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Introduction

As the generalizations of Gauss hypergeometric function, Appell introduced the four functions
F\, F,, F3 and Fy, which are nowadays called Appell’s hypergeometric functions in two variables
[Ap1][Ap2]. The purpose of the present paper is to derive the connection formulas related with F)
by using the intersection theory for the twisted homology groups.

Appell’s hypergeometric function Fj is the analytic continuation of Appell’s hypergeometric
series

Iman(Bm(BIn m n

Xy x| <1, |y| <1,
(7)m+nm.n-

Fl(a/’ﬂ7ﬁ,’y;x’y) = Z (a

m,n=0

where (a), = I'(a+n)/T'(a) and (@) = 1. It satisfies the system of differential equations E; of rank
3 (The third equation below is missing in [AKdF][Er]. See also [MS][MN]):

[0x(0x +6y +y—1)—x(0x + 6y + )0 +B)|F =0,
(Ey) [Oy(0x + 0y +y — 1) = y(0x + 6y + )0y + B)]F =0,
[x(6x + )6y — y(6y + B")0x |F =0,
which is defined on the space (P'(C))?\S, where S is the union of the singular loci
S={x=0U{x=11U{x=0}U{y=0U{y=1}U{y=co} U{x =y}

The 60 solutions of E; in terms of Fj are listed in [AKdF], which were obtained by Appell and
Vavasseur [Va] (The solutions z, . . ., z¢o in [AKdF] are listed in Appendix). These solutions were
thought of as the analogue of Kummer’s 24 solutions of Gauss’ hypergeometric equation. However,
it is not the case. These 60 solutions could not constitute any fundamental set of solutions around
a point, and give only two members amongst three members which constitue the fundamental set
of solutions around each point. This gap was filled by the idea of Erdélyi, who found the way in
[Ex] to derive the hidden 60 solutions in terms of Horn’s hypergeometric function G, (the function
G, was not found when [AKdF] was published). These 120 solutions give a complete list of 15
fundamental sets of solutions around the intersection of the singular loci S of Ej:

(0, 0), (1, 1), (o0, ), (0, 1), (1, 0), (0, ), (o0, 0), (1, 0), (co, 1).

Each set consists of two F; and one G,. One set is attached to the point around the normal
crrossing point, and three sets are attached to the point around the intersection of three singular
loci. Each F) has 6 different expressions as a result of tranformation formulas. Each G, has 4
different expressions. (Other solutions in terms of other series, Appell’s F, or F3 and Horn’s H,
are reduced to these 120 solutions. ) On the other hand, Olsson gave some connection formulas
for these sets of solutions in [Ol], where the formulas are derived by the connection formulas for
Gauss’ hypergeometric functions.

The purpose of this paper is to enlarge the results by Olsson. The present way to achieve it is
by using the intersection theory for the twisted homology group. We refer the reader to [Mim] for
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another application of the intersection theory to the connection problem and to [Tak1][Tak2] for
another approach by using the Euler-Darboux equation to the connection problem for Fj.

In Section 1 we give the preliminaries for the present paper. In Section 2, we give a complete
list of the fundamental sets of solutions around the 9 intersection of the singular loci. In Section 3,
we give some of connection formulas related with three fundamental sets of solutions around the
point (0, 0). In Section 4, we give the integral representations for the functions which constitute
the fundamental sets of solutions in Section 2. In Section 5, we derive the connection formulas by
using the intersection numbers for the loaded cycles. In Appendix, the transformation formulas for
the functions constituting the fundamental sets of solutions in Section 2.

In this paper, the symbols

e(A) = exp(nV=14), (AY=A-A"", ey i = e(uij k),

=el -1 d), =d)  =el? -1

dij...k =4 ij...k — “HMij..k ij...

Hij...k

and
Hijk = Hi + (i + ...+ Uk

are used frequently.

1. Preliminaries

1.1 Twisted homology groups

Let u(t) = [1; f;(1)* be a multivalued function on T c C™, where a; € C and T is the
complement of the singular locus U;{fi(t) = 0} in C™. Let L be the locally constant sheaf (the
local system) defined by u: the sheaf consisting of the local solutions of dL. = Lw for w = du(t)/u(z).
Let £V be the locally constant sheaf defined by u~!: the sheaf consisting of the local solutions of
dL = —Lw. (The convention for the symbols £ and £V is different from that in [AoKi] [KY],
where £ denotes £V and LY denotes L. )

Let H,,(T, L) be the m-th homology group with coefficients in £, H(T, £) the m-th locally
finite homology group with coefficients in £. Elements of these twisted homology groups, called
twisted cycles or loaded cycles, are represented by d-closed loaded (finite or locally finite) chains

C= Z aaA ® v, (aA € C),
A

where each A is an m-simplex and va a section of £ on A. The subset Uaaisfying anz0 A is
called the support of C. The boundary operator 9 is defined to be a C-linear mapping satisfying
IA® v)= Zﬁo(—l)iAi ® Vi, where A is an m-simplex, A’ denotes the i-th face of A, and v/
is the restriction of v on A’.
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If each factor f;(¢) of u(¢) is defined over R, and D is a simply connected region of the real
manifold Tr = R™\ U; { f;(¢) = 0} (the real locus of T), then it is convenient to load D with a section

up(t) = | (e fite))

of £ on D, and to make a loaded chain D ® up(t), where ; = + is so determined that &; f;(¢) is
positive on D, and the argument of &; f;(¢) is assigned to be zero. This choice of a section is said
to be standard loading over D. Sometimes, we omit the assignment of loading and denote just the
support of the cycle for brevity.

Similarly, the function u,,(¢) = [1;(&; fi(¢))* for p € Tr is also defined: &; f;(t) is positive at p
and the argument of each &; f;(¢) is assigned to be zero at p. Loading a region around p with u,(¢)
is said to be standard loading over the point p.

We also consider the standard loading with uBI (t) or ul‘,l (1) to study H(T, LY).

Example 1. In case T = C\{p, ¢} with p < ¢ and u(t) = (t — p)*» (t — g)*a, we have Up,q)(t) =
(t = p)'r(g = 1), ueg,w)t) = (t = p)'r(t = g)' and u(e, ;)(1) = (p =)' (g — 1)'a. They are used
like as (p, q) ® up, q) € HI(T, £) and (p, q) ® u(‘pl o€ HNT, LY).

Under some genericity condition on the exponents @;, we have the isomorphism, called the
regularization,

reg : HY(T, £) — Hu(T, L),

which is the inverse of the natural map ¢ : H,,(T, L) — H},fl(T, L).

Example 2. Incase T = C\{p, ¢} with p < g and u(r) = (t — p)*»(t — ¢)'a, where 1,, 1, € C\Z,
the regularization reg((p, q) ® u(p, ¢)(1)) € H(T, L) of (p, q) ® u(, (1) € H\'(T, L) is given by

1 1
reg (p, q) ® u(p, ¢)(t) = {d—S(p; p+e)+p+eqg—¢]- d—S(q ;g — 8)} ® Up, ¢)(1).
P q

Here and in what follows & means a sufficiently small positive number, d, = ¢(24,) — 1, e(A) =
exp(ﬂ\/—_l A), and the symbol S(r ; a) denotes a positively oriented closed curve starting and ending
at the point a, encircling the singular point r and lying outside the other singularities. Here the
arguments of t — p and ¢ — ¢ on S(p; p + &) or S(q; g — &) are assigned naturally by analytic
continuation, i.e. arg(t — p) takes values from 0 to 2 on S(p; p + €) and arg(q — t) takes values
from 0 to 27 on S(g; g — ).

reg

— @—»—@ e H|(T, L)

HINT, L) >

Example 3. In case T = C\{p, ¢} with p < g and u(t) = (t — p)*» (¢t — g)'a, where 1, Aw € C\Z
and Ao = 2 — A, — A4, the regularization reg((g, o) ® u(y, (1)) € Hi(T, L) of (¢, ) ® u(g, «0)(1) €
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H}f(T, L) is given by

reg (¢, ©9) © g, (1) = {diqS(q; 4 +2)+1g+5 Rl S(; R)} ® g, o),
where R is a sufficiently large number. Here the curve S(co; R) starting and ending at the point
t = R around the point at infinity co and lying outside the other singularities is regarded as the
negatively oriented curve S~'({p, ¢}, R) encircling the singular points p and g. The arguments of
t—pandt—qgonS~'({p, ¢}, R) are assigned naturally by analytic continuation, i.e. both arg( — p)
and arg(r — g) take values from 0 to =27 on S~'({p, ¢}, R).

