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Product of Hessians of critical points of level function for hypergeometric integrals K. Aomoto, M. Ito

1. Introductory explanation (Divergent integral and twisted cycle)

We begin to explain in an elementary way the notion of “twisted cycle” and how it justifies
“finite part of divergent integral” appearing in Mathematical Physics.

The function x{ on R for 93ed > —1 is an ordinary function but for 1 € C-Z, 1 < -l isa
generalized function defined as follows:

Suppose f(x) is an arbitrary holomorphic function near the origin. Fix a point a > 0 near the
origin. Consider the integral

PP 1 ‘2
(x+,f>—/0 X f(x)dx-l;g)l/s x* f(x)dx. (1.1

Case 1. Suppose first —n — 1 < Red < —n (n = 1,2,3,...). Then (1.1) is divergent. f(x) has a
Taylor expansion at the origin

n-1

=y L e

m=0

where g(x) is holomorphic on [0, a]. The finite part of (1.1) in the sense of J. Hadamard is given as
follows :

A+m+1

a n-1 (m) A+m+1 a
J(A) = f.p. /0 M f(xydx = / m'(o) - + /0 xM g (x)dx. (1.2)
m=0 ’

This is the generalized function x7 which has been defined by I. M. Gelfand and G. E. Shilov in the
mid 20th century (see [9]), i.e.,

£ =fp. . dx.
o 1) p/Oxﬂx)x

In a neighborhood of the origin we take a path oy starting from and ending in a going around
the origin counter-clockwise (“loop based on the point a going around the origin™)

1 B 1
e 100 = leadl+ o

0. (>0),

where 6. is a scalar multiple of a loop with base point € in a neighborhood of 0. Then the integral
1 a

627”./1—_1 [TO X f(X)dX

equals (1.2). This is called “detoured cycle at the origin”. (This idea already can be found in the
work of J. Leray in the middle of 20th century).

Case 2. When A = —n (n = 1,2,3,. . .) the finite part is defined as

a n=2 (m) -n+m+l1 (n-1) a
f.p.‘/0 x " f(x)dx = Z SO a + 0 loga+‘/0 g(x)dx.

m! -n+m+1 n!
m=0

The generalized function x}" is then defined by the finite part

") = f.p.‘/O x"f(x)dx.
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J(A) has Laurent expansion at 1 = —n

c-1
A+n

J(A) = +co+ci(A+n)+---,

so that the finite part coincides with ¢y , i.e.,
- . d 1 n .
f.p. x"f(x)dx =cop= lim —A+n)J(1) = — x"(log x — i) f(x)dx.
0 A—-n dA 2mi oo

Example 1.1.

(1) f.p./ (x —a)'dx =0 forall 1 € R.
a

b b b
) f.p./ @dx: p.V./ @dx =/ de+f(0)log_£a (a <0< b),

where the symbol p.v. denotes the principal value.

3) f.p./ e—dxz/ (& - = Jaxr=r()=-c,
0o X 0 X eX —1

where C denotes the Euler constant.

Example 1.2. (Beta function) For o, ¢ Z

1
J(a,p) = f.p.‘/0 x(1 = xYPdx

is equal to Beta function B(a, 8). Take 0y, o the loops with the base point x = % going around 0, 1
in a positive direction respectively. Then

1 a 1 a
WLOX (l—x)ﬁdx—ezm.ﬁ—_l/mx (I—X)de.

The monodromy M associated with the function ®(x) = x%(1 — x)8

J(a.B) =

g0 — M(op) = ™ e C*, o — M(0) = P e C*

defines the local system £ and its dual £* on the space X = C — {0, 1}. The boundary operator 9
acts on the linear space of chains ¢ = cyoq + c107 (co, ¢; € C) with values in L* as follows:

‘ . 1
d(cooo + 1) = (co(e?™ ¥ = 1) + 1 (e*™F - D)z}
It is closed (twisted cycle) if and only if
co(€® @ — 1) + ¢1(e*™ - 1) = 0.

Hence the one dimensional homology H;(X, £*) is just one dimensional with the basis

o 1
¢= e2nia _ 10-0_ e2mip _ 10-1'



Product of Hessians of critical points of level function for hypergeometric integrals K. Aomoto, M. Ito

We have
J(a,B) = {c,dx). (1.3)

On the other hand if @« = -n -1 (n =0,1,2,3,...), then

1
J(-n-1,8) = f.p.‘/0 x N1 -xPdx (B> -1)

1 1
— [ x'(1 - x)pP(log x — mi)dx - Tl‘/ x"N (1 - x)dx. (1.4)
e o ol

27 J o,

The vector function of two components T((l - x),(1 - xPlog x) (T denotes the transposition)
defines the monodromy and the associated local system £ of rank two and its dual £*. The
fundamental 2 X 2 matrix function © is defined by the lower triangular matrix

(1-xf
D(x) = s
) ((l—x)ﬁlogx (l—x)ﬁ)

and its monodromy is given by

1 eZnia/
M— M(O’()) = i 1 , M(O’l) = 827”.’8 .
The space of chains with coefficients in L* is the linear space consisting of two components

¢ =(c11,c12) 00 + (c21,¢22)01  (cjk € ).

The pairing of integral between the chain ¢ and two component vector function 7(¢;(x), ¢2(x)) is
given by

(& (1. 02)) = /

[&40)

(011,612)(1)(X)T(901,902)dx+/ (c21,22)@(x) (01, 2) dx.

(<]

The boundary operator is given by

1
a(c) = {(c11,c12)(M(a0) = I) + (€21, c22)(M (1) — 1)}{5},
and ¢ is closed if and only if
2micyy + (eZm'B - 1)021 =0, (eZm'B - 1)C22 =0,

ie.,
2mi

c»n =0, c=——5—7F—cn.
22 21 oamip _ 12
Hence we have two linearly independent twisted cycles

1

—eZHiB _ 1,0)0’1.

1
=(1,0 =(0,=—)oog+ (-
¢i =(1,0)00, = ,2m.)0'o (
The integral (1.3) is nothing else than the pairing (¢, 7(x "' dx, —mix ™ 'dx)), namely

J(=n—1,B8) = (e, T(x™" Vdx, —mix " dx)).
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Finally we consider the integral

1
J(-n-1,-m-1)= f.p./ -0 (mm=0,1,2,..)
0

= L('/ x N1 - x)" Y log x — mi)dx —/ x7 N1 - x) " Ylog(1 - x) — mi)dx|. (1.5)

2mi o

The vector function of three components 1, log x, log(1 — x) defines the 3 X 3 fundamental function

matrix
1
D(x) = log x 1
log(l-x) 0 1

and the corresponding monodromy is given by

1 1

M(O’o)I 2 1 , M(O’])Z 0 1
0 0 1 27ni 0 1

The local system has rank three and the twisted cycle is represented by

¢ = (c11,¢12,€13)00 + (€21, €22, €23) 0
such that
(c11,c12,€13)M(070) + (€21, €22, €23)M(071) = 0,

ie.,

cip +c3 =0.
The above integral (1.5) gives the pairing between the cycle

11 1 1
= (=35 000+ (3055 )on

and the three component vector one-form 7(x™~!(1 — x)™*!dx,0,0):
J(=n—=1,-m=1) = (c3,7(x7""'(1 = x)7 1dx,0,0)).

Let Ly be the same local system on X which is locally finite at the singularity 0, 1, c0 and £; 7 be its
dual. There is a canonical morphism “reg” often called the “regularization” or “renormalization”

reg : Hi(X, L) — Hi(X,.L")
I
Hi(X, L)

such that reg[0,1] = c¢in (1.3) and reg[0,1] = ¢5 in (1.4) or ¢3 in (1.5).
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2. Asymptotics for large exponents and critical points

Let us begin with a simplest example.

Example 2.1. For different a; € C(1 < j < m)and A = Z;”:l Ajej € R™ ({€j}1<j<m means the
standard basis of R™) we take

o(w) = | |ov - a;h
=1

J

and the integral over a twisted cycle 3 in the space X = C — U;"zl {a;}

() = / O(w)e(w)dw,
3

where ¢(w)dw is a rational differential one-form which is holomorphic on X. Denote by Hé(X ,Q)
the one dimensional twisted de Rham cohomology with respect to the covariant derivation

Viy — Vg =dy+ ) didlogw —ap) Ay @2.1)
=1

for ¢ € QO (scalar valued) (see [3]). Denote the logarithmic one forms j(w)dw = dlog(w — a;)
(I £ j < m).One can take @;(w)dw (1 < j < m— 1) as the representative of the basis of Hé(X,Q‘)
(Orlik-Solomon basis [12]). The shift operator T, associated with the shift : 4 — A+ &; acts on
Hy(X,Q):

m—1

T, (px dw) ~ Z ¢rdw aj,r (1)  (homologically).
I=1
The (m — 1) x (m — 1) matrices A;(1) = (aj;lk(/l))lgk 1 <m—1 are rational functions of A which have
the asymptotic expansions

(N = A©® I _ ,
A;(2) = A +0(N) (1= Nv+ '),

where Aﬁ.o) commute with each other under the generic condition (C):
C)raj+ar (j#k).

Put 1 = Nv + A’ withv = ;7“:1 vjej € Z" — {0}, where A" = Z;?’zl /l]’.sj is fixed. We are interested

in the asymptotic behavior of J3(¢) when N € Z.( tends to the infinity in the direction v. Take

m
F = Z v; log(w — aj).

j=1

For the real valued level function $Re(F) the associated critical points {; € C (1 < j < m—1) satisfy
the equality
m

ar _ i
dw 4
J

=0. 2.2
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Generally there are m— 1 different critical points ¢;. To each point {; there exists the one dimensional
stable cycle 3; which is Lagrangian. This is locally described at ; by

ImF(w) = JmF(Z)).

There also exists the one dimensional unstable cycle 3; atg;. Each of the systems 3; (1 < j <m—1)
and 5; (1 < j < m—-1) makes a basis of H{(X, L"). They give the asymtotics of integral in the
direction v and —v respectively.
Now for simplicity we consider the case m = 3 where v = g1 + &o + g3ie.,, vy = vy =v3 = 1.
Then we have
Ai(2) = (

1 1
T (as —ai) Trc(as —ar) )

A A
g (@ — @) 1pas —a) + (a2 - ar)

asz—ay az—aj
A(10) - ( 3 3 ),

and

as—ap asz+2ax—-3ay
3

where Ao, = A1 + A2 + A3. The multiplication by the variable w : T,, = A; + a;/ corresponds to the
matrix

az—ap az+2ay

asz+2ay az—aj
: )
3 3

AY = AV v a1 = ( ’

This has the eigenvalues 1, {>. One can easily show that £, {; both lie in the inside of the triangle
with vertices ay, ap, a3. The discriminant of (2.2) is given by the determinant of Hankel matrix
of A$8) (see [8]):

| Ty TrAY)
1Ay TraDP)
and

2 2 2 2
detH; = (41 —{2) =aj +a;+ay—ajax —ajaz — axas.

