 1
= — = = ———d[
LA € t(1 —rt) (t t—l/r)’
l//_dt_—dt Un = dt _(l_ l)dt
T - P a-n =)™

Then we have
Vu(t) =7 2741 =)' P#A = ey 2,
and
1

1 FA+u+1 !
[T WL R S S L e )ljamnw,
2772 r(+Hru+1y Jo

1 1 TA+p+1 !
F(z+A4=--v,1+A+u;r)= ( l,u )1 /u(t)¢2;
2 2 I+ u+3)Jo
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1 1 Tu+v+1 AV=1(A+1/2) 0
Flz-A=+v,1+u+v;l—-r)= (v ‘I Je :
2 2 F(=2+3)FA+p+v+3) J-oo
3 V-1 (u+v + l)e”‘m’1

(A4 DrQ e+ pt v+ 3)

u(t) "'y,

1 0
@rurves) [ uw o

T(u+v+ l)emﬁluu/z) 0
Ir2-Hr@aQ+p+v+3) J-w
_ —\/—_11“(11 +v+ l)e”ﬁ’l

T2+ Hr@Q+p+v+3)

u(t) "'y

1 1
F(—E—/l,§+v,l+,u+v;1—r)=

0
(1-3) [ uw e

Thus integrals are expressed as

([ e [ )

TQ+ DM+ 1 1 . 1 1 BRY
D (ﬂi+L—§—%1+ﬂ+leﬂ§+L§—%1+ﬂ+ﬂJ», (25)
. u(zrlwl)
IO

F(%—/l,%+v,l+,u+v;1—r)
F(—%—/l,%+v,l+,u+v;l—r)

T2+ Hr@Q+p+v+3)
V=TV (u+v + 1)

1
(/l+,u+v+l/2 0

1
0 A+1/2

) . (26)

A.3 Transform of a twisted period relation into Elliott’s identity
The intersection matrix H, of ¢y, ¢ and 1, ¥ is

1 1
H. =27vV-1 1/24A+u+v 1/21+/1

1/2+24

by Theorem 5. We take a basis of the twisted homology group for u(¢) and that for 1/u(r) by
extending vy and ¢, respectively, where y and ¢ are the twisted cycles given by the regularization
of (0, 1) with respect to u(¢) and that of (—co, 0) with respect to #~!(¢). The intersection number of

these twisted cycles is by Theorem 3. Consider the (1, 1)-entry of

_eZH‘/jl/l -1
', 'H'I_,, = H,

which is the transpose of the second identity of (21) in Corollary 1. Then it yields

1 1 /0 L ¥
et [T un | -1
% u(t
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Rewrite the integrals in the equality (27) in terms of hypergeometric series by (25) and (26).
Then its exp and Gamma factors reduce to

FQA+Hru+d) rEa+HrQa+p+v+3)
FQ+p+1) V=TemV=-1r(y + v + 1)

FA+HI(1-=A+1) TA+p+v+H(p+3)
V—lerV-12 TA+u+DIM(u+v+1)
n 1 I“(/l+,u+v+%)l“(,u+%)

Tsin(r(+ 1) VoTeeid T+ p+ DIGu+v + 1)

_ —2nv-1 .F(/1+/1+V+%)F(/l+%)

V-1 1 T(A+pu+DF(u+v+1)

and the product of “H I"and the 2 x 2-matrix in (26) reduces to

1 %+/l+/~1+v 0 1/2+/%+,u+v 01 _ 1 1o
2aV=1 \~G+A+u+v) 3+2 0 ) V=1 (-1 1)

Hence the equality (27) is transformed into

1 1 1 1
(F(E+/l,—§—v,1+/l+/,t;r),F(§+/l,§—v,1+/l+,u;r))

10 F@—&%+m1+u+ml—ﬂ)
-1 1 F(—%—/l,l+v,l+,u+v;l—r)
A+ pu+DI(u+v+1)
T pty+ DM+ Ly

which is equivalent to Elliott’s identity (22).
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