Example 4. Incase T = C\{p, ¢, r} withr € R, Re(p) < r, Re(q) < r and u(t) = (t — p)*» (¢ -
g)%a(t—r)', where 4,4, 4, € C\Z and Ay, = A, + Ay, we define the symbol ({p, g}, r) ® u(y_e)(1)
to denote the loaded cycle

{p. q}, 1) ® ur_s(t) = {di SUp, q}ir—e)+[r—e r)} ® ur_o(t) € H\'(T, L),
rq

where dp,q = e(24,4) — 1 and S({p, q} ; r — &) denotes the positively oriented closed curve starting
and ending at the point r — &, encircling the singular points p and ¢, and lying outside the other
singularities. The arguments of  — p and t — g on S({p, ¢} ; r — &) take values from O to 27.

The regularization reg(({p, g}, r) ® uy_s(t)) € H\(T, £) of ({p, q}, r) ® ur_(t) € H(T, L)
is given by

reg(({p, g}, 1) ® ur—s(1))

& 1

:{gqu({p, q};r—a)+[r—8,r—E]—d—rS(r;r—g)}@’“r—s(fl

where the argument of r — ¢ on S(r ; r — %) takes values from 0 to 27.

Example 5. Incase T = C\{p, ¢, r} withp € R, p <Re(q), p < Re(r) and u(t) = (t — p)*» (¢t -
g)%a(t —r)", where Ap, A4 € C\Z and A4, = A4 + A, we define the symbol (p, {g, r}) ® u(p, 4)(1)
to denote the loaded cycle

(P {g: r}) @ up4e(t) = {(P, prel-——58Ug r};p+ 8)} ® up+e(t) € HY (T, L),

dyr

where dg, = e(24,4,) — 1 and S({q, r}; p + €) denotes the positively oriented closed curve starting
and ending at the point p + &, encircling the points g and r, and lying outside the other singularities.
The arguments of ¢ —t and r — ¢ on S({q, r}; p + &) take values from 0 to 2.

The regularization reg((p, {¢, r}) ® up+s(t)) € Hi(T, L) of (p, {q, r}) ® up+4(t) € H%f(T, L)
is given by
reg((p. {q. r}) ® up.(1))

1
dgr

={é5(p;p+§)+[p+§,p+8]— SH{g. r};p+8)}®up+g(t),
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where the argument of # — p on S(p; p + 5) takes values from 0 to 2.

Example 6. Incase T = C\{p, ¢, r} and u(t) = (t — p)*»(t — ¢)*a(t —r); when p € R, p <
Re(q), p < Re(r) and 4, € C\Z, we define the symbol (p, {¢, r}) ® u;,1 (¢) to denote the loaded

pte
cycle

(p. {g. rH) @ U\ (1) = {(p, p+el- ﬁ SHg. r}:p+ 8)} ® ul (1) € H'(T, LY),
qr

and whenr € R, Re(p) <r, Re(g) < rand 4,, € C\Z, we define the symbol ({p, g}, r)® ut (1)
to denote the loaded cycle

({p’ q}’ }") ® u;—lg(t) = {% S({p’ q} = 8) + [}" - & I‘)} ® u;la(t) € H{f(T’ -EV)’
rq

where dz(v_q) = e(-24,4) — 1.

1.2 Intersection numbers

The Poincaré duality gives the non-degenerate pairing, called the intersection form of loaded
(twisted) cycles,

I : H,(T,L) x Hi{(T,£Y) — C

defined by

1 Zapp®vp,2bga'®wa =Zapbg Z Li(p, o)vp(x)we(x),

Y P, o xXeEpNo

where a,,, b, € C, each p or o is an m-simplex, v, a section of £ on p, w, a section of L" on o,
and I (p, o) the topological intersection number at x.

Combining this form with the regularization mapping yields the intersection number :
<o HNT, L) x HNT, £¥) — C,

which is defined by
C-C' =I(regC, C)

for C € H(T, £) and C’ € H(T, LV).
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Examples 7. Incase T = C\{p, ¢} with p < g and u(t) = (t — p)*r (t — g)*a, where 1,, 1, € C\Z,
we have

(7, @)+ (P, @) = 1(reg (. 9) ® 4, (1) (P, @) © 1) (1)

= I({ ; 0q } ® u(p,q)(t), { i'a—’—% } ® u(_pl’q)(t))

1 N -1 __ dpq __ <e(/lpq)>
dp dy dpd, (e(Ap)){e(Aq))

and

where (A) = A—- AL

S o
Q0
8

Examples 8. Incase T = C\{p, ¢, r} with p < g < rand u(t) = (t — p)*» (t — ¢)*a (¢t — r)*r, where
Hpg» Mgr» Hr € C\Z, we have

({p’ Q}, r) : (p9 {q’ r})
= I{reg ({p. 9}, 1) @ (1), (s g D @) (1)

= ) o ) ° ) -1
=1 y & ° ® U(q, (1), 5 3 : ® u(p’q)(t)
1 -1 ., _ _ _<€pqr>
e D B S D [ LA
dpq df[r) oo (epq){eqr)
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Examples 9. Incase T = C\{p, ¢, r, s} with p < g <r < sand u(t) = (t — p)r(t — g)ta(t -
r)Y (t — 5)%, where and Apgs Ars, A € C\Z, we have

({p. 4. 1) (g, {r. s))
= I{reg (({p. g}, 1) © (), (@ {r, sH®u) (1))

}?- ; ® ”(q,r)’ IO) o ® u(q,r)

Seo

Qo
BN
~
w0

1 -1 2N —(epgrs)

=——(e, s —€,,) = .
dpq dﬁ;) S (epg)iers)

Examples 10. Incase T = C\{p, ¢, r, s} with p < g <r < sand u(t) = (t — p)r(t — g)ta(t —
r)Ytr (¢ = s)*, where A4, Ar5, 49 € C\Z, we have

(CI, {r’ S}) : ({P’ 5]}, I")
= 1{reg (4, {7, 5D g (1), (P, g, Y ®u) (1)

oo ) [ ®tary o [ ®ar)

o
Qo
<
©

_ Ll 2y evars)
d1(7_q) drs pa s <epq><ers>
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We refer the reader to [KY][MY1][MY2] for related works on the intersection numbers for
loaded cycles.

1.3 Several hypergeometric functions in two variables and their transformation formulas

Appell’s hypergeometric function Fj stisfies
Fila, B, B, yix y)=Fi(e, B’ B y; y, x)

and the following transformation formulas.

’ - -B ’ X y
Fi(a, B, B, y; x y)=(1-x) ﬁ(l—y)’gFl(y—a,ﬁ,ﬂ,y;m,ﬁ)

— 7 7 X x_y
:(1—x)“F1(a/,y—,8—,3,,3,7; > )
x—1 x-1

—C ’ y—-x y
:(l—y) IFI Qyﬁ,'y—ﬂ—ﬁ,?’, s
y-1 y-1

:(l—x)y—(l—ﬁ(l—y)—ﬁlf‘l (’y—a', fy—lg_ﬁ/, ﬁ/, v X, iji:)lc)

=(1-x)P1 -y #F (V—m By-B-8.v; % y)-
_

The 60 solutions of E; in terms of F; are reduced to 10 solutions by these transformation formulas.
Each fundamental set of solutions listed in the next section contains two of the 10 solutions in terms
of F;. The 60 solutions in terms of F; are listed in Appendix, where w; gives the solution around
the point (0, 0), wy that around the point (1, 1), wj that around the point (co, ), w4 that around the
line x = 0, ws that around the line y = 0, wg that around the line x = 1, wy that around the line
y = 1, wg that around the line x = oo, wy that around the line y = oo, and wq that around the line
x =y. Foreach 1 < j < 10, the function w; corresponds to z; = zj0+; = 220+; = *** = 2504, Of
pages 62-64 in [AKdF].
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W9 KJW3 y =00
w7 ,JW2 y=1
Ws y=0
Wi
w10 W4 We wg
x=0 x=1 X =00

Horn’s hypergeometric function G, is the analytic continuation of the series ([Ho])

m \,n

X
Go(. By, 6.5 9) = @mBnWnm@mn =, Ixl <L |yl <1,
m. n.

m,n>0

where (a)—n = I'(a + m — n)/T'(a). It stisfies
G, B, 7,0, x, ) =GB @, 6, vy, X)

and the following transformation formulas.

Gya,a, BB x, y)

, , - 1+
1+ P (1 =xy) G| 1—a-B o’ B B3 —— y— >
x+1 7 1-xy
1+ -
= (14 ) PA=x0) G @, 1-a' =B, B, B3 s, =L
l-xy y+1
=1+ )P (1 +y) P - xy)
1+y 1+x
xGy|l-a-B1-a -8B ; - = :
2( R R Y- Y y1+y)

The 60 solutions of E in terms of G, are reduced to 15 solutions by these transfrmation formulas.
Each fundamental set of solutions listed in the next section contains one of the 15 solutions in
terms of G, and, converesely, each one of the 15 solutions in terms of G5 is included into such a
fundamental set of solutions. In Appendix, the 60 solutions in terms of G, are listed.