Under the condition (C) one can obtain the product formula

sz] [dZF] B (L - &)

dw? w={) dw2 w={ B 3(a1 - az)z(al - a3)2(a2 - a3)2'

The two critical points meet each other if and only if HJ2.: 1 [% wel; vanishes. This occurs if and
-5J

only if aj, a», asz are the vertices of a regular triangle and {; = ¢ is the center of gravity.

3. Problems, Methods and Main Results

For large exponents the behavior of critical points of a level function gives an influence for
asymptotics of corresponding hypergeometric integral. In this article we want to show in an explicit
way how the product of Hessians of the level function at all critical points is involved in the behavior
of its critical points.
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Let f; = fj(x) (1 < j < m) be real polynomials in x = (xy,. .., x,) in the affine space C". Let
X be the affine manifold which is the complement of the union of the hypersurfaces S; : f; = 0,1i.e.,

x—c"—Lmjs-
= .
j=1

The hypergeometric integral with respect to the multiplicative function

o) =[ [ £"
j=1

with exponents A = 2’171: 1 4;&; € R™ (g denotes the standard basis of R"™) is defined by

J(p) = / DG A~ Adr (¢ €Q).

HG(X,Q') denotes the n dimensional twisted cohomology on X with respect to the covariant
differentiation:
m
Vo =dp+ ) Aidlog f; A g.
j=1
Its dual is isomorphic to the n dimensional twisted homology H,,(X, £*) where L* denotes the dual
local system associated with the function ®@. The perfect pairing between them can be described by
the above integral.
Let A" e R" and v = 3L, vje; € Z™ — {0} be fixed. Put 2 = Nv + A’ for a positive integer
N. Denote |v| = Z;.”: . [vjl. We consider the asymptotic behavior of the integral J(¢) for a large N.
One can define the real valued level function YieF from the logarithm

m

F(x) = Z v;log f;.
Jj=1
The singularity of the gradient flow of v = grad e F in X coincides with its critical points ¢ of F'
satisfying the equation:

m
0=dF = vidlog f;. (3.1)
j=1
A system of linearly independent representatives of H, (X, L*) is obtained by stable cycles 3
(1 £ k < k) which are Lagrangian.
Suppose the critical point ¢, is non-degenerate. Then there exists a system of local coordinates

& = (&,...,&,) such that the origin corresponds to ¢; and ¢ is real on the stable cycle 3, (see [3,
Theorem 4.6]). The Hessian of F at ¢ is defined by

SS( ) Ck J {: <J,k<n
‘f_o

ax; 2
{det(zzh)1<) k<)

If ¢ does not depend on A, we have the following for large N by saddle point method:

i . (2m)%
(@.3k) = /M Dy = (D(ck)go(ck)\/Nn(_l)"[HeSS(F)]ck.
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Under a suitable “non-resonance” condition, « equals the dimension of the twisted cohomology
Hg(X, Q).
Denote by @;dx; A -+ Adx, (1 < j < k) the representative of a basis of Hg(X,Q"). The
Wronskian W is defined by the determinant det Y of the fundamental x X x matrix Y = ({¢;, 3x); k)-
We have the following asymptotic expansion for large N:

W ﬁ {exp[NF(ck)] § fj/l}(ck)‘Pj(ck)} “N~T(Q2n)7 (Wo + % + % I )
k=1 :

Jj=1

where

£ 1
"oT ,ﬂ JCD Hess(F)l,

We can now pose several questions as follows.
Question 1. Evaluate N(f;) := [1;_, fi(ex).
Question 2. Evaluate N(Hess(F)) := [];_,[Hess(F)]e,.
Question 3. When N (Hess(F)) vanishes?
Question 4. Under which condition all the critical points are real?

There is an interesting analogy between f; and the quantity [Hess(F)]c, on the one hand and the
notion of “norm”, “unit” and “differente” in algebraic number theory on the other (see [1, 2, 11, 14]).
In the moduli space for the polynomials { fi }1 <k <m» fj‘1 is also regular in X because f;(cx) never
vanishes. In this sense f; is regarded as “unit”. However Hess(F') may vanish sometimes at ¢;. In
the sequel for a rational function ¢ on X the product []; ;<. [¢]c; will be called “norm” of ¢ and
be denoted by N(¢). ¢ is called a unit if and only if N(¢) never vanishes anywhere. One may

conjecture the following:

Ansatz. The product

K

H[Hess(F)]ck = N(Hess(F))

k=1
is expressed as
N (Hess(F)) = N(unit) - Discr,

where Discr means the “discriminant” associated with the set of critical points ¢; (1 < j < k) and
N (unit) never vanishes. It vanishes if and only if a pair of the critical points ¢ coincides with each
other.

Remark. A general definition of “discriminant” for a finite dimensional algebra has been introduced
by S. S. Abhyanker (see [1, 2]).

In this article we want to give two examples showing that NV (Hess(F)) has an intimate con-
nection with the “discriminant”. It may play the similar role of “discriminants” as in algebraic
number theory (see [11, 14]). First we find a rational curve x = w(7) (7 € C) in X such that this
curve passes through all the critical points ¢; such that ¢; = w(7;) (1 < j < k). Then we show that
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“Discr” can be expressed by using the product [} <j<x<.(7j — 7¢)%. See Theorems 4.4, 4.7 (in the
case of hyperplane arrangement) and Propositions 5.7, 5.11, Theorems 5.19, 6.5, 7.14, 7.15 (in the
case of circle arrangement). It is expected that these Theorems and Propositions could be extended
to more general hypergeometric integrals.

4. Hyperplane Arrangements

Let f; (1 < j < n+ 2) be the following linear functions with real coefficients:

n n

fi=x (1<j<n), for 1=1—Zxk, fas2 1=1—Zukxk
k=1 k=1
for the parameter u = (uy,. ..,u,) € R" under the condition (C)):

(C1):uj #ux (j#k), uj€{0,1} (1 <j<n).

This gives the moduli space of the arrangement of n + 2 real hyperplanes in general position.
Under (Cy) it is known that for generic A such that all ; > O one has x = n+1, and that one can
choose as the representative of a basis of H, (X, L) the regularization of the compact chambers of
the associated real hyperplane arrangements corresponding to the components of the complement
of U;."zl S; (refer to [3, 12, 15]):
ReX =R"NX.

Suppose now thatall v; (1 < j < n+2)and ve, = Z,’:f vi are different from 0:

n+2

Voo 1_[ Vj # 0.
j=1

(3.1) is equivalent to the system of equations

Vi Vn+l Vn+2Uj
Xj fn+1 fn+2

(1<j<n). @.1)

This system generally gives n + 1 solutions, namely » + 1 critical points (real or complex) of ReF
(and so of F)) in X. We denote them by ¢; (1 < j < n+ 1). Denote

. G
G; = . 1 < j <n).
! Vaslfos2 + Vn+2ujfn+1 ( / )
It follows from (4.1)
fn+1fn+2 = .
T s fuaa + Vol fus Jifwerfue2 Gy (1<
n n
Sn+1fnr2 X
L= fur1= ) v e = ), fus1 fu2 fiGi (4.3)
= Vnstfor2 F Va2l far1
n n
L frz = 3 vty — Lt = > furt faus fi G (4.4)
e Vntlfns2 + V2t fur1 - 4

10
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For two rational functions ¢y, ¢, on X we call “congruent” and denote by ¢ = ¢; if they have equal
values at all ¢;. Hence

X = Jus1fns2 (1<j<n), (4.5)
’ Y+l fn+2 + Vn+2ujfn+1
_ S fn+1fn+2
1= fur1 = Z Vik ,
g V1 fn+2 + Vn+2ujfn+l
n
1 f 5 = Villk fn+1fn+2
— fin = .
= Vil fos2 + Vnallk fas1

Introduce the new parameter t = f;,+2/ fu+1 as basic parameter. We want to find out the system of
rational functions w(t) = (w1(fy),. . .,wy,(t)) such that

xj = wj(t),

i.e., x = w(t) represents a rational curve in X interpolating the set of critical points {¢; |1 < j <
n+1}.

Lemma 4.1. At all critical points ¢, t satisfies the algebraic equation of (n + 1)th degree:

i) =11 Zn: o) g (4.6)
. t Vn+1l + VpioUj ‘ ‘

In particular if 1%(1 — uj) are all positive then all the roots are real and different. Hence c; are
all real and different.

Proof. In fact from (2.1), (2.2) we have

n
Loyt 4.7)
Jn+1 = Va1t + VpioUj
Loy i Yt 4.8)
=1+ ) —————. .
Jn+2 = Vn+1l + Vol
These two equations imply Lemma 4.1. O

Furthermore

Lemma 4.2. The following identities hold:

Vj(Vn+lt + Vn+2) .
=X = 1 < <n), (49)
f} / Voo(Vns1t + Vn+2uj) ( / )

Va+1l + V42

Jn+1 ; (4.10)

Vool
Va+1l + Vni2
Voo )

Jns2 = (4.11)

11
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Proof. (4.7) and (4.8) show that

Vin+2 Vu+1 Vit 1 _ v+ 1
Z Vk = Vny2 — Z = Vnt2 = Vatl 1) =vp1 + Vs - ,
Jova V1l + Vpiolik S S+

ie.,
Vn+1 Vn+2
+

fn+1 fn+2

= Vo

Hence we have
1

fn+1
which implies (4.10) and so (4.11). On the other hand (4.5) shows

Vn+2
Vn+l + t = Voo,

ijn+2
Xj= ————,
Vn+1f + Vn+2Uj
which is nothing else than (4.9) because of (4.10). O

Put
Vj(Vn+1t + Vns2)

Veo(Vnt1t + Vn+2uj)

wj(t) = (1 <j<n),

then the rational curve x; = w;(#) (t € C) interpolates the set of critical points ¢; (1 < j <n+1)
in X such that #(c;) correspond to the roots of the equation (¢) = 0. Denote by (¢) the monic
polynomial of (n + 1)th degree which ¢ has the same roots as (4.6)

V:zl+1 J(t) = tl_l(VnHt + Vn+2uj) Y(t) = VZ+] (t =40 (t = dns1),

j=1

where {; denote the zeros of W(t). (1) is the characteristic polynomial attached to ¢ such that
g = 1(c)).

Definition 4.3. For a rational function ¢ on X we define the “norm” associated with the system of
critical points ¢; (1 < j < n + 1) as follows:

n+1
N) = | [iele;-

j=1

We say that ¢ is the “unit” if N(¢) # 0.

The first main theorem can be stated as follows:

12
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Theorem 4.4. The following formulae hold.

1) N =y lae it
n+l1
@) NOwat +vaaty) = =vp v jup(l=up) [ ] w-w) (1<j<n),
(3) Nt +va2) = veovity | J(1 =)
k=1

NS Vi ey (1= w0) :
4 Ny = Vi Thew ity — ) (I1<j<n),
(5)

© N = 22 [ (1 - up).
k=1

In particular f; (1 < j < n+ 2) are all units in the above sense.