On the other hand, Appell’s hypergeometric function F», F3 defined by

10
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Din BB .,
i, 0 PP

’ ’ (
B(a BB, vy ixy)= Z
m,n >0

(@)m(@)n(B)m(B)n My xl < 1, |y < 1
m!'n! (V) man

F(a, o, BB, y:ixy)= Z

m,n=>0

and Horn’s hypergeometric function H; dfined by

2 (B)m(¥)n(0)n Xy

YLkl <Lyl < (xl+ D7
m!n! (&),

Hya, B,y,0,e;x,9) = Z (@

m,n>0

may appear as solutions of E|. Nevertheless, the following equalities reduce them into the exppres-
sions in terms of F} or G,.

Fi(a, B, B y:xy)
Xﬁ, X
= (_) FZ(ﬂ+ﬂ” a’?ﬁ,9 7’B+ﬂ/;x7 1__)
y y
B
=(2) R(p+paprprpin1-2)
:(1_y)_ﬁ,F3(a’7 ’y_(%B’B” Y Xx %1)
y

_ , X
:(l_y) '8F3('Y_a’, Q’,ﬁ,ﬁ,y; m’ y)

_B/
:(1—X) Hz(ﬁ,a,ﬁ’,l—ﬁ,y;x, Y )
x xX—y

x\ P , , X
=\l-—=| H|B.a B 1-Bv:y )
y y—X

Gg(a, a/,’ ﬁv 18/; X, y)

=(1+y)_“/H2(ﬂ’, a,a,1-B=-pB,1-8; —x, = )

y+1

=(1+x)-“(1+y)—“’F2(1—ﬁ—ﬁ',a,a',1—ﬁ,1—ﬁ’; Sl )

x+1 y+1

Each fundamental set of solutions in the next section consists of two F’s and one G>.

11
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2. Fundamental sets of solutions

We give a list of fundamental sets of solutions around each intersection of the singular loci:

(0, 0), (1, 1), (o0, ), (0, 1), (1, 0), (0, o), (o0, 0), (1, o0), (o0, 1).

In what follows, for @ # b, the symbol fj(“’ %) denotes a function valid on a domain around the

point (a, b), where the two singular loci intersect, and the symbol f{*“*=% a function valid on

J
the hypercone whose vertex is at (a, a), and whose axis is x = a. A domain around the point

(a, a), where the three singular loci intersect, is covered by the three hypercones (sectors) such as
D) |x—a| <|y—al ie. “near” x =a; 2) |y—a| <|x—a| ie. “near” y=a 3) |x—y| <|x—4q|
and |x — y| < |y —a| i.e. “near” x = y. Therefore we give 15 fundamental sets of solutions.

e Around the point (0,0) i.e. |x| < land |y| < 1;

(i) in case |x| < |y|; ify, B’ —y ¢ Z,
I(O’O)XZO :X1+'B,_,yy_ﬁ,F1( 1 +ﬁ+ﬁ, -7 I+« =7 ﬁ,’ 2+ﬁ, —Y5 X g)’

VA =y”Gz(/3, lta—y 148 -y y-1; ‘%’ —y),

0, 0) x=0 ’
OO0 _f(a, B, B Y X y)

give a fundamental set of solutions,
(ii)incase |x —y| < |yl, |x —y| < |x|; ify, B+ B ¢ Z,

0,0)x= /. —a— —B-B
RO B (1 - ypetl(y - )P

’ ’ ’ - X - X
xFl(l—ﬁ,y—ﬁ—ﬁ,lw—y,z—ﬁ—ﬁ;y LI,
y y-1
2(0,0)x=y :xl—’)’(l_x)y—a—le(l_i_a_,y’ B y—1,1-8-8"; X ’ y_x)’
1—-x X

0,0)x= ’
AEO =Fi(a BBy xy)

give a fundamental set of solutions, and
(iii) in case |y| < |x|; ify, B—7y ¢ Z,

£O0=0 :x‘ﬁy1+ﬁ‘7F1(1+ﬂ+ﬂ’—y, B l+a-y2+B—v:

= I<

7y)’
fz(O,O)yZO :x1_7G2(1+af—’y, B,, Y — 1, 1+ﬁ_79 —-X, _X )’
X

0,0)y=0 ’
O <F(a, B, By X )

12



Connection formulas related with Appell’s hypergeometric function F

give a fundamental set of solutions.

e Around the point (1,1) ie. [x—1|<land|y—-1|<1;

() incase|x - 1| < |y-1|;ifa+B8+B -y, y—a—-B¢Z

= —a— g , 1-—x
fl(l,l)x 1:(1_x)7aﬁ(l—y)ﬁFl(y—a,y—,B—,B,,B,1+y—a—ﬁ;l—x, l—y)’

= —a—B-8' , , x—1
2(1,1))( lz(l_y)yaﬁﬁGZ(Ig,y_ﬂ—ﬂ,y—a—ﬁ,a+,8+,8 —y;m,y—l),

L= _f (0, BB T +a+ B+ —yi 1 —x 1-y)

give a fundamental set of solutions,

(ii)incase |x —y| <|y—=1], [x=y| < |x=1];ifa+B+B -y, B+ B ¢Z,

1, 1) x= - —a— 3-8’
KD =P E =y - )PP

’ ’ ’ - X - X
X F[1-p.y-B-f. 1+a-y2-p-p ;212 2%

y y-1

= y y — 1-—
2(1,1))6—)’ :yﬁ+ﬁ_7(1_Y)y_a_ﬁ_ﬁGz(,&)’—ﬁ—,B’,1—,3—,3',C¥+ﬂ+ﬂ'—y;)1} x’_y ,
-y Yy

LS R, BB 1+ a+ BB~y 1 —x 1-y)
gives a fundamental set of solutions, and

(iii)incase |ly—-1| < |x=1|;ifa+B8+B -y, y—-a-B"¢7Z,

= _ —a-p' ’ ;1=
T = - Y aﬁFl(V—a,ﬁ,V—ﬁ—ﬁ, 1+y—a—ﬁ;ﬁ’1—y),

1L )y=1 —a—B-p' o , , y—1
A :<1_x>v“ﬁﬁGz(y—ﬁ—ﬁ,ﬁ,wﬁw —%V—a—ﬁ?x“’l—x)’

FE 2Fi(a, BB 1+ @+ BB~y l—x 1-y)
give a fundamental set of solutions.
e Aroud the point (c0,0) i.e. |x| >2and |y| > 2;;
(i)incase |y| < |x|; if B+ B —a, a—B ¢ Z,

13



Connection formulas related with Appell’s hypergeometric function F

(00, 00) x=00

1

= <

00, 00 =00 — —_ 1
ST B “Gz(ﬁ,1+a—y,a—ﬁ,/5+ﬁ’—“;_z’__)’
Xy

00, 0O 0o ’ ’ ’ ’ 11
AN —xﬁyﬁF1(1+ﬁ+,8 —y,ﬁ,ﬂ,1+ﬂ+ﬁ—a;;,;)
give a fundamental set of solutions,

(ii)incase |[x —y| < |y, [x=yl < |x|; B+B —a, B+ ¢7Z,

(00, 00) x=y - 1 et 1
fi =y “|1-= 1--
y

xFl(l—ﬁ y-B-B.lta—y2-p-p: 1" y:x),

y-a b \F
f(oo 00) x= =y _,\p-a 1— ) y—ﬁ (1 _ _)
y

1 y—x
XGz(Y B=B. B B+p —a1-f=f" _y),
-

3(00, ) x=y —x ﬁy

, 11
F(1+/3+B ~ VBB B - ;;)

give a fundamental set of solutions, and

(iii)incase |x| < |y|; B+ B -, a— B ¢ Z,

00, &0 =00 —_ ’ 1
£ =y“F1(a,ﬁ,1+a—y,1+a—ﬁ;f,—),
yy

00, 00) Yy=00 1 X
ST = BG2(1+01 VB BB a—f - —;),

00, 00 00 — -3’ , , ’ 1 1
[T =a By F1(1+ﬂ+ﬁ ~ BB —)
Xy
give a fundamental set of solutions.

e Around the point (0,1); ify —a -8, B/ -y ¢ Z,

O :x1+ﬁ’—7y—ﬁ'F1( L+B+8 —y, l+a-y, B, 248 —y; x, = )
y

B - ’ ’ ’ d 1-y
A== BGz(ﬁ,ﬁ,Hﬁ —vy-a-pi . T)

0,1
f()

- —a-B ’ ’ 1-
=(1-x)P(1-yy ﬁFl(y—a,ﬁ,y—ﬂ—ﬂ,Hy—a—ﬁ ; l_y,l—y)