Proof. By definition y(¢) has the following expression:

n

V() =(t=1) ]_[(vn+1t + Vpgoliy) — Z vi(1 —up)t l_[ (Vns1? + Vpaolik).
k=1

=1 1<k<n

Hence we have

N(l‘) = (—1)”“%(0) — (_l)n 1_[ Vn+2Uk .

k=1 Vn+l
This proves (1). In the same way we have

Vn+2Uj

Nt + vmea) = (<1221 -

)— vy =y | ] o= ),

Vn+1

which proves (2), and have

VZ+1$(_ :;:i) = _(vn+2 ) Vn+2 1_[( 1+ uy) - Z vi(l - Ml)( VZ+2) l—[ (=1 + ug)

Vn+1 n+17 | Ci<n
k#j
n+2 Voo
1+u

_— I;I( k)

and
NVnstt + vpp2) = (= 1)n+l nillw( Vn+2)
Vn+1

This proves (3). (4) follows from (4.9) in view of (2) and (3). (5) follows from (4.10) and (3). (6)
follows from (4.11) and (3). O

13
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Now we want to evaluate N (Hess(F)) in terms of discriminant. One has the obvious identity

7@ =T ](e+
j=1

)| @l

n+l1

Put further

G| = —fur1 Z(l — ug) fi Gr,

k=1
n
G5 = fas1fns2 Z JkGr
=1
G} = —fj far1 fur2G; (3 <j<n),

then (4.2), (4.3) and (4.4) are expressed in terms of the coordinates xj = 11, x5 = fu+1, x;? = Xj
(3 £ j £ n) as follows:

G} = —funxiy(x)), (4.12)
* * S kaik
Gy=1-x(1+ ) ——1—|, 4.13)
P Vn+1X] + Vpi2Uk
Vj(Vn+1x>1Is + Vni2) .
G:=x: - . 3<j<n). (4.14)
/ / Voo(vn+1x1 + Vn+21/tj) ( / )
Under the condition (C;) the system of equations (4.1) in X is equivalent to the following:
G;=0 (1<j<n).
As a consequence of (4.12) — (4.14)
0(x7,G5,...,G, 1 1
(1* Z *n)E__*:_ ’ (415)
O(x1, x5, .., x3) x5 fart
a(xf,x;,- . -,x;;) R Bl N Sl 75)
A(x1, X2, -+ -, Xn) x3 Jn+1
By definition we have
dGi A ANdG, = : dGi A---ANdG
: " (Vn+1fn+2 + Vn+2ujfn+l)n ! "
1

dGi A - NdGy,
f'7+1(Vn+]l+Vn+2Mj)n "

Uy —up
*

2

dxj A--- Ndx, = dxy A -+ Ndxy.

X,

Hence

14
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Lemma 4.5. We have the Jacobian identities

AG,....Gy) . (G,....Gy) P
(1) m =(-1) m(”l = u2)(fu+1)" (fn+2) gfj ’
t.Gs,...,Gy) _u =
@ (X1, X2, 1 Xn) A, ’
,  0tG,....Gy)  0(GY,....Gyp)
) ¢ 0(x1,x2,...,%n) - O(x1,..., %)

Definition 4.6. Define the discriminant associated with the system of critical points ¢; by

Discer:= [| (G-&)?= DN ().

1<j<k<n+1

On the other hand the Hessian of F is defined by the Jacobian

3(Gr,...,Gn)

Hess(F) := e )

We have the following equality as the second main theorem.

Theorem 4.7.

Diser = N (Hess(F)) {N(fus )} 2 AN ()} [ [N ()
j=1
Hence a pair of critical points meet each other if and only if N(Hess(F)) vanishes.

5. Circle Arrangements (i), Product Formulae for Norms

Let n + 1 quadratic polynomials of real coefficients in x = (xi,...,x,) be given:

) =0 +2) apxc+ap (1<j<n+1),
k=1

where Q(x) denotes the quadratic form Z;‘ 1 x?. They define the arrangement of hyperspheres A

consisting of the hyperspheres S; : f; = 0. The center O; and the radius r; (r; > 0) of S; satisfy

n
_ 2 _ 2
Oj = —(aj1,...,qjn), ri = —ajo+ E @j-
k=1

We denote the distance between O}, O (j # k) by pjx (pjx > 0) such that p?k =2 (aj = ).

For the multiplicative function
n+l

o) =[]
j=1

15
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we consider the integral J(¢) in §3. For generic exponents A one can prove that the dimension of
Hg(X,Q) is equal to 2"*+1 1. As the representatives of a basis of Hg(X, ) one can choose the
following nth degree forms

1
wrdxy A -+ Ndx,, g = ,
" H JjeJ f]
where J ranges over the family of arbitrary (unordered) subsets of indices in {1,2,...,n+ 1}. (See

[4-7] for hypergeometric integrals associated with hypersphere arrangements.)
Cayley—Menger determinants are defined in the following way and play an important role in
the sequel. Denote by p,; = pj« the radius r; for j € {1,2,...,n+ 1} or O for j = *.

Definition 5.1. The determinant

0 1 1
2
B 0 J =B Ojir -+ jp ) ._ U Pi, 7 Pitky
0 K Oky - kp ) |5 &
2 2
pjpkl e pjpkp

is called the “Cayley—-Menger determinant” associated with A, where J = {ji,...,j,} and K =
{ki1,...,kp} denote two subsets of the indices in {x,1,...,n + 1}. In case when J = K we simply

write B(0J) instead of B(g IJ() Notice that

B(0jk) = 2p%, >0, B(Oxj) =2r; > 0.

For simplicity we restrict ourselves to the case n = 2, so that A is the arrangement of three
circles S1,5,,53 in R2. We further assume that rj equals the same simply denoted by r and that
vj =1 forall j. One sees that

0]1 2 2 2 . 5 5 )
B(Ok l) = Pj1t P~ Pje - BOXjk) = pjy (03 = 4r7),

B(0123) = p, + pifs + 53 = 2012013 = 2012053 = 2013073
= —(p13 + P23 — p12)(P12 + p23 — P13)(P12 + P13 = p23) (P12 + P13 + P23),
B(0%123) = —2r?B(0123) — 2p7,0%303;-
In this case F can be simply written
F =log fi +log f> + log f5.
We further assume the following condition of non-degeneracy of A:
(C2) B(0123) <0, B(Ox123)#0, B(Oxjk)#0 (1 <j<k<3),

which means the triangle AO0,03 is non-degenerate, i.e., any two circles have no contact point
and three circles S1, S», S3 have no common point. By taking a suitable choice of coordinates we
may assume that

31 = Q32 =@ = 0, a1 > 0, a1 > 0.

16
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so that we have

2 2 2 2
rT=-—a3) = -0 + @y = —@0 + @y tagy,

@y = Py @+ = o1 (@ - aa)’ +ag, = ph,
403,03, = —B(0123).
Hence « i are completely determined by p?k, r2.
Under the condition (C;) the system of equations (3.1) are equivalent to

X1 +agq X1+ agq X1

G = + +—=0,
! f A A

X2 + aqp X2 X2
Gy =—+—+—=0.
TR TR R

6D

Generally there exist 7 (real or complex) points in X satisfying (5.1) denoted by ¢; (1 < j < 7).

Let D; (1 < j < 3) be the open disc surrounded by the circumference :MeS;. We notice that, if we

consider the condition

B(Ox123)>0, B(Oxjk)<0 (1 <j<k<3),

(5.2)

then the intersection D1 N D, N Ds is not empty, and the critical points are all real and contained

one by one in each compact chamber.

Figure 1: Critical points in compact chambers under the condition (5.2)

We introduce the new polynomials in x

g1 = f3(Li2 — L23) — Loz (fi — f3),
g2 = fi(Li2 — Li3) = Li3(f2 = f3),
g3 := —(Li2 — L13)Los(fi = f5) + (L12 = Lo3)L13(fo = f3),

where Lj; denote linear functions of x

L1z : Liz(x) = apx1 + (=11 + a21)x2 + a2,
Li3 : Li3(x) = —aox1 + aqix2,

Loz @ Lr3(x) = —an1x2.

17
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Li2(x)=0 2 Lisx)=0

X1
L23(x)=0

Figure 2: Points Oy, O,, O3 and Lines Li3(x), Li3(x), Ly3(x) =0

Among g1, g2, g3 there is the following identity

g3 = (L2 — L13)g1 — (L12 — L23)g2. (5.3)

Ljx(x) = 0 defines the straight line going through O;, Oy and the triangle AO0,03 is defined by
Lji > 0.

Lemma 5.2. Under the condition (C,) the system of equations (5.1) are equivalent to the system
g1=8=g=0. (5.4)
Suppose moreover that p1y # p13 (or p12 # p23). Then (5.4) is equivalent to the following system

82=8=0 (org; =g3=0). (5.5)

Case 1. Introduce the new parameters t; = f3/f1,t» = f3/f> anddenote t., = 1+, +1,. Wecall 11,1,
“admissible coordinates” and ¢ “basic parameter”. We want to find a rational curve t = w(t;) C X
passing through all critical points ¢; and a monic polynomial ¥ (1) of degree 7 such that (¢, w(th))e;
coincides with all (#1,1,)-coordinates of ¢; for any root of y(t;). In the sequel we shall call y(t)
“characteristic polynomial”.

To find out the characteristic polynomial we use Sylvester’s elimination method and find the
corresponding resultant R = R(¢;). Namely we find two polynomials U,V in ¢; such that Us, — V
vanishes at all the critical points ¢; (1 < j < 7) and put w(t;) = V/U (see Lemma 5.3 in more
details. Refer to [10, 13]). (5.4) gives the following congruences

aihy +angt a2t
X = - 1111 212’ Xy = — 121’ (5.6)
too I
and conversely
L L a1
n=2, =80, =292 (5.7)
Ly Lip Lip
Then (5.4) can be rewritten using the parameters 71,1, as
81=8=8=0, (5.8)
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respectively where

£ 3 £
~ [s] ~ [se] ~ [
g1:= g1 s 2= & v 8BE8B T 5 (5.9)
az1a12 az1a12 61’210’12

It holds the following relation equivalent to (5.3):
1083 = (1 = 12)81 — (1 = 11)&>.
&1, &2, &3 are polynomials of third degree in #1, 7, as follows
g1 =ao +aib+ax, g =bots +bity + bata + b3, §3 = coty + cita + ¢, (5.10)

where a;, by, ¢; are given by polynomials in #;:

2 2 2 2
ag = (r _p12)t1 + Py -,

ar = 2{r’1] + (p33 — pi)t1 — r°},
a =t — 1){1’2t12 + (p%3 + 2r2)tl + r2},
by =17,

2 2 2
by =2r°ty + p3; + 17,

(5.11)
by = (r* = p)t; +2(pT5 — po)t — (7 + p3y),
bz = (p%3 - r2)2‘12 - 2r2t1 - r2,
€0 = Pioh = Pas,
c1 = =Pt + Ps,
) = p%l‘l(ll - 1).
Notice that g; = g;(t1,12) (1 < j < 3) satisfy
git,)=ap+ay +ay = rztf + (p%3 + 3r2)t12 + (2;0%3 - 3,0%2 - p%_g)t] + p%3 — 472,
§2(t1,1) = bo + by + by + by = (p3 — plo)ti(t1 +2), (5.12)

gt 1) =co+c1 +ca = (phy — ph)t(th = 1).
As an immediate consequence we have

Lemma 5.3.