14



Connection formulas related with Appell’s hypergeometric function F

give a fundamental set of solutions.

e Around the point (1,0); ify—a -8, B—y ¢ Z,

A =x‘ﬁy”ﬁ‘7F1(1+ﬁ+ﬁ’—y, B lta—y.2+B-7;

= =

Qy)’

L0) _ - B , I-x vy
f >=xﬁ<1—y>ﬁGz(ﬂ,ﬂ,y—a—ﬁ,1+ﬁ—y; T )

’ l_x
1,0 —a— — ’ ’

3( ):(1—x)7’ aﬁ(l—y)ﬁFl(y—a,y—,B—,B,,B, l+y—a-8;1-x, -
give a fundamental set of solutions.

e Around the point (0, 00); ifa — 8’, B’ —y ¢ Z,

0o 1
1(0’ ):y_“Fl(oz,ﬂ,1+a—y,1+a—ﬁ';f,—),
yy

0, co -5 ’ ’ ’ 1

f3(0’°°) :x1+ﬁ,4yy_B,F1(l+ﬁ+,8’—y, l+a—-vy,B,2+B —y;x, E)
y

give a fundamental set of solutions.

e Around the point (c0,0); ifa— 8, B—y ¢ Z,

(00, 0)
1

’

:x_“Fl(a, l+a-y, B8, 1+a-p;

==

)

o0, 0 — , 1
f2( ):xﬁGz(ﬁ’ﬁ,a_ﬁ’1+ﬁ_y;_;’_y)’

1
X

A =x‘ﬁy“ﬁ‘7F1(1+ﬁ+ﬁ'—y, Blva-y2+f-7i %, y)

gives a fundamental set of solutions.

e Around the point (1,00); ify—a -8, a - ¢ Z,

. N A
S =1 = xyh yp (1_5) Fl(V—a,y—ﬁ—ﬁ’,ﬁ’,1+7—a—ﬁ;1—x’—

o gl 1\F ) , 1
f2(l, ):ylg(l—;) Gz(ﬂ,ﬁ,y—a—ﬁ,a—ﬂ;x—l,ﬁ),

oo 1
f3(1’ ):y“’F](a,,B,1+a—y,1+a/—,3';£,—)
Yy

15
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Connection formulas related with Appell’s hypergeometric function F

give a fundamental set of solutions.

e Around the point (oo, 1); if y —a — B/, a — B ¢ Z,

-y
1—-x

B y ’

1\ /
0o, 1 —_ —— ’ ’
1( )—xﬁ(l ) (1—y)7"ﬁFl()f—a/,,B,)/—,B—,B,1+)/—C¥—ﬁ;

-B
©0, 1 ’ ’ 1
AV =xP1-—) Gl BB a-By-a-B;
2 X X

-f?y—ﬁ’
|

= =

B

. 1
3( "1 =x_”‘F1(a, l+a-y, B, 1l+a-8; -
x

give a fundamental set of solutions.

3. Connection formulas

We give connection formulas, each of which expresses a fundamental set of solutions around
(0, 0) in terms of that around another point located at the boundary, which contains also (0, 0), of
a simply connected real region of (P'(C))?\S. Each formula gives the analytic continuation of the
functions around (0, 0) along a path on the simply connected real region.

e The functions around (0, 0) in case |x| < |y| in terms of those around (1, 1) in case
ly—=1] < |x-1]:

TC+p -y, a+B+p -y) f(l,l)yzl

FOO =0 y) = | (x,y)

1 CT(+B+B -y, l+a+pf ~y)

FQ+p' -y, y—a-p-p)
I'l-a,1-5)

A (), G.1)

0.0)x=0 1y _ FC-y,a+p' =y) _(1L1)y=1
2 ' Fl+a-y, 1+p -yt

rQ-y,a+p+p -y, y-a-p,v-p) (L0y=10 o)
T1-4, B 1-a,a) 2 4

FCQ-y,y-a-B-B,v-8) ,11)y=1

(x,y)

M-p l—ay—p-p) Y G2
RO y) = r(%rc(: ﬁ:)_ v S )
Tny—a-p-p) (LY=L 3. (3.3)

Lly-a,y-B-p)"3

16



Connection formulas related with Appell’s hypergeometric function F

where
000y, y) = 1 yyﬁFl(1+B+/3 v l+a-y, B, 2+8 -v;x %)
SO O(x,y)=y1‘7Gz(1+a—% Boy-L1+p —y;-y, _TX)
OO0 xy) = Fi(a, B By 2 y)
and

1,1)y=1 - —a-B'
U ) = (1= 0P - yy P

’ ’ l_y
XF1(7—a,B,7—ﬁ—ﬁ, l+y-a-f 1 ,l—y),

A ) = (- et
1-
xG%y B-B. B a+B+p ~y.y-a-p x—l—t%)

FEDYE ) = Fi(a, BB 1 +a+ B+ —y; 1—x, 1-y).

Here the arguments of x, y, 1 — x and 1 — y of the factors x*, y*, (1 — x)* and (1 — y)* are assigned
to be zero on the real region 0 < x < y < 1. Note that (3.3) is the first equality of (19) in [OI].

e The functions around (0, 0) in case |y| < |x| in terms of those around (1, 1) in case

[x =1 < |y—-1]:
FQ+B-y,a+B+B ~v) _1x=1
TA+B+8 —y, l+a+fB— 'y)f (x,7)

rQ+g-y,y—a-p-p") (1l)xl
- 1-5) (x, y), 3.4

0,0) y=0
£V y) =

0,0) y=0 rQ-y,a+p-vy) L1)x=
3y = T )
IMM+a-vy,1+B8-7y)

FQ-y,a+p+p -y, y—a—-0,v-p) (11>x1
* T1=B B, l-a a) (x,7)
FrCQ-y,y-a-B-6v-B) ,1)x=1 35
0B i-ay_pp) B & 3:5)
F( ) +ﬁ_ ) xX=
A0 0(x,y)=—yrcza’ ) 2D )

17



Connection formulas related with Appell’s hypergeometric function F

N Iy, a+B+p —v,y—a-PB) ,a1x=1

I —a a8 5 (x,y)
I'y, y—a-p-8 -
(y,y—a-p 18’)f3(1,1)x xy). (3.6)
Iy-a,y-B-p)
where
0,0)y=0 o - , y
o (x,y)=y”37xﬁF1(1+B+ﬁ —%1+a—%ﬁ,2+ﬁ—7;y,;),
Z(O’O)yzo(x,y) = x1_7G2(1+a—y, B,y-1,1+B-v;—x, _—y),
X
0,0) y=0 ,
3( )y (xa}’)zFl(a/,,B’,B,VQ)’,x)
and

AT @y =1 - -xp?

’ ’ ’ I—x
XFl(y_a’ﬁ’y_ﬁ_ﬁ’ 1+7—a—ﬁ; l_y,l_-x),

1,1)x=1 —a—B—p
(D=1 3y = (1 =y o BB

’ ’ ’ 1 —x
sz(V—ﬂ—ﬁ,ﬁ,cH[Hﬁ Y, y-a=p5y-1 y—1)’

f3<1,1>x=1(x,y):Fl(a, BB 1+a+p+p —y;1-y 1-x).

Here the arguments of x, y, 1 — x and 1 — y of the factors x*, y*, (1 — x)* and (1 — y)* are assigned
to be zero on the real region 0 < y < x < 1. Note that (3.6) is the second equality of (19) in [OI].

e The functions around (0, 0) in case |x — y| < |x|, |x —y| < |y| in terms of those around (1, 1)
incase [x —y| < |x =1, [x=-y| < |y-1]:

KAy = 2 ), (3.7)
O ((F sy vy = e LAY
+ r(;(I - ;ﬁ __[;’_2/;)7) A y), (3.8)
SO0 (xy) = o ;(§;[i ’;,;/ v A ()
T

18



Connection formulas related with Appell’s hypergeometric function F

where
0,0) x= - —a- -B-p'
fl( )x Y(x,y) = YA =y e (y - x)1BF
, , ’ - X - X
xFl(l—ﬁ,y—B—B,1+a—%2—ﬁ—l3;y 2 )
y y-1
S0 () = (1 - !
xG2(1+af—y,,8',y—1,1—ﬁ—ﬁ'; al ,y_x),
1-x  x
0,0) x= ’
A () = Fi(e, BB yixy)
and
1,1) x= / — _R_p
SV () = (L =y (y - ) P
, , , - X - X
y y-1
1,1) x= / —a—-B-B
AT @y = P gyt p
’ ’ ’ y—X l_y
sz(ﬁ,y—ﬁ—ﬁ,l—ﬂ—ﬂ,aww e )

A y) = Fi(e, BB 1L+ a+B+B —yi 1-x 1-y).