§1(0,1) = p3; —4r%,  §2(0,1) = §3(0,1) = 0,
82(1,0) = p25 —4r%, §1(1,0) = §3(1,0) = 0,
8100,-1) = p33,  §20,-1) =203, §(0,~1) = -2p3;

The following Lemma is a simple application of Sylvester’s elimination method (see [8, 10, 13]).

19
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Lemma 5.4. Put

U U(ll) = bo(cf - CoCz) - b]CoC1 + bzcg,

V: V(l‘l) = —bgcicy + bicocy — b3Cé.
Then the following identity holds:
823 1= C(% 8> — (bocoty + bico — bocy) g3 = Ut, =V for arbitrary ty, t5. (5.13)

If 8 = 83 =0, then g3 = 0. This implies

h = a)(t]), w(tl) = %

The resultant R of ,(t1,12) and g3(t1,1p) relative to t; is a polynomial in t| of degree 8 written by
Sylvester determinant

by by by b3
bo by by b3
R:R(t1))=|co c1 ,
co c1
co c1

which is related to U,V and can be described as follows:
2p _ 772 _ 2 2
COR =U lﬁ(tl) =coV -+ VU + U7, (5.14)

where U, V are polynomials of degree 4 which can be written as

j=0 j=0
In particular the coefficients ug, uq and vy, v4 are given by
uo = =(pty = 4r)phy, e =1r7py o = pP{ri(eh, +3p1) — pap1sh va=rphs.
From (5.10) and (5.14), (1) is expressed as
V2 Vv
Y(h) = CO(U) +erg e =gien).
Moreover U — V can be evaluated explicitly from (5.13)

U=V =3t 1) = (boco + bico — bocr)gs(11.1) = (o33 = ph) W™, (5.15)
w* = tl(W()l‘f + W]l‘l2 + wot| + W3)

such that

wo = p?z(P%z -3r%), wi= _9%2(3,0%3 - 2.0%2) + (2933 + P%z)’”z,

w2 = p53(2055 = 3p1) + 2piy + p3)r%, w3 = piy(phs = 3r7).

R is a polynomial in #; of degree 8 and a polynomial in p?k, r? of degree 10.

20
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Lemma5.5. (1) If pi, = p1,, then R(11) vanishes.
(2) R(0) always vanishes.
Proof. About (1). If p%z = p%, U coincides with V, so that
C(Z)R(tl) = (co + c1 + )U? = 0.

(5.11) shows that ¢y does not vanish for p% = pfz. This implies R(¢1) = 0.
About (2). From Lemma 5.3 the identity U(0) = V(0) holds true. Hence

~p33R(0) = (co(0) + c1(0) + c2(0)) U(0) = 0
because of (5.12). O
Owing to Lemma 5.5 R(#;) has the factor (,0%2 - p%)tl. On the other hand since
o ®phi, 1 x=phtt, i (6] T o)
in view of the formulae above for ug, vy, we have
R(t1) ~ r*ply(p1, — 4r°)(pT, — p13)t} (1] T ).
As aresult

Lemma 5.6. R(t)) is a polynomial in t| of degree 8 and a polynomial in pjz.k, r? of degree 5 with the
factor (p%2 - p%)tl such that

R(t) = ’”2.041‘2(9%2 - 4’"2)()0%2 - p%3)¢1$(t1),
R(t1) = =1 py3(p3; = 47)(pt, = pis)n - (1 L 0),
where (1) = H;Zl(z‘l — {}) is a monic polynomial with 7 roots {; (1 < j < 7) such that

Pég(ﬁ%g - 47‘2) _ p%3B(0*23)
p?z(p%z - 472) p%zB(O* 12)

7
—4(0) = 1_[ 4=

Jj=1
y(t1) is the characteristic polynomial relative to the basic parameter t| of the critical points ¢; such

that ti(¢cj) = (.

Furthermore since

U(1) = (p33 = p13) (4r% +2p75 = 3pi,),
V(1) = (033 = p1,)* (13 — 4r),
U(1) = V(1) = 3(03; = p12)* (013 = P12
we have the formula
R(1) = =3(p3; — p12) (015 = P1,)(P15 = 4r7).
Hence
(01, = P33) (73 = 4r%)
PP, —4r7)

Seeing that (fi — f3)/f1 = 1 =11, (o — f3)/ /> = 1 — r, we can conclude

7
gy = |a-g=-3
j=1

21
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Proposition 5.7. (1)

Nm)_N(ﬁ)_pﬂBm*mf
N() = N( fz) = oD
(2)
N = 1)) = N(ﬁ - fs) ~ _3(/3%2 — 3, B(0x13)
VAT ot BOk12)
b=y el = 01y B0X23)
N(1 lz)—N( % )— p%zp%rzB(O*lZ) .

Case 2. Instead of (¢,f;) we now take the new coordinates (f.,?), Where 7., being the basic
parameter. By the substitution t, = t., —t; — 1, 82, &3 and 28, — &3 can be rewritten in terms of 7, 11
as
Btoitt) == Balti, 10 — 11 = 1) = Bt} + b1 + bty + b,
gg(l‘oo,tl) =8t — 11— 1),
g§3(too,t1) = 2§§(tm,t1) - gg(tw,tl) = c(’)tlz +cit + ¢,
where bé’ b’l, bé, bg; cé, ci, cé denote polynomials in 7, as follows:
2
by = P,
_ 2 2 2 2
by = —phyle + P33~ P13 + 307
2,2 2 2 2 2 2 2
by = =r’15, + 2(=p1, + P13 — Pr3)les + (2p7; = 2p15 + 3p33),
by = (1o = 24?1 + p33(te0 = D)},

’ ’ r 2 ’ ’ r 3 r 2 ’ ’
Co = COOI‘X’ + Cor €1 = Cloloo + cllt‘x’ + Clpp €y = 6‘20[00 + CZIZOO + sztoo + Cr3

such that
/ 2 / 2 2 2
oo = Pror o1 = 3023 = P13 + P12,
clo =~ +p,),  cfy =413 =201, = 6035 ¢y = 3(p1, — pis +30%),
ey = 2% ¢y =3p5 — 4% oy = =9ph. iy = 6p3;.
Then like Lemma 5.4 the following holds.
Lemma 5.8. Put
U Uk(te) = bi(c]® — cfeh) = bichel + bhel?,
VE V(1) = —bjcch + bl cley — bych?.
Then
0= ;28" — (bjcin + bic) - bye)aty = Uk — v, (5.16)
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i.e., the rational curve 1) = V(1) /U (1) gives the interpolating curve relative to the admissible
coordinates (t-,t1). We have

4 5
Ut = Z uj'-tfo_j, Vi = Z v]'-tfo_j
j=0 00
with
uy = vy =P ph(4r? = phy),  wj —v) =27 pl (4% = piy),
so that i S 1
i St ;61+0Qj (Il 1 o0).

For ts being fixed, the resultant R* = R¥(ts) of g§ and g§3 relative to ty is given by

by, by b, D]
by by by b
=l o o ,
¢, ¢ ¢
G €1 G
which satisfies the identity
2 2
ciPRY = [V 4 UV 4 U (5.17)

As aresult of Lemma 5.8, we have
’2 NN, ’ ’ ’ ’ ’ ’
) Rf ~ up{ug(cy, +cjy +c5y) + (v —up)2e)y + clo)}z‘fo (Iteo| T ©0).
Seeing that
’2 ’ ’ ’ ’ ’

¢y ® pi’ztgo (Itwo] To0), oy +cpy+c5 = 47 + P%z + p%, 2¢hy + Clp = p%z —2r2,

a direct calculation using Lemma 5.8 shows
up(coy + €fy +¢3p) + (] = up)(2cgy + clo) = rpy(pT; = pTh),
hence !
RY = —r4p%2(p%2 - 41*2)(10%3 - p%z)tfo(l + O(E))
On the other hand (4.15) shows the equality
Hen=gen-=o

i.e., the two polynomials gg(z, 1), g§ (2,1;) have a common zero at #; = 1, which means R¥(2) = 0.
Hence R* can be described more precisely as

7
R¥(te0) = =r* pT, (01, = 4r7)(pT3 = pTy) (e = 2) l—l(too - ), (5.18)
j=1
where §Jf denotes the value f.(c;). We notice that U(te) = [[]7‘:1(&)0 - §Jf) is the characteristic
polynomial relative to the parameter 7.

We now want to evaluate the value of R (t) at to = 0. Before that one first sees the following
identities hold.
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Lemma 5.9.
UH(0) + VH(0) = =9p35(033 + 1, — P13)* = —p13¢(0)%,
VE(0) = —1807,035(p13 + P33 — P1):

Proof. Notice first that

20,1 = 22(-1,00 = ply,  20.-1) = g3(-1,0) = 203,

250.-1)=2250.-1) - 250, -1) = 0. ¢§(0) = 3(p2; + 0%, - pl3).
One may put f, = 0, t; = —1 in (5.16). Then one has

~UH(0) - VH(0) = ¢§(0288(0,~1) = 9075 (0% + 025 — p15)°

On the other hand since gg(o,o) = $(0,-1) = 2p%3, g§(0,0) = 5(0,-1) = —2p%3, one has
£5,(0,0) = 6p3;. Furthermore

b1(0)c(0) = by(0)ei(0) = 3(p3; = P15 + P12 (P33 = P13+ 3p1) = 3pT2(P1, = Pis + 3p23)-

Hence
Bron — 72 st ’ ’ ’ ’ ~H _ 2 2.2 2 2
=V#(0) = ¢y(0) 82(0, 0) — {b1(0)cy(0) — bO(O)Cl(O)}g3(O, 0) = 18p1,033(p23 + P13 — P12)-
Lemma 5.9 has thus been proved. O

Due to Lemmas 5.8 and 5.9 we have

Lemma 5.10. The following identity holds:
7
Rﬂ(O) = _2”41)%2(.0%2 - 4”2)(P%3 - p%z) ]_[ é/; (5.19)
j=1

= 54p7,03,(p%5 — p1,)B(0123). (5.20)
Proof. (5.19) is a direct consequence of (5.18). Since ¢((0) — ¢{(0) + ¢;(0) = 0, the formula (5.17)

of R¥(fs) at 7o = 0 in Lemma 5.8 becomes

U%0) + V#(0)

t0) =
R0 = S0

{c50)(U*(0) + VE(0)) + (¢](0) = 2¢5(0)) V*(0)}.

Using Lemma 5.9 and ¢}(0) = 3(p?, — p2, + 3p3,), ¢5(0) = 603, we have (U*(0) + V“(O))/c(’)(O)2 =
- p% and obtain
(0)(U*(0) + VH(0)) + (c](0) — 2¢5(0)) V¥(0)
= —6p33 - 9013(03 + Py = P13) = 3(P, = P = 023) - 180T,0%3(013 + P33 — PT)
= 54033 {013(03; + P12 = P13)* = P (035 + Pl — P1)*}
= =54p35(pT3 = PO, + P13 + P33 = 201013 = 2012033 — 2013033)
= —54p33(p15 — p1,)B(0123),

which implies (5.20). O
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Comparing (5.19) with (5.20) in Lemma 5.10 we can evaluate the norm of 7, as follows:

Proposition 5.11.

p13p23B(0123)
N(too) = 1_[{ W

From Propositions 5.7 and 5.11, the identity (5.7) derives the formula for N(L;3). In the same
way by symmetry of isometry the followings also hold:

Corollary 5.12.
1 r*B(Ox12
N = 5 o2 - po123)) )
p13p23
1 r*B(O%13
N = 5 o - po123)) )
p12p23
1 r*B(0%x23
Ny = s “o 2 o1
p12p13

Put ¢ (#;) = g3(t1, w(1)) such that R = Uza,[/(tl)/cg.

Case 3. We take the admissible coordinates (s,7;) and the basic parameter s = —Tt; — t, for
T = (p};, — p,)/ P35 (5.5) implies

P35 (s + 1)
- f=2ax + 0’21 —_— 5.21)
too
By the substitution t, = =Tt} — s, g1 and g3 can be rewritten in terms of s,#; as
sb._ = Tt =) =03 + a2 + 4 n
g) =& 1(n,-Tty —s) = dot] + ait] + daty + a3,
~ ~ N A 2 ~ A
gg’ =g3(t1,-Tt; —5) = cotf + C1ty + Gty + G3,
~b A =b ~ ~b At 2 PN ~
815 := Co&) — 4oy = Cpty + 1ty + &5,
where dy, di, d», ds, ¢y, ¢1, &2, 3, 66, ¢l Aé denote polynomials in s as follows:
A 2 2 22
ag =r (T—l) _plzT ,
n 2 2 2/ 2 2 2 2 2, 2
ar =2{r"(T = 1) = p1,T}s + T*(p33 — ") = 2(p3 — p1)T + 17 + pis,
A 2 2,2 2 2 2 2 2 2 2
dr = (r" = p1p)s” + 2{(p33 — )T = (p33 — p1)}s + 2r'T —r" = pi3,
n 22 2 2
a3 = py3s” —ri(s - 1),
N 2 A 2 2 )
Co = pp, T (T +1), ¢ =p), 2T + 1)s + pi3 — p3:T7,
X 2 2 2 2 2 A 2
¢ = p1ps” = 2053 s — (p33T + p13), 63 = —py3s(s+ 1),
and
¢y = Cod1 — Aoy, € = Cody — Aoy, & = Codz — doé3. (5.22)
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For large |s| > 1 we have immediately the following asymptotic formulae from the above:
G =pL,T(T+1), & ~p,QT +1)s, & ~piys®, &~ —pass” (5.23)
and
&~ {r*pl(T = )3T + 1) = p},T*}s, &) =~ {r*p},3T = 1) - p},T}s*

o (5.24)
& ~ (P33 = PIPLT(T + 1) + 2 p3(T = 17 = T2 p33p7, )57,

The resultant of g'; and gﬁ’ relative to #; is given by the Sylvester determinant as follows:

Go 1 & &3

R(s) :=

which is a polynomial in s of degree 8. We notice that, from (5.22), the resultant of g‘; and g%
relative to 7; coincides with R”(s) up to a constant, which is explicitly written as

A

G ¢ & &3
G €1 G G3

~ ~ A —_ A2pb
¢ ¢ ¢ = CoR(s). (5.25)
Ar Ar Al
¢ ¢ &
Ar A1 A?
% ¢ 9

Owing to Lemma 5.2 we have
Z-T.1) = 21(1,0)= 0, Z(-T,1) = &(1,0) = 0.

Hence we have the equality R°(~T)) = 0. Namely R(s) can be represented by the product

R’(s) = y(s +T)

J

(s - ).

7
=1

where {Jf' = s(c;) (1 < j <£7) and vy denotes a constant independent of s.
In the same way as Lemma 5.8 we have the following.

Lemma 5.13. Both
UP = 20(8]? = &¢) — 01858 + 88,2 and VP = &€ ¢ + 6166 — é3¢47
are polynomials in s of degree four, which satisfy the equation
UPty — VP = &285 — (Coclts + €18} — 0¢])g05 = 0,
so that, from (5.25), the following equality holds true

EHEIR (5)} = &L {VPY? + & VPUP + ) {UPY>. (5.26)
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The rational curve defined by
_ V)
- Us)

is an interpolating curve of the set {¢;} relative to the admissible coordinates s, t.

n=w(s), ws)

Seeing that U(s) ~ O(s*) for large |s| > 1 we have from Lemma 5.13
COIR ~ (EV" + GUU’ ~ (=63¢] + 626570,

ie.,
A2 pb A Al A AINTTD
CoR” = (=636 + &2E)U°.

Furthermore (5.23) and (5.24) show the asymptotic formulae for large |s| > 1

¢o = P, T(T + 1),
—G38] + 8 ~ rzp%Z(p%3 - p%z)T(T + 1)s%,
U ~ —r?p8(p2, — 4r)T(T + 1)s*.

(5.26) — (5.30) derive the following lemma.

Lemma 5.14. R® has the following expression

7
R(s)=y(s+T) [ [s =),
=1

J

where y denotes the constant given by
y = —roh(p3 — p1)(pT, —4r%) = = ply(p3; — p1,)B(OX12).
Let us now evaluate the value R’(s) at s = —1. First notice that

202 2 212 2 2\2.2
r(p13 = P, = P23)" = (P13 = P1)7PY,

ag(-1) = 7
Pa3
X —2(p1; = Pl + 303)(07; — P, — 033)
ai(-1)= T
Pr3
(207, - p%)p% + (p% - p1)(3p7, + /’%3)
+ 2 i
P23
2 2
N P53~ Pip
(1) = 4r* —25—= = 3piy — pi, + 20,
Pa3
as(=1) = py —4r%,
and
2.2 2\ 2 2 2 2 2 (2 2 2
. P1(P13 — PP =PI T P33) (P13 — P15 — P, — P13)
Go(—1y = 2P T PO T P T P gy P13 T PO T P T P

4 2
P23 P23

&r(=1) = &5(=1) = 0.

27
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In view of (5.31) and (5.32) by definition of R we have

R'(=1) = {as(=DY{eo(-D} g (-1.n) (5.33)
for
&=1) _ Pyl + Py = P33)
H=—= == 5 >~ (5.34)
G(=1 pi(pis + P23~ PTy)
The corresponding value of #, satisfies
Pi3(P1y + P33 = P13)
2= "5 2 2 (5.35)
Pi(P13 + P23 = P1,)
such that —1 = =Tt} — . Hence
B(-Ln) = gi(t.n)
with #; and #, given by (5.34) and (5.35), respectively.
Seeing that
0j! 2, 2 2
B(Ok l) ~ Pt P P
one can prove the following lemma by a direct calculation:
Lemma 5.15. For ty, t, being given by (5.34) and (5.35) the following identity holds:
012
(p3; - p%z)B(O 3 2) B(0123) B(0%123)
&1t 1) = 3 (5.36)
2.6 1 013
P121% 023

Proof. From (5.10) | can be written as g(f1,72) = r>Bo + 81 + B2, where

Bo= (11— Dtw, 1= (=p3t1 + P22, Bo=2(=p>y + pas)tita + plati(ty — 1).

One sees that

1 013 021 012 B(0123)
foo = {p%23(023)+p%33(031)+p%33(032)}:_ '
2 g 013 2 g 013
12 023 p12 023
Hence
2 ) 2 (012

013\)°
”?2{3(023)}
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On the other hand we have

012
20 4,2 2
2p3p53013(P23 = plZ){B(O 3 2)}

B =
0 13
12 02 3
013 012 021
P12013053 (P55 = plz)B(O ) 3) (0 3 2)3(0 3 1)
p2 013 '
rhfofos )}
In view of B(0x123) = —2r>B(0123) — 2p?2pf3p53, one can derive the formula (5.36). O

(5.33) and (5.35) imply the following lemma:
Lemma 5.16. R"(—1) has the product formula

(P13 = P12 (035 — P1){B(0X23)}°B(0123)B(0x123) (012
238 032)

R'(-1) =

Due to Lemmas 5.14 and 5.16
Corollary 5.17. The norm formula for s + 1 is given by

R (- D _ (p13 pl2)3{3(0*23)}28(0123)8(0*123)
(T-1)y 2rtpt, p)AB(0%12)

7
N+ ==][1-¢)=
j=1

From Proposition 5.11, (5.21) and Corollary 5.17

Lemma 5.18.
1 (P - p12)3{B<0*23>}23(0*123>

3
2%3 p12p13p23

Finally one can conclude the following.

N(h=f)=

Theorem 5.19.

1 r2B(0x12)B(0%x13)B(0x123
N(F) = : ( )B( )B( )

x 3% P33
1 r2B(0x12)B(0%23)B(0x123
N() = — ( )B( )B( )

X3 Pis
1 r2B(0x13)B(0%23)B(0x123
N = - ( )B( )B( )

2x%x3 p]2

Proof. We prove the formula for N(f;). By definition

N(L-1f)
N
(f) = N(1-1)
One may apply the formulae in Proposition 5.7 and Lemma 5.18, and obtains Theorem 5.19 for
N(f2). The formulae for N(f;j) for j = 1,3 are also valid by symmetric argument. O
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6. Circle Arrangements (ii), Discriminant Formula

In this section we want to discuss a formula related to the norm of “Hessian” of the level

function SeF. Concerning the derivatives relative to #; of ¥(¢) and R(¢;), Lemma 5.4 shows

%
W'(t) = ﬁR'(ll)-

A direct computation gives the following:

Lemma 6.1. S, )
0(82,83) _ _» B(0x12)p1,(p1, = Pi3)
an,n) U
Proof. Partial derivation of (5.13) with respect to #, gives the identity
0823(11,12)
81‘2 '
On the other hand, from Lemma 5.4 we have g»3(¢1, w(¢1)) = 0. By derivation relative to #;
0823(t,w(t1)) | 98x(t,w(t1))
+ w
on oty
In the same way by derivation of y(t;) relative to #; (see Lemma 5.4)
0g3(1,w(11)) | 083(11, w(t1))
+ w
o oty

ny' ().

Ut) =

(n)=0.

w'(t) = "(t1).

From (5.13)

3(33.823) 03 ¢ 0(32.8
(1) = (83 g23)/£_ €o 0(22.83)

dnn) ' on U Bnn)
(6.1) implies

’ a(gZ’ g3)

R (1)) =-U(t R
(t1) (t1) a.10)
which completes Lemma 6.1.
Lemma 6.2. The identity holds
it L
dGi A dGy = ——2 24, Adgs.