Here the arguments of x, y, 1 —x, 1—y and y — x of the factors x*, y*, (1 —x)*, (1—y)" and (y — x)*
are assigned to be zero on the real region 0 < x < y < 1. Note that (3.9) is the first equality of (23)
in [Ol].

e The functions around (0, 0) in case |x| < |y| in terms of those around (0, 1):

fl(0,0)x:O(x’ y) = f](o’l)(x’ ), (3.10)

(0,0) x=0 Tly-a-p.2-v)
A ()

la+p -y, 2-y)

0,
A0V (x, y)

(0,1)
+F(1+a—y, 1+,8’—'y)f3 (x, ), (3.11)
(0,0) x=0 B I'ly—a-p8,v) o1
N R v SR )
Fl@+B' =77 o1
l"(a,’ ﬁ,) f3 (X, )’), (312)
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Connection formulas related with Appell’s hypergeometric function F

where
00x=0(x, y) = x1+ﬁ’—7y—ﬁ’F1( L+B+p =y l+a-y. B2+ -y: x %)
(OO)x =0y, y) = y! 7G2(1+a Y. By-1L1+8 —y;-y, _TX)
3(0’0)x=0(x, v=F(a BB, y:xy)

and

fl(o’])(x,y) _ x1+,8/_7y—ﬁ’Fl( 148+8 -y l+a-y, B, 2+8 —y: x, g)

o / , , x 1=y
f‘;o’l)(.x,y)=(l_x) Byﬁ Gz(ﬁ,ﬁ, 1+ﬁ -7 V—O/_ﬁ 5 1_ > )’

A y) = (1= 0P =gy

1
><F1(7 aBy-B-B. 1+y-a-p; 1—)

Here the arguments of x, y, 1 —x and 1 — y of the factors x*, y*, (1 — x)* and (1 — y)* are assigned
to be zero on the real region 0 < x < y < 1. Note that (3.12) is the first equality of (15) in [Ol].

e The functions around (0, 0) in case |x| < |y| in terms of those around (oo, 1):
- Na-B 1+p -7y)
0,0)x=0
f‘l( ) X (x’ y) — -
ri-g l1+a+p -7y

I[(B-—a, 1+p -y)
ra+g+p -y, 1-

(0,0) x=0 _ Ta+p -7,2-v)
2 (x’)’)— ,
IM+a-vy,1+8 —v)

r(y_ﬁ,’ CY—B, a+,8,_7, 2_7)
r(l_ﬁ,’ 1_0’7 a, y_ﬁ_ﬁ/)

F(’y_ﬁ,’ﬁ_a’2_’}/)

oo, 1
A0, y)

o £, y), (3.13)

oo, 1
£, y)

o0, 1
fz( '(x, y)

(00, 1)
+ F(l —CZ, ﬁ, l—ﬁ,) fs (x’y)’ (3‘14)
(0,0) L@+ =9 %) (o0
720y = = E T A )

+ r(a_ﬁ’ y_a_ﬁl’ ’)/>
r(y_a’ a, y_ﬁ_ﬁ,>
+ F(ﬁ_a’ 7)
F(ﬂ, 7—0/)

A0, y)

£ 0(x, y), (3.15)
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Connection formulas related with Appell’s hypergeometric function F

where

- ’_ _ ’ ’ ’ X
£ 02, y) = (=2 yyﬂF1(1+,3+,3 v l+a-y, B, 2+8 -y; x, ;),

=l — ’ X
1000, y) = y! 7G2(ﬁ, Loy 14p —y.y-1: - ‘y)’

0,0) x=0
fé( & (x,y) =

and

Fila, B, By y; x, y),

(oo, 1) sl )" p—
S0 = 0P (1-1) -y

’ ’ 1 -
XF[(’)/—Q’,B,')/—,B—ﬁ, 1+7_a_ﬂ 5 1 —

fé°°’”<x,y>=<—x>‘ﬁ(1—§) Gz(ﬁﬁ A A 1)

00 1
3( ’])(x,y):(—x)_"Fl(a/, l+a-vy, B, 1+a-p; e %)

1 1\
Here the arguments of —x, y, 1 —y and 1 — — of the factors (—x)*, y*, (1 — y)* and (1 - —) are
X X

assigned to be zero on the real region oo < x < 0 < y < 1. Note that (3.15) is the second equality

of (21) in [O1].

e The functions around (0, 0) in case |y| < |x| in terms of those around (oo, 0):

R y) =

0,0) y=0
0,0)y (x,y) =

2

AP y) =

where

700, (3.16)
F(l;(fﬁay?lz)a) TANR(ES)

F(Fl(-C: ; fyz T Z)ﬂ) /7000 y) (3.17)
riﬁ ya Z; AR Ea 2 g AR CBON (3.18)

21



Connection formulas related with Appell’s hypergeometric function F

SO0y = (—y)”ﬁ‘y(—X)‘ﬁFl( 1+B8+B -y, l+a-y,B2+B-7; % )
0, y) = (—X)l‘sz( l+a-y By =1 1+B-7;-x, _7y )
£ y) = Fia. B, B, ys y. x)

and

)

oo - , 1
A0 y) = (-x) ﬁGz(/iﬂ, a-pl+f-y;-— —y),

00, - ’ 1
f]( ’O)(x,y)=(—x) C’Fl(a/, l+a-vy, B, 1+a-p; 7

==

00, — — ’ y
A9 y) = (—x) ﬁ(—y)”‘”Fl(Hﬁw —v B lta-y2+p-y;: 2y

Here the arguments of —x, —y, 1 — x and 1 — y of the factors (—x)*, (—y)*, (1 —x)" and (1 — y)* are
assigned to be zero on the real region co < x < y < 0. Note that (3.18) is the second equality of
(17) in [O]].

¢ The functions around (0, 0) in case |y| < |x| in terms of those around (oo, o0)in case |y| < |x|:

(0,0)y=0 _ F(B+ﬁ/_(l’,2+ﬁ—’)/) (00, 00) x=00
A ) TU+8+p -y 1+5-a)" (%)

 T@-B-.2+p-y)

(o0, 00) x=00
T1-4,1+a-7v) 5 (x,y), (3.19)

(O’O)YZO(X ) _ F(ﬁ -, 2 - 7) (00, 00) x=00
2 Tl -—a, 1+ B-y) 7!
+ r2-vy. Y- B ﬁ‘"ﬁ,_a” (X—ﬁ) (00, 00) x=00
rA-gy-al+a-y,p) °?
F(a' -B-B.y-B2 _7) (0, 00) x=00
fra—yy-p-pi-p= & (320
— F(B - @, 7)
I y-a
r(y’ a _ﬁ9 B +ﬂ’ B CK) (00, 00) x=00
r(y_a7 @, ﬁ’) 2
F(a/ -B _ﬁ,’ 7) (0, 00) x=00
F((I, y_ﬁ_ﬁ,) 3

(x,y)

(x,y)

0,0 00, 00) X=00
709, y) S =Ry y)

(x, y)

(x, y), 3.21)
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Connection formulas related with Appell’s hypergeometric function F

where

0,0) y=0 _ . ’ y
OO0 ) = (=) P (—x) ﬁF1(1+ﬁ+ﬁ —7,1+a—%ﬁ,2+ﬁ—y;y,;),

SO0y = (—x)l—VGz( l+a—y. B y-1L1+B-y: -x _Ty )

0,0) y=0 ,
‘ﬁ Y=0(x,y) = Fi(a, B, B, v; y. x)

and

00, 0O =00 — ’ 1
fl(’ )X (x,¥) = (-x) "Fl(oz,1+a/—y,,8,1+cz—ﬂ;—,z),
x x

00, 00) X=00 - - / 1
f2( ) (x’y):(_x)ﬂ(_y)ﬂ GZ(B’ l+a-y,a-B B+p —7’;—%, _;)a

=R ) = ()P ()P F(L+ B+ B 7, BB 1 +B+B —a;x™, y).

Here the arguments of —x and —y of the factors (—x)* and (—y)* are assigned to be zero on the real

region co < x < y < 0. Note that (3.21) is the second equality of (22) in [OI].

e The functions around (0, 0) in case |x — y| < |x| and |x — y| < |y| in terms of those around

(00, o) in case |x — y| < |x| and |x — y| < |y|:

0,0 = 00, 00 =
SO () = [ (4 ),

(0,0) x=y _ F(IB+:8, -, 2_7)
5 ) = i 178+ 5 )
la-p-p.2-v)
[(l+a-y,1-B-p)

_ F(ﬁ"’ﬁ/_a" 7) (00, c0) x=y

“To-apem Y

N Ia-B-5.7)
Iy-B-p,a)

A ()

A (@ y),

0,0) x=
00 (2, )

A (1, ),

where
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Connection formulas related with Appell’s hypergeometric function F

0,0) x= - —a— —8-8'
FOO T wy) = P =y ) PP

, , ’ - X - X
XFl(l_Bay_ﬁ_B51+a_)/,2—ﬁ_ﬂ;y ’y )’
y y-1
S0 (wy) = (=)' (1 -y
xG2(1+af—y,,8’,y—1,l—ﬁ—ﬁ’; al ,y_x),
1-x X
A2 y) = File, BBy x y),
and
oo B 1 y—a-1 x 1-B-p
oo )
y y
, , , - X — X
xFl(l—ﬁ,y—/i’—ﬁ,1+a—%2—ﬁ—ﬁ;yy ,§_1)>

_ , 1\ 8 , n*
I L e I Y
x y

1 v—
X Goly- BB BB a1 T

00, 00) X= — -B’ ’ ’ ’ 1 1
S =) ﬁ(—y)ﬁFl(Hﬁw ~V BB I+ —as ;).

1
Here the arguments of —x, —y, 1-x, 1-y, y—x, 1-—, 1-—and 1-2 of the factors (=x)*, (=y), (1-
X y y

1 * 1 £ ¥

)% (1=y)* (y—x), (1 - —) , (1 - —) and (1 - f) are assigned to be zero on the real region
X y y

o < x <y < 0. Note that (3.24) is the second equality of (22) in [Ol].

e The functions around (0, 0) in case |x| < |y| in terms of those around (oo, o0) in case |x| < |y|

F(B+B,_a’ 2+,8’—7) (o0, 00) y=00

(0,0) x=0 _
fl (x,y)—r(1+ﬁ+ﬁ,_y’1+ﬁ/_a) 2 (x,y>
Ta-B-p.2+B -7) FO =y (3.25)

Ir1-g1+a-vy)

= (g - 72_ 00, 00) y=00
FOOx=0( B -a Y) w0y

2 TT-a 1+f -y (x.7)
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Connection formulas related with Appell’s hypergeometric function F

IQ-y,y-B.B+B —a,a-p) (00, ) y=o0( )
rA-pg,y-a,1+a-vy,p) 2 ’

MNe-p-B,vy-B.2-7) (09, 00) y=co
Tlta—vy.y-B-p. =) (%, ), (3.26)

rp - ’ 00, 00) Yy=00
(09 D
F(y’ a _ﬁ/’ ﬁ +ﬁ/ - a’) (00, 00) y=00
F(y - @, ﬁ) 2 (x’ y)
F(a/ - 18 - ﬁ,’ 7) (00, 00) y=00 397
r(a/,)/—ﬁ—ﬁ’)f?’ (x, ), (3.27)

where

— /_ —_R 7 ’ ’ X
SO0 y) = () ()P F1(1+ﬂ+ﬂ —y, l+a-y, B 2+ -y;x ;),

0,0) x=0 , X
fz( A (x,y)=(—y)HGz(ﬁ,1+a—7,1+/3 —%7—1;7,— )

0,0) x=0 ’
f?,( X (xa)’)=F1(a’,,3a,3’7’;X,y)

and

00, 00) y=00 — , 1
f‘l(’ )y :(_y) aF](a/,,B,1+a'—)/,1+a/—,3;;,;),

, —

),
4

Here the arguments of —x and —y of the factors (—x)* and (—y)* are assigned to be zero on the real
region oo < y < x < 0. Note that (3.27) is the first equality of (22) in [Ol].

<=

1
X

2(“” o0) y=eo =(—xy? (—y)ﬁ, Gz( l+a-vy,B,B+p —a,a-p"; -

= | =

f;w,w)y:oo =(—x)_ﬁ (_y)—ﬁ’ Fl( 1 +,3+,3/ -, B, ﬁ’, 1 +ﬁ+ﬁ' -a;

e The functions around (0, 0) in case |x| < |y| in terms of those around (0, 0) in case

lx =y < x|, [x = y[ <]yl
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Connection formulas related with Appell’s hypergeometric function F

FOOx=0( FQ+p -y, B+p 1) OO x=y

! D= Traegep -y Y
3(0,0)x:0(x7 y) = f3(0,0)x:y(x, y), (3.30)
where
00x=0( y) = X7y PRy ( 1+p+B -y, l+a—y, B2+ —y; x, % )
fz(o’o)xzo(x, y) = yl‘sz(ﬁ, lta-y 1+ -y, v-1; _7x -y )
0O y) = Fi(e, BBy % y)
and

0,0) x= /. —a— —B-B'
fl( ) x Y(x,y) = YW1 =y Ny = x)! BB

’ ’ ’ — X — X
XFl(l_ﬁyy_:B_,B’1+Q_7,2_ﬁ_ﬁny a§_1)9

fz(0,0)x=y(x, y) = xl_y(l _x)y—a—1G2(1 va-v B y-1,1-8-p5" 1 fx’ y ; X )’

0,0 ’
f3( (%, y) = Fi(a, B, B ¥ % ¥).

Here the arguments of x, y, 1 —x, 1—y and y — x of the factors x*, y*, (1 —x)*, (1—y)* and (y — x)*
are assigned to be zero on the real region 0 < x <y < 1.

4. Integral representations
Theorem 5.1 in [MN] assures that the function
/ PP —x)Pa-y)P -1 dr
C

satisfies the system E; for any C € H (T, L), where T = C\{0, 1x, y} and L is the locally
constant sheaf defined by u(r) = #+F = (t — x) P (¢t — y) ™ (t — 1)»~*~!. Using this, we give integral
representaions of each member of the fundamental sets of solutions given in Section 2.
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Connection formulas related with Appell’s hypergeometric function F

4.1 Integrals for F;

In this subsection, we consider the integrals each of which is expressed by F;. They are listed
as wiy, ..., wjo in the Appedix.

Suppose that X and Y are complex numbers satisfying |X| < 1 and |Y| < 1. Then, by using
the binomial theorem W
A _ N Wi oy
(1-X) —ZO TXL X<,
i>

we have

1
/ 1 =Y (1 - Xy (1 =YY dt

0
_ Z (=122)my (= A3)m;

1
: XmZYm3/ t/10+m2+m3(1 _t)/ll dt
my! ms3! 0

my,m3 >0

=B(l+ 0, 1+41) )

my,m3 >0

=B(1+, 1 + ) Fi(1+ 20, =22, =23, 2+ A01; X, Y),

(_/lZ)mz(_/b)lm (1 + /10)m2+m3

XMy
my! m3! (2 + A01)my+ms

where each argument of the factors of the integrand is fixed to be zero when X and Y are real
numbers satisfying —1 < X < 1 and —1 <Y < 1. The conditions Re (1p) > —1 and Re (1;) > —1
for the existence of the integral can be relaxed into Ay, 4] ¢ Z( by analytic continuation on the
parameters Ag and A;.

In this subsection, the function u(z) is fixed to be
u(t) = t0(e — x> (e = yy& (e = 1Y,
where
po=B+pB -y, ux=-B p=-pf, m=y-a-1,
and
Hoo =2_M0xy1 =a-1

is also used.

When |x| < 1 and |y| < 1, the change of integration variable ¢ — 1/t implies

/ u(l,oo)(t)dt:/ tHo(r — x ) (r — yy!y (t — DM dt
(1, 0) 1

01,“01 .le lvlyl .Ul_]
A R N P N R X
1
:/ (1 — xt)*>(1 — yo)*> (1 — o) dr
0

= B(1 + poo, 1+ p1) Fi(1 + pooy, —fhxs —Hys 2+ foot 5 X, )

=B(a,y-a) Fifa, B, B, vs x, y), 4.1
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Connection formulas related with Appell’s hypergeometric function F

which corresponds to wy in Appendix.

When |1 — x| < 1 and |1 — y| < 1, the change of integration variable ¢ — (¢ — 1)/t implies

0
/ U(oo, 0)(1) dt =/ (=t (x =ty (y =) (1 — ey dr
(o0, 0) 0o
:/1(1—r)”O(l—(l—x)z)“X(l—(l—y)z)“-v (l)mldz
0 t t t t] 12

1
- / (1= 1Y0(1 = (1= )0y (1= (1= )y di
0

= B(1 + pleo, 1+ po) F1(1 + ploo, —ptx, =y, 2+ pooo; 1 = x, 1 = y)
=B, 1+B+p —-y) Filla, B, B 1 +a+ B+ —y; 1-x, 1-y) (4.2)
which corresponds to w; in Appendix.