I =1 fazan)?
Proof. Put Gi3 = x,G; — (x1 + a21)G2 and Gz = (xp + @12)G1 — (x1 + a11)G2, then
dGi3 ANdGyy = L12dGy A dGs.

Further it holds
1-0 1-1
Gi3 —

&= ff3Gn, g =Lp f32( st),

so that |+
dg> A dgs = —tl—t; fiL12dGy3 A dGs.
From (5.5) and (5.9) we obtain

((1/21&12)3 ~ ~
dga A dgs = ngz Adgs,

(o)

where 4a/§la/f2 = —B(0123). Summing up these equalities of Jacobian implies Lemma 6.2.

30
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By definition we have
3(G1.G2)  d(xix) _ V=B(0123)
A(x1,x2) " A(t1,12) 263

By using these equalities one can prove the following:

Hess(F) =

Proposition 6.3. Suppose that P%z * p%. Then, at each critical point ¢; (1 < j < 7) the Hessian
of F at ¢; is expressed as

hh R'(1)
(1 -0t U(t1) f3(x)*le;”

[Hess(F)le, = -

such that §j = [t1]e; and t; = V(t1)/U(11).
Proof. Indeed (5.6), (5.7) and Lemma 6.2 mean

9(G1,G2) _ 9(G1,G2) | 9(x1,x2) L, 3, 03283
Hess(F) = = / = "
d(x1,x2) Ati,n) | 8(1,) (1 -n)fi(enan)? anan 0h,12)
_ tity R'(t1)
(1 -1 U(1y) f3(x)*
which completes the proof. O

We now assume the condition (C3): (i) p%z # p%3, and (ii) the set {{j |1 < j < 7} consists of
seven different complex numbers and the projection mapping to the t|-coordinate

fnicir— i=n(c) (1<j<7)
is bijective.
Then the following holds.
Lemma 6.4. N(U) # 0.

Proof. Suppose on the contrary N(U) = 0. There exists ¢; (1 < j < 7) such that U({;) = 0 for
{; = t1(cj). Since by definition R({;) = 0, Lemma 5.4 shows

co(§)*R(&) = co(GV(E)* = 0.
First assume ¢((¢;) # 0. Then we also have V({;) = 0. Hence from (5.13)

co(&)* 8¢ 1) — (bo(fj)Co(Kj)fz + b1(gj)co(df) — bl(é“j)Cl({j))gs(é“j,tz) =0

as a polynomial in #,. This means &,({j,t;) is divisible by g3({j,72). Let &1, be two different
roots of the equation g3({j,72) = 0. Hence there exist two different critical points ¢;, ¢ such that
ti(e;) = ti(ex) = ¢ and tr(cj) = &1, t(cx) = &. This contradicts the assumption (ii) of (C3).
Assume now co(¢j) = 0. Then by the definition of U(#;) in Lemma 5.4

U(g) = bo(¢j)e1(&)* = 0.

Hence c1({;) = 0. This means {; must be equal to 1 or 0. The case {; = 0 is impossible. Suppose
{; = 1. Then from (5.11) we have —p%z + p%3 = c1(1) = 0. This fact contradicts the assumption (i)
of (C3). Lemma 6.4 has been proved. O
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Summing up Propositions 5.7, 5.11, Corollary 5.12, Theorem 5.19 and Proposition 6.3 we have

Theorem 6.5. Under the conditions (Cy) and (C3) the following equality holds.

; N (1)
N(Hess(F)) = -C o Discr
NWHIN ()N ()
Jor W* = /%, where Discr denotes the discriminant of y(t1) relative to the basic parameter t,
13 12
7 —
Discr := 1_[ & -G =- 1_[ [ (11)]4,.
1<j<k<7 j=1

and C denotes the constant given by
C= 1"2,0%2(/0%3 - pi)B(O*lZ).
Proof. From the identity in Lemma 5.6 the derivative of R(¢;) with respect to ¢; has
R'(t1) = =r’phy(pls = p) BOX 121 (11).
By Proposition 6.3 we have

P22 BOX12) 0y (1)

Hess(F) = W*toof34

’

which implies Theorem 6.5. O

Remark. It is not certain if N (U) # 0 holds under the weaker conditions (C,) and (i) of (Cs).

7. Circle Arrangements (iii), Case of Isosceles Triangle

The case when AO ;0,05 is an isosceles triangle is an exceptional one. This section is devoted
to its explanation in more detail.
Generally we may put by (5.15) and Lemma 5.6

U=V =(pl3=p)W" and R=(pf;~ pip)R",
respectively. According to (5.11)
C0 = Phlt = a3 €1 = =Pt + Py, €2 = Pt = 1), (7.1)

sothat co + ¢y + ¢ = (,o%3 - p%z)tl(tl — 1). Using this, (5.14) is rewritten as the following identity
for the polynomials R* and W*

R = (p1y — plr)cad W'} + V{(t] = 1)V + (c1 + 2c0)W*}. (7.2)
Throughout this section we suppose that the equality
2 2
P12 = P13
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holds. Then co + c; + ¢, = 0, and both U — V and R vanish identically since they are divisible by
p% - p%z (see (5.15) and Lemma 5.6). We have U =V, so that the identity (7.2) is written as

AR = U{(t] — 1)U + (c1 + 2c0)W*}. (7.3)
Let g5 and g3 be polynomials specified by
$=(n-1g and g =(-1)43;,

respectively. By the definition (5.10) of g, and g3 with p%z = p%, the polynomials g; and g5 are
written as
& =bys +bin+bs and g =cih+c],

where (5.11) gives the explicit forms of the coefficients

by = P2, by = 212t + p%3 +2r2, by = (r* - p%z)tlz + 2721 + 12,

Co = Pt = Pa € = —pp(t = 1).
In particular, using the chain rule g3/0t, = (t, — 1)0g;/0t> + & and ¢y + ¢1 + 2 = 0, we have

* % ~% a~
cot+cy =g(t,1) = a;fj(tl’ 1) =2co + ¢ = —(c1 +2c2), (7.4)

namely ci + 2¢; = —(cj + ¢) = p%2t1(t1 -2)+ p%3. Since we have U = V, using &, and g3 the
identity (5.13) is equivalent to

U = c}g; — (bocotr + brco — boc1)gs,

which is independent of #,. On the other hand, from Lemma 5.4 the polynomial U = U(t;) of
degree 4 can be written using the monic polynomial ¢,(¢) such that

Ult) = uotiL + uztl3 + u3t12 + Uust; + Uy = —p‘b(pfz - 4r2)$2(t1), (7.5)
where
Uy = —pio(pl, —4r),  uy = plopi(3pT, — 4r?),

wr = Py {=p1h(20%; + pTy) + (=4p1, + p33)r%),
usz = 933(.0%2 + 2r2), Ug = Pgﬂz,
and y/,(t1) has 4 roots denoted by 4, s, {6, £7. The identity stated in Proposition 6.3 is still valid

by taking the limit as p% — p%z:

[Hess(F)]e, = lim

2, 2
P13 P12

[ Hi R’ ] _ [ 1R
¢

U - V)l‘oof34 toof;‘W*Lj (1<j<7). (7.6)

We denote by ({j, {Ji") the (#1,12)-coordinates of the critical points ¢; (1 < j < 7). The critical
points are divided into two parts. Three of them corresponding to #; = {1, {», {3 are contained in
the line L13(x) — L12(x) = 0, which is the midline of the triangle AO;0,03 defined by #, = 1, while
the remaining ones corresponds to #| = {u, {5, (s, {7 for o # 1 lie outside the midline.
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7.1 Thecaser, # 1

Suppose first that t; # 1. Then (5.8) is equivalent to

V*
th =—, 7.7
2= (7.7)
where
og:

= gn S ==phti—pn V== =phn(t- D). (7.8)

Then the equation g} (t1, =) = O relative to the unknown 7, is equivalent to
U(tr) = by(V*): + biV*U* + by(U")* = 0. (7.9)

As we saw in (7.5) one may put U(t;) = ,0‘1‘2(4r2 - p%z)az(tl) with the monic polynomial y,(t) =
H;:4(t1 — {j). The critical points ¢; (4 < j < 7) are represented by the (1, #;)-coordinates ({ s ")
for 7 = V*(§;)/U*(¢))-

Lemma 7.1. We have the following product formulae:

;
Ul = ph@r? = o) | |(1=4) = =035 - P12 (0T, =41,
j=4

7
U(0) = p},(4r* - piy) H 4 = r’ps,

P’ o 33033 = p1,)°
U( 23) p12(4r Plz)l_l(ﬁ_é) P2t~ Pl (7.10)
Pl j=4 Pl Pl
2
W*(@ _r 2335 = p13)
2) =
P12 i

2
Proof. Indeed the first two identities follow from (7.5) for p?, = p?,. Since U*(—?z) =0, (7.9)

means
2 2
p P12
P1a P12

which implies the third line of Lemma 7.1. The last one derives from a direct calculation. O

[N

Denote by J;(tz) the monic polynomial in 7, related to the resultant Ry, (§3(t1,12), —85(t1,22)) of
g;(tl,tz) and —g;‘(tl,tz) with respect to the variable #; such that

R (83(11,12), =511, 12)) = r2(4r% = p2)pth (1), (7.11)
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where

R, (85(t1,12),—85(t1,12))

r2 - p%z 2r2(t2 +1) r2t22 + (p%3 + 2r2)t2 +r?

2_ 2 2 212 5 ? ?
| 2o, 2%+ 1) r e 20T g
P12 —pp(2 + 1) Pa3l2
iy —pp, (2 +1) Pastz

Then i,(t;) has the roots @d<j<)ie,
7 7
o) = [ (2= &), especially g (1) =] [(1-2)).
j=4 j=4

Z;(tz) has the symmetry z; 2@;(&) = t%JZ(tz‘ 1. Thus, without loss of generality, we may assume

=870 and =57 (7.13)
By definition (t1,12) = ({ j,g“;‘) of the critical points ¢; (4 < j < 7) satisfy the simultaneous
equations
_ 4 3 2 _ _ Vi)
U(l‘l) = uply + upty +usty +uxty +uq = 0 and 5 = U*(l‘ ), (7.14)
1

where the polynomials U(¢;) and V*(#;), U*(¢;) are given by (7.5) and (7.8), respectively. This
means that, for given #; = {; satisfying U(t;) = 0, we can define #, = s Tby 1 = V(1)U (11).
Conversely, for given t, = {Jf‘ we can fix #; = {; uniquely as follows:

Lemma 7.2. For an arbitrary t, € C there exists a unique solution t| € C of the simultaneous

equations (7.14), which is expressed as

_ _ﬁl(tz) (7.15)
fio(t2)”
where 1i|(t) and ilo(t2) are the polynomials in t; of degree 3 given by
—ug p%z 0 0
2 2
6 A _ | TW _,012(1 + 1) P1> 0
Pl (t2) = : (7.16)
12 —up p§312 _p%z(l +1) p%z
—Uy 0 0 p%3l‘2
—up p%z 0 0
2 2
6 A _| T _p12(1 +10) P 0
Pralio(12) = (7.17)
12 —Uuz p§3t2 _p%z(l + 1) p%z
—u3 0 P33t —p3, (1 + 1)

Proof. The simultaneous equations (7.14) are equivalent to U(¢;) = 0 and V*(¢;) — U*(t;)r, = 0.
The latter equation is written as \70112 + D111 + P = 0, where 7 = p%z, P = p%z(l + 1), Py = p%3t2.
For given t, if we can fix wg, Wi, W, and #, &i; such that

(\A/()l‘l2 + V1 + 92)(W0t12 + Wit + Wz) + oty + i) — (I/t()til + Lt22‘13 + u3t12 + urty + u4) =0,
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then t; = —ii; /iy is the solution. Comparing the coefficients of ti (0 < i < 4) on both sides, we
immediately have the following relations:

0 —UQ \70 0 0 1 0 —Ug 170 0 0 1
0 | | —u1 » % O Wo 0 | | —ur %1 % O Wo
0 | | =2 D2 o1 Do || W1 | 0 | | = D o o || ™
—d —u3 0 Py P Wo —i —us 0 0 Dy J\ W

Using the Laplace expansion for the above relations, we obtain (7.17) and (7.16), respectively. O

For the coordinates (£ j,g“;‘) of the critical point ¢; (4 < j < 7) Lemma 7.2 indicates the
one-to-one correspondence between {; and 5;‘ under U*({;) # 0 and ﬁo(gji“) # 0. In particular,

Corollary 7.3. Fort| specified by (7.15) as a solution of (7.14), the continuous limit of t; ast, — 1

is given by
a(1)
- -= (b — 1),
L ()
where iig(1) and i1(1) are explicitly written as
a1(1) = pi; 03301, = P33){r* (035 = 1601) + 207,201, = p3)} (7.18)
(1) = 2(9%2 - P%3){4r2(4p%2 - 933) - 9%2(49%2 - 3953)}’ (7.19)

under fip(1) # 0.

7.2 Thecaser, =1

Suppose second t, = 1. Then g, = g3 = 0 automatically. From (5.8), g,(¢1,1) = 0. According
to (5.12) with the condition p%3 = p%Z, we may put the monic polynomial /(#;) as

r2(h) = g1t 1) = 178 + (p1, + 3r2)6 + 2(053 — 201t + pg — 41 (7.20)

and denote the roots of the equation
gi(t) =0

by {1, &, {3. For 1 < j < 3 the point ¢; corresponds to the (t1,f;)-coordinates ({;,1). One has by
definition and from (7.10) of Lemma 7.1:

3
PT10-2) =200 =362 - o), (7.21)
J=1
7 2 8 2 2.4 2 _ 22
nc &) =50 Py _ P12 P\ _ P3P = p1y) (7.22)
06j) = P2\ 75| = 4(4,,2_ 2) 2 )~ 472 — o2 : :
j=4 P’ P Pia) P12 P12

We consider the resultant Ry, (g (t1,12), —g;‘(tl,tg)) at o = 1. Then one can show by a direct
calculation the following connection between the resultant of g(z1, 1), —g5(t1, 1) = ¢1 + 2¢2 and the
value J;(l):
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Lemma 7.4. The resultant of the two polynomials

g1t 1) =2y () and - g, 1) = ploti(ts — 2) + pds

in ty has the factor JZ(I), ie.,

rPoph,+3r7 203 —4pt,  phy— 4
r? Pl +3r 2p3,—4pt, pyy -4
R, (&i(n. 1), =851, 1) = | p1,  —2p1, P33
1y ~2p7, 033
PTy -2p1, P33

= (p3 — P1 )P (4r? = pty) Ua(1).

(7.23)

Remark. From (7.11), calculating (7.12) for #, = 1 directly, (or calculating the above determinant

directly), J;( 1) is evaluated as

P?2r2(4r2 - P%Q)JZ(I) = (8P%2 + P%3)2”4 + 4/)%2(/)%3 - P%z){(4p%2 - P%3)r2 + P%ngz,}-

Let t; = 11, n2 be the roots of the equation —g3(#,1) = 0. Then by definition
32 3
Ry (@10, 1,50, ) = 0%, [ [ [ [ =m0 = ] [ (@) + 22().

j=1 k=1 j=1

On the other hand, from (7.4), (7.8) and (7.10) of Lemma 7.1 we have

— 1—[7 v*<4j>) 1—[7 U*(&) - V(&) |_|7 co(4) + ci(&)
1 = 1 bl = _— = -
vh =i ( udgn) a0 U it Piadi— P
1 4y ei(gy) +2ea(Z)) 4r? - pt) 1—I7
p?z j=4 g — p%3/,0%2 72p§3(P%3 - p%z)z j=4 (Cl ) 02(51))

(7.23), (7.25) and (7.26) imply the following identity
7

Ner +2¢2) = [ ] (&) +2e2()) = pspba(pds — 91 To(1)
j=1

7.3 Discriminants

In this subsection we define the discriminants, and show their explicit forms.
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Definition 7.5. We denote by Discr; the discriminant of Jj (j = 1,2) and by Discrs the product of
the values (r, — 1)> at 1, = {]?* (4 <j <7) as follows.

3
Discry = — HJ; &)= l—[ (& = &)
j=1

1<j<k<3

7
Discry = HJ;({,) = l_[ & - &%

j=4 4<j<k<7
7
Disers = {¥,()}? = [ | - 1
j=4
Lemma 7.6. Discr, is explicitly calculated as
B(0123
Discry = 1'_8(4,0%2 - p%)A = —Q

2
r 81023

where A is given as the following polynomial in r?, pfz and p%3:

A, (7.28)

A =324r° + 9(16p7, — 13p3;)r* + 4(p%, — p3){(23p7, — 8p3;)r” + pl,} (7.29)
Proof. From (7.20) we have rzgl(tl) =g1(t,1) = doti” + dltlz + doty + dz, where
2

dap=r", dy= p%z +3r%, = 2(P%3 - zp%z)a az = p%_?, -4

The resultant of g;(t;, 1) and its derivative gives the discriminant of ¢,(t,), i.e.,

ao dl 672 673
d day dar day as
R@ D, g 1) =| 300 20 @ =-q [] @-a*
3dyg 24, a» 1<j<k<3

3dag 241 a

From the direct calculation of the above determinant, we obtain

. d _
R(gl(tl’ 1)7 d_tlgl(tl’ 1))

= 1’2(,0%3 - 4,0%2){3241"6 + 9(16,0%2 - 13,0%3)1”4 + 4(pf2 - p%3)((23p%2 - 8p%3)r2 + p?z)}.

Since we have B(0123) = —p3.(4p7, — p3;) When p13 = pi2, this implies (7.28).

O
Lemma 7.7. Discr; is explicitly calculated as
Diser, = PP = P00 + 12007 | poh = 03)° o 7.30)
pi5(py = 4r3)e P, {B(0%12)}6
where B and C are given as the following polynomials in r?, p%z and p%S:
B=12r"+ P%z’
C = (8pt, + )’ r* +4piy(p3; = PI{(APT; = P33 + popns}- (730
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Proof. From the expression (7.5) of U(t;) = uo,(t1), the resultant of U(¢;) and U’(t;) gives the
discriminant of ¥/,(t1), i.e.,

uy Uy U U3 Uy
Uo up up u3 Ug
uy Ul Ux U3 Uy
R(U),U'(t1)) = | 4uo 3ur 2ur  u3 =u) l_[ (& - &)
4up 3u; 2uz  u3 4<j<k<7
dug 3u; 2ur u3

dug 3uy 2uy uj
Calculating the above determinant directly, we consequently obtain
R(U(1),U'(11)) = =p13p55(p12 = 42)(127% + p1)) (01, = p33)°
x {(SPE + p33)° 1 +4pT (035 - P%2)((4P%2 — Pt + 9%210%3) }
which implies (7.30). O

Remark. From (7.24) in Remark of Lemma 7.4, we have already known that C is written as
C = r?pl,(4r? = ply)(1) = =27, BOX12)¢5(1). (7.32)

Lemma 7.8. Suppose that p%z— p%3 # 0. For the critical points ¢; (4 < j < 7) under the assumption
(7.13), C = 0 if and only if ¢4 = ¢c¢ or ¢5 = ¢;7. Then one of the pairs of them lie on the midline
Li3(x) — Li2(x) = 0 of 0,0,03.

Proof. First we suppose C = 0. From (7.32), we have C = —rzpsz(O*l 2) ]_[}:4(1 - {]’F) = 0, so that
there exists j € {4,5,6,7} such that {;‘ = 1. Then under the assumption (7.13) we have ; = £ =1
or {5 = & = 1. Using Corollary 7.3 we have {4 = { = —i1(1)/iio(1) or {5 = &7 = —i1(1)/dp(1),
where (1) and #p(1) are given by (7.18) and (7.19), respectively, so that we obtain ¢4 = ¢g
or ¢s = ¢7. Here we needed to confirm that (1) # O for the precondition of Corollary 7.3.
Assume that 7ip(1) = 0. From the explicit form (7.19) of #y(1), under p%z - p§3 # 0 we have
4r¥(4pt, — p3;) — p,(4p%, = 3p3;) = 0. Since we see 4p7, — p3, = —p,2B(0123) # 0, we have
r? = p%2(4p%2 -3 p§3) / 4(4,0%2 - p%3). Applying this to the explicit form (7.31) of C, we can calculate
C directly as C = ;)41'2;)‘2‘3(4,0%2 + 5;0%3)2 / 16(4p§2 - p§3)2, which does not vanish. This contradicts
C =0, and #p(1) # 0 is now confirmed.

Conversely, we next suppose ¢4 = €6, namely ({,¢;) = (£6,4;)- From (7.13) we have
&y = ¢ =1/, sothat {jz = 1,ie., ¢; = +1. Here we claim {j = 1 by contradiction. Assume that
gy = —1. Since ¢, is a root of the polynomial (//;(tz), we have J;(—l) = J;({j) = 0. The identity
(7.11) for 1, = —1 implies Ry, (&,(t1,—1),—&3(t1,—1)) = r2(4r? - p%z)p‘l*ZJZ(—l) = 0, which means
the polynomials & (¢, —1) = (rz—p%z)t%—p%3 and g;(rl,—l) = ,o%ztlz—p%3 = (p12t1—p23)(P12t1+023)
have common zero points. Hence we have 0 = &5(+023/p12,—1) = ,0%3(1”2 - 2,0%2) / p%z, so that
r? = 2p?, = 0. From Lemma 7.7, for r? = 2p?, the discriminant Discr; is evaluated as Discr =
2254pg(p%2 - p%3)2(56p%2 + 25p§3)/76pi§. Under p%z - p§3 # 0, we have Discry # 0, which means
Uy(t) = HZ:4(I1 — ¢j) has no double roots. This contradicts {4 = . Thus we obtain §; = & =1,
so that C = —r?p7, B(Ox12) [T_,(1 - £ =0.