When |x| > 1 and |y| > 1, for

+1 if x>1 +1 if y>1
& = and & =
-1 if x<-1 -1 if y<-1

we have

1
/ o (1) dt = / 081 (x — 1) (e2(y — O (1 = 1P di
o, 1) 0

1 1 Mx 1 Hy
= (g1x)** (e y / (1 —t)/"(l - —t) (1 - —t) dt
0 X y
= B(1 + po, 1+ p1) (g1 (20 )" Fr(1 + po, —fhes —ftys 2+ por 3 x ' y71)
=B(1+B+B —v.v-0a)(e1x) P(e2y)F
X Fi(l+B+p v BB 1+B+p —a;x,y™), 4.3)

which corresponds to ws in Appendix.
When |x| < 1 and |x/y| < 1, for

+1 if x>0 +1 if y>|x|
g = and & =
-1 if x<0 -1 if y<-—|x|

the change of integration variable # — xt implies
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Connection formulas related with Appell’s hypergeometric function F

/ ey to.n(0) di = &1 f (11981 (x — 1) (ealy = )P (1 = D di
£1(0, x) 0

1 Hy
= (g1x)THox (g y ) / tHo(1 — )~ (1 - ft) (1 = xt)H* dt
0 y

= B(1 + po, 1+ ) (£1%) 770 (80 ¥ Fy(1+ po, —pt1, —fhy, 2+ Hox 3 X, X/)

=B(l+B+B -y 1-PB) (e10)F Y (e29)F

XF(1+B+p -y, 1+a-y, B, 248 -y x x/y), (4.4)

which corresponds to w4 in Appendix.

When |y| < 1 and |y/x| < 1, for

+1 if y>0 +1

& = and & =
-1 if y<0 -1

the change of integration variable ¢ +— y¢ implies

y
[ tondi=a [ Eret-or e
£1(0,y) 0

it x> |yl

it x < —|yl

(y—0)y~>(A -t} de

= B(1 + po, 1+ py) (813) 770 (2200 Fy(1 + po, —pxs =1, 2 + foy 3 Y/ %, Y)

=B(l+B+p ~v 1-B) ()P (e0)”

XF(1+B8+p8 =y, B l+a-y,2+B~-y;y/x, y) 4.5)

which corresponds to ws in Appendix.

When |1 — x| < 1 and |(1 — x)/(1 —y)| < 1, for

+1 if x<1 +1

£ = and & =
-1 if x>1 -1
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Connection formulas related with Appell’s hypergeometric function F

the change of integration variable ¢ — 1 — (1 — x)f implies
1
[ e @dr=er [ 0p sl = )P (1= 0y
e1(x, 1) X

0
= 81/1 (1= =00l —x)(1 =) (&2l =y = (1 = 0)N)Y* (e1(1 = x)f" (x — 1) dt

Hy

1
=(81(1—X))““"‘(ez(l—y))“y/0 t”‘(l—t)”"(l—(l—X)f)”(’(l—i:—)yct) dt

= B(1 + px, 1+ 1) (e1(1 = x)) 751 (85(1 — y)y*

1-x
X F1(1+u1, —HO, —Hys 2+ pix; 1 —x, l—y)

=B(1-B,y-a) (@l - x))*P(e(l-y)*

1—
XFI(?’_G’,)’_IB_,B/,,B’,1+7_a_ﬁ§1_X,1_x), (46)
-y
which corresponds to wg in Appendix.
When |1 —y| < 1 and |(1 - y)/(1 —x)| < 1, for
+1 if y<l1 +1 if x-1<-|y-1|
£ = and & = ,
-1 if y>1 -1 if x—1>]y-1|

the change of integration variable ¢ +— 1 — (1 — y)f implies

1
[ tesdr=er [ 50t - 0p it = )p 1 - oy
a1y, y
= B(1 + py, 1+ 1) (&1(1 = y)" 1 (821 = ¥
-y
X i\ L+, —pes —pio, 2+ pys 7> 1=y
=B(1-B.,y-a) (&1 -y (el —2))7
’ ’ 1 -
XFl(y—a,B,y—ﬁ—ﬁ,lﬂf—a—,B;m,l—y), 4.7)
which corresponds to w7 in Appendix.
When |1/x]| < 1 and |y/x]| < 1, for
+1 if x>0

-1 if x<0
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Connection formulas related with Appell’s hypergeometric function F

the change of integration variable ¢ +— x/t implies

/a(x o) Us(x,o0) () dI = & /xm(gt)ﬂo(s(t — X)) (et — y) (et — D) di
0 . ) : N
S [P ) )

1 Hy H1
= (gx)!tHoxy / tHe (1 — M (1 - Xt) (1 1 t) dt
0 X X

= B(1 + foo, 1+ py) () 1101

= B(a, l—ﬁ)(gx)_aFl(a, l+a-vy, B, 1+a-p;

’

==
= I<

X Fl(l + Hoos —H1, —Hy, 2+ foox s

= =

), 4.8)

==

which corresponds to wg in Appendix.

When |1/y| < 1and |x/y| < 1, for

+1 if y>0
E =
-1 if y<O0

the change of integration variable t — y/t implies
[ wedi=e [ (el - 0p(ole - ) et - Dy dr
£(y, ) y

= B(1 + floo, 1 + pty) (£y) HH00!

x 1
X Fl(1+ﬂ00’ _/.al_x, _#1, 2+#00y; ) _)
yy

= B(a, l—ﬂ')(sy)_aFl(a/, Bl+a-y, l+a-p"; %, %), 4.9)

which corresponds to wg in Appendix.

When |(y — x)/y| < 1 and |(x — y)/(1 = y)| < 1, for

+1 if xy>0 +1 if x, y<1 +1 if x<y
& = » &3 =

&1 = >
-1 if x,y<0 -1 if xy>1 -1 if x>y
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Connection formulas related with Appell’s hypergeometric function F

the change of integration variable ¢ — y + (x — y)r implies

y
/ Ugs(x,y) (1) dI = 83/ (1) (e3(t = x))** (e3(y — ) (e2(1 = )Y dt
&3(x,y) X

0
=&3 /1 (e1(y + (x = y)NY(e3(y — ) (e3(y — x)(1 - )

X (e2((1 =y) = (x =)' (x - y)dt

= (8307 — ) (g1 y YO e2(1 = y)

1 _ Ho _ H1
x/ t“y(l—t)“X(l—y xt) (l—ut) dt
0 y -y

= B(1 + pix 1+ ) (&3(y = X)) (81 9) 0 (2(1 = y)

y-—x x—y)

=B(1 -8, 1= (e3(y = ) PP (e19)fF 7 (e2(1 - y)y !

Y= x_y), (4.10)

X Fl(l_ﬁ” y_ﬁ_ﬁ,7 1+a—7’2_ﬁ_ﬂ/’ )
y 1=y

which corresponds to wyo in Appendix.

4.2 Integrals for G,

In this subsection, we consider the integrals each of which is expressed by G;. They are listed
as 2(*’*) or fz(*’*)* in the Appedix.

Suppose that X and Y are complex numbers satisfying |X| < 1 and |Y| < 1. Then we have

/ 1 - h (- X)) Y8 dr
({0, X} 1)

X\
:/ zﬂoz(1—z)11(1——) (1-Yeys dr
({0, X}, 1) 4

_ Z (=A2)my (=43 )3

XM yms / t/lozfm2+m3(1 _ t)/ll dt
my! m3! {0,X}, 1)

my, mz >0
(=22)m, (=A3)my (1 + 202)—my4ms3

Xmyms
my!mz! (24 A012)-mysms

=B(1 + Aoo, 1+/11) Z

my, m3 >0
= B(l + /102, 1+ /11)

X Z M(l + /102)—m2+m3(_1 - /lOlZ)mz—mz(_X)mz(_Y)m3

my! ms!
my, m3 >0 2 3

= B(1+ A, 1+ A1) Ga(=A2, =23, 1 + Ap2, =1 — o125 =X, =),
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Connection formulas related with Appell’s hypergeometric function F

where
1

({0. X} D)=~

Aoz

SHO, X};1-6)+[1-6,1)

for ¢ satisfying | X| < 1 — 6§ < 1. Here we have also used the equality

/ o ) dr = B(1+ dg+m, 1 +4))
reg (0,1)

(1 + /lO)m

:B(l + Ao, 1+/11) (2+/101)
m

for m € Z and Ay, A; ¢ Z and the equality (A),,(1 — A)_, = (=)™ form € Z.

In what follows, the symbol ¢ is used frequantly in the same meaning as above, and the function

u(t) is fixed to be
u(t) = (t = plrt — qe(t —ry(t = s),

where

{p. g, r,s}={0,1, x, y}
and

po=B+B -y, ux=-p wy=-p, m=y-a-1.