Consequently, one of the pairs of the critical points lie on the line defined by #, = 1. O
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Remark. When the situation ¢4 = ¢g occurred as Lemma 7.8, these two actually coincide with real
one in {c,¢y,c3} simultaneously. We can confirm this in the following way. From Corollary 7.3
the coordinates of ¢4 = ¢g are given as (¢1,%) = (—=#;(1)/do(1), 1), where

_in() =— Pr {rz(p§3 — 16p,) + 201,207, - P§3)}
ao(1) — 2p%,{4r2(4p}, - p33) = P, (4P, — 323}

For our purpose it suffices to see that #; = —ii(1)/fig(1) indeed satisfy the equation g;(¢;,1) = 0
given in (7.20), and in fact, g,(—#;(1)/ip(1), 1) is divisible by C as

- . - -3
Zi(=1(1)/a(1),1) = C D (2piy) ~{4r*(4pT, = p33) = p1a(4pT, = 3p33)}
where C is given in (7.31) and D has relatively longer expression as
D = r*(8p7, — p33)* (3201, — 24p1,0%; + p53)

=217 p1,(512p}, — 76800, 035 + 348,053 — 3907,0%; + P3;)
+2(4pi, = 3p53)(1607, = 200,055 + 7p53)-

As we saw in Lemma 7.8, C = 0 if and only if ¢4 = ¢g, thus g{(—#;(1)/#p(1),1) = 0 is confirmed.
Lemma 7.9. Discrj is explicitly calculated as

o c?
Discrs = = ’ (7.33)
rtph,(p7, —4r2)? rip,{B(0x12))?

where C is the polynomial in r?, P%z and p§3 given by (7.31) in Lemma 7.7.

Proof. By definition we immediately have (7.33) from the expression (7.32) of J;(l). O

7.4 Main Results for Isosceles Triangle Case

Due to (7.3) by taking the limit p%3 — p%z in Lemma 5.6 we have

Lemma 7.10. R* and W* are expressed as the following polynomials in t, respectively.

R* = =r2ply(p1, = 4y ()i (1), (7.34)
(c1 +2e)W* = 11{r?(piyt1 = p33) 701 (11) + pia(ply = 4r7)(tr = DYa(0)y. (7.35)
Proof. From Lemma 5.6 we have R*(¢;) = —;’2,0‘1‘2(,0%2 — 4r)t14(1), where the characteristic

polynomial ¥ (t;) = ]—[}: (t1 = ¢;) is equal to the product of two factors W (t) and Yo (1)), ie.,
W(t1) = ()W, (t1). This implies (7.34). From (7.3) we obtain

. R* R*(¢ ,
(QM@W=%F—Mw4w=ﬁﬂ—@fJ0—Wrﬂwm(mwﬂm
(1)
r2eu(t — _
= (ot = 2P ) Ly = D02, - 4G (using (7.5))
Yo(t)
which coincides with (7.35). O
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Lemma 7.11. We have

R*’ 2
1) W*Lj -y [Cl+ < ](1)] (1<j<3),

R*' +2 )
@[3z, = sl -4 [T 0] @sis)

Proof. For1 < j <3 Jl (£;) = 0. Due to (7.34) and (7.35) we have

[(c1 +2c0)W*] = P1a(p1y = 4rd) [0t — D, (1)] o
[R*,]gj ~r2ph(pt, = 4r7) [llébl(fl)lﬁz(ll)]
hence (1) follows. Likewise for 4 < j < 7 ¥,(¢j) = 0, so that we have
[(c1 + 202)W*]§j = r[(p1t1 — p33) 11, (1) .
[R*l]gj = —r’ply(p1, — 4r%) [tl%(ll )Jl(tl)]é«j,
hence (2) follows. O
If ¢; + 2¢, = 0 then 1, defined by (7.7) equals 1. Furthermore
Lemma 7.12. Suppose that p§3 # P%z and ¢y + 2c; = 0. Then, y(t1) = 0 if and only if Yr,(t;) = 0.
Proof. Indeed since (¢; — 1)(p%2t1 - p%3) # 0, (7.35) implies Lemma 7.12. O

As a consequence of Lemma 7.11 one sees that if ¢; +2cy = 0, ¢,(t;) = 0, then ¥, () = 0.
Conversely if ¢ + 2¢; = 0, Jz(n) = 0, then El(tl) =0

Proposition 7.13.
R\ T RYG) _ r*edel, -4
N|—] = =
(W*) l;l W*(gf) 3923(/)23 /912)2 MIZ( ) l_lllll(gj) szgj

Proof. Indeed Lemma 7.11 means

LR 642 oua V(&) 1 (&)
g W*(é,l) =-r {Plz(P12_4r )} N (e +202)D H (é’]

Proposition 7.13 follows from (7.21), (7.22) and (7.27). O

The interpolating curve #;, = w(t;) is thus defined by

1 lf t] S {{19§2a{3}9
n=owt):=1 2 -
ppti(t—1)
122—2 lf tl € {4,4945’ {6’57}'
Pt = Pa3

Under the condition P%z = p% (isosceles triangle case, so that B(0x12) = B(0x 13)), we
eventually obtain the same formulae of N(f;) (1 < j < 3) as in Theorem 5.19 which was proved
under P%z # p%; that is
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Theorem 7.14.
N = ﬁ[m r234 BOx12) BOx13) BOx123)
=1 033
N(f) = ll[[fz] r? 3(0*23)3(0*12)3(0*123)

2.3 p13
r? B(O*23)B(0*13)B(O*123)
_ 2-3¢ Pis

From (7.6) and Proposition 7.13 we finally obtain the following formula in view of the equality
B(0%12) = p3,(p?, — 4r?).

Theorem 7.15.

r4p?2{B(0*12)}6 ( 51%)

N(Hess(F)) = —
3033035 = P1)

) DiscrDiscryDiscrs, (7.36)
too f3

where N(t;) (j = 1,2), N(t) and N(f3) are given by Propositions 5.7, 5.11 and Theorem 7.14,
respectively.

Remark. Writing the factor N(t112/tw f3*) in (7.36) explicitly, N'(Hess(F)) is expressed as

2%32p}3 (B(Ox12))2
— p2,)? B(0123){B(0%23)}3 {B(0%123)}*

N(Hess(F)) = Discr; DiscrpDiscrs.

P33(023

One may conclude the following:

Corollary 7.16. Suppose that p% - p%z = 0 and p§3 - pfz # 0. Two critical points in the set
{ej |1 £ j <7} coincide with each other if and only if

N(Hess(F)) =0
From Lemmas 7.6, 7.7 and 7.9, N (Hess(F)) is also written in the following form.

Corollary 7.17. Suppose that p%3 - P%z =0and p§3 - P%z # 0. N(Hess(F)) is expressed as

24312p% 05, AB2C3

NHeSS(E)) = = (B 0w 125 (BO*23) P (BO 123))

where A and B, C are the polynomials in r?, p%z, p%3 given in (7.29) and (7.31), respectively. One

can say more precisely that
(1) A =0ifand only if two points in {¢; | 1 < j < 3} coincide with each other,
(2) B =0 ifand only if two points in {¢; |4 < j < T} such that t # 1 coincide with each other,

(3) C = 0ifand only if two points in {c; |4 < j < T} coincide with each other, so that t, = 1.
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Remark 1. In fact, B = 0 occurs only when r? = —p%z /12 < 0. Moreover, B = C = 0 occurs only
once when 25p%3 - 16/)%2 = 0. Then all the points in {¢; |4 < j < 7} coincide with one of those in
{ej |1 < j < 3} defined by (t1,12) = (2/5,1), so that five of the critical points overlap quintuply on
the midline of AO;0,03 defined by 1, = 1, while the other two are not real.

Remark 2. Lemma 7.8 gives a detailed explanation of Corollary 7.17 (3).
Remark 3. There exists a unique positive r = r, satisfying the following properties:
(1) If p2, = p?, > p3;, then A > O and C = 0.
(2) If p3; > p?, = pt;, then A =0 and C > 0.
3) If p%2 = p% = p§3, i.e., if AO10,03 is a regular triangle, then r. = 0 such that A = C = 0.

In each case for r > r. the conditions A > 0 and C > 0 are satisfied. Therefore, under the conditions
p% = P%z and p%3 * p%Z it is satisfied for r > r. that Discr; > 0, Discr, > 0 and Discrz > 0, which
means that all the 7 critical points are real and different from each other.

Remark 4. From the similarity of triangles, without loss of generality we may fix the hight of the
isosceles triangles to be V3. Using the length L = p,3/2 the Pythagorean theorem says p%z =1%+3.
In this situation, using variables

X =r> and Y:LzzO,

the conditions (1) p%z = p% > pé, 2) p%S > pfz = p% and (3) p%z = p% = p§3 in Remark 3 are
equivalentto (1) 0 <Y < 1,(2) Y > 1 and (3) Y = 1, respectively, and the discriminants A, B, C
are written as the polynomials in X, Y

A=AX,Y) = 12[27X7 - 9(3Y - 4)X* + (Y - D{3(3Y - 23)X — (Y + 3)*}],

B=B(X,Y)=12X+Y +3,

C=C(X,Y)=48[3(Y +2)*X* + (Y — )Y +3){3X + Y(Y +3)}],

which satisfy Discr; = 12A4(X,Y)/X* and

(4Y)}3(Y - 1)B(X,Y) C(X,Y) }2
(Y +3){B(0%12)}3 XY +3)B(0%12)) °

Figure 3 below shows the graphs of A(X,Y) = 0, B(X,Y) = 0 and C(X,Y) = O in the X-Y
plane with those of B(Ox12) = (Y + 3)(Y —4X + 3) = 0, B(0O%x23) = 16Y(Y — X) = 0 and
B(0%123) = 8Y{12X — (Y + 3)?} = 0. The 7 critical points corresponding to (X,Y) in the shaded
area, where A(X,Y) > 0 and C(X,Y) > 0, are all real and different from each other. Thus we
can clearly understand the claims explained in Remark 3 when we see the shaded area in X > 0.
Incidentally, the point (X,Y) = (3, 3) satistying B(0x123) = Discr; = 0 corresponds to the isosceles
right triangle AO; 0,03 with the circles of radius V3. It is remarkable that, in a neighborhood of
the point (3, 3) if B(0x123) > 0, then Discr; > 0, while there exist infinitely many points such that
B(0x123) < 0 and Discr; < 0. It would be also an interesting problem to investigate in detail about

2
Discr, = { } C(X,Y), Discr;z = {

the critical points for X = 2 < 0 (in the case of imaginary circles). Even in the part X < 0 we
still have the shaded areas of peculiar shape (Figure 4), and we can find that the line B(X,Y) = 0
appears only in X < 0.

43



Product of Hessians of critical points of level function for hypergeometric integrals K. Aomoto, M. Ito

>~

B(O%x12)=0
Y-4X +3 =0
BX,Y)=0

0 3/4

B(O%23) =0

Y-X=0
C(X,Y) =0

Figure 3: Graphs of the discriminants
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32 31
BETRGY 128 137 Y
375° 125

Figure 4: Quadrant of X = r2 < 0
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