In addition,

Hoo :Z_ﬂOxyl =a-1

is also used as before.
When p <r, |(g—p)/(r—p)| < 1and |(r — p)/(s — p)| < 1, for

+1 if s>r
&= ,
-1 if s<p and s<g

the change of integration variable ¢ — p + (r — p)t implies

/ ur_s(t)di = / (6 = Yo (t — gV a(r — 1Y ((s — DY di
Up.q}. 1) Up- g} 1)

/ ((r =) (p = g + (r = p))f((r = p)(1 =)
({0 (q=p)/(r=p)). 1)

X (&(s —p—(r—p)Y* di

= (r — p)'""rar (e(s — p)VB(1 + pipgs 1+ 1)

q—-p Tr—p
X GZ(_/an —Hs, 1 + Upgs -1 — Mpgr _}"—p, _S—p).
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The case (p, g, r, s) = (0, x, y, 1) of (4.11) implies

/ uy_s(t)dt =y B(1+ piox, 1+ p1y)
({0.x}%.y)
X
X Gz(—ﬂx, —p1, T+ pox, =1 = poxy 5 ~y —y)
’ ’ — ’ X
=B(1+p -y, 1-p)y' 7Gz(ﬁ, l+a-y, 1+ -y, y-1; =5 —y)

for 0 < |x| < y < 1, which gives f£\*?*=°

N for y > 0.

The case (p, ¢, r, s) = (0, y, x, 1) of (4.11) implies

/ uy—s(t)dt = xlHoy B(1+ Hoy, 1+ Hx)
({0, ¥}, x)
X Go| —ptys —pt1 1+ foys —1 = Hoxy 3 —2s —
2 /'ly7 /le )u0y7 /JOxy B x7 X
=B(1+p-v, 1—,3)X17G2(ﬁ', l+a-y, 1+B8-vy,v—-1; -2 —x)
X
=B(1+pB-v, l—ﬁ)xl‘sz(l +a-y, B, y-1L1+B-v;—x —X)
X

0)y=0

for 0 < |y| < x < 1, which gives fz(o’ for x > 0.

The case (p, g, r, s) = (¥, x, 0, 1) of (4.11) implies

/ os(t) df = (=)0 (1= YV B + o, 1+ fuxy)
{y,x},0)

A=y )
X GZ(_IJXa —HMi1, 1+ Mxys -1 — Hoxy s —> E)

=B(l+B+pf -y 1-B-B) (-7 (1 -y7*

><Gz(ﬂ,1+af—y,l—ﬁ—ﬁ’,y—l;—x_y, 2 )
y l-y

for y < 0.and |x — y| < [y, which gives £***=

A fory < 0.

The case (p, g, r, s) = (3, x, 1, 0) of (4.11) implies
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[ s@di= (1= ) B gy 1k )
. xh 1)

y—x lI-y
X GZ(_ﬂx’ —HMo, 1 +,uxy, -1 — Hxyls 77— _)
-y 'y

=B(1==p.y—a)(l —yy o P oy

’ ’ ’ -x 1-
sz(ﬁ,y—ﬁ—ﬁ,l—ﬁ—ﬂ,mmﬂ —y;f_y,Ty) (4.15)
for1/2 <y < land |x — y| < |1 — y|, which gives fz(l’ DX=Y for 1/2 < y < 1.
The case (p, ¢, r, s) = (0, x, 1, y) of (4.11) implies
[ s =y B 1)
({x, 0} 1)
X Gz(—/xx, —ty, 1+ poxs =1 = pox1 3 =X, —y‘l)
=B(1+p -y, y—a)(ey)”
X Gg(ﬁ, B1+p -y, a-p"; —x, —y_l), (4.16)
where
+1 0 if y>1
&= ,
-1 if y<-1
for 0 < |x| < 1 < |y|, which gives f2(0’°°).
The case (p, g, r, s) = (0, y, 1, x) of (4.11) implies
/ ur-s(t) dt = (ex)*B(1 + poy, 1+ u1)
({». 01 1)
X G2(_/Jy’ —Hx» 1+ Moy, -1- Hoy1 s —), _x_l)
=Bl+B-y.y-a)(ex)”
X Gz(ﬁ’, B 1+B—vy, a-p;-y, —x‘l)
=B(1l+B-v,v-a) (ex)P
X Gz(ﬁ, B.a-B 1+B-y;—x, —y), (4.17)
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where

+1 if x>1

-1 if x<-1
for 0 < |y| < 1 < |x|, which gives £i™>".
When r < p, |(g—p)/(r = p)l < 1and |(r — p)/(s — p)| < 1, for

+1 if s<r

-1 if s>p and s>g¢q

the change of integration variable ¢ — p + (r — p)t implies

[ wsar= [ pmapnig -y e - sy dr
(r9 {q’ P}) (r, {q, p})

= / (p=n)0)f* (g =p+(p—rfa((p—r)1 =)
({0 (q=p)/(r=p)). 1)

X (e(p—s—(p—r)t)* dt

= (p _ r.)1+ﬂ117qr(807 _ S))'UXB(I + iy, 1+ /Jpq)

. 49—p r—p
X Gz(—,llq, —us, 1 + Upgs -1 — Mpgr _r—p’ _E)

The case (p, g, r, s) = (0, x, y, 1) of (4.18) implies

/ tys(t) dt = (=)0 B(1 + pox, 1+ puy)
O, {x,0})
X
X Gz(—ux, =1, 1+ pox, =1 — poxy s —y)
=B(1+p -y 1-B)(-N"
, X
XGz(ﬂ, l+a-y, 1+ -y, yv-1; ——, —y)
Y
L (0,0) x=0
for -1 <y < 0and |x| < [y], which gives f, for—-1 <y<0.
The case (p, g, r, s) = (0, y, x, 1) of (4.18) implies
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[ s@d = (0" B+ 1+ )
(x, {»,0})
LY
X GZ(_,Uya —up, L+ Hoys -1- Hoxy 5 _;, _x)

=B(1+ﬁ_79 l_ﬂ)(_x)l_yGZ(ﬁl’ 1+a_7’ 1+ﬁ_y’ 7_1; _ia —X)

=B(1+p -7, 1—ﬁ)(—x)1—7(;2(1 ra—y B y—11+B-y; -x —X) 4.20)
X
for |y| < |x| with =1 < x < 0, which gives f, for—1 < x <0.

The case (p, g, r, s) = (¥, x, 0, 1) of (4.18) implies

/ Uo+s(t) dt = y o (1 =y B(1 + o, 1+ fxy)
O, {x,y})

x_
X GZ(_ﬂx, —H1, 1+/~lxy= -1 — Hoxy 5 —ya L)
y 1-y
=B(1l+B+p -y 1-B=-B)y'"77 (A -yF
XGz(/i1+C¥—%1—,3—,8’,7—1;x;y, %) 4.21)
y -y

for0 <y < 1/2and |x — y| < |y|, which gives Z(O’O)XZy for0 <y < 1/2.

The case (p, g, r, s) = (1, y, x, 0) of (4.18) implies

/ Uxss(t)dt = (1= x)"B(1 + iy, 1+ pay1)
@ {.1})

1 -
X Gz(—ﬂy, —Ho, T+ py1, =1 = pyr s X—_T X = 1)

=B(1-B, 1-p(1-xp @ FF

X Gz(ﬂ’,y—ﬁ—ﬁ’,v—a—ﬁ’, a+B+p -y; iif,x—l)
=B(1-p. 1= -xp @ FF
><Gz(y—ﬁ—ﬂ’,ﬁ’,a+/3+/3’—%y—a—ﬁ’;x—l,)lc;y) (4.22)
forO0<x<1land|l-y|< |1—x|,whichgivesfz(l’l)y:l for0 < x < 1.

The case (p, g, r, s) = (1, x, y, 0) of (4.18) implies
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/ yas(t)dt = (1= )91 B(L 4y 1+ i)
W, {x,1})

1-x
X Gz(—ﬂx, —Ho, 1+ pxcts =1 = poyr s PETAR 1)
=B -p 1= ) (1 —yy = F?
, , 1-x
XGz(ﬁ,Y—ﬁ—ﬁ,V—a—,&aﬂﬂﬁ —V;yj,y—l) (4.23)

for0 <y < land|l - x| <[l —y|, which gives fz(l’l)":1 forO0<y< 1.

The case (p, ¢, r, s) = (1, x, 0, y) of (4.18) implies

/ woss(t)dt = ((1 = V) B(L + o, 1 + 1)
O, {1, x})

X Gz(—ﬂx, —py, 1+ pxr, =1 = poxr; x =1, (y = 1)‘1)
=B +B+B -y, y—a=-P (-7
X Gz(ﬁ, B.y-a-Ba-pB;x-1, (y—1)—1), (4.24)
where

+1  if y<0
E =

b

-1 if y>1 and y>x
for |1 — x| < 1 < |y — 1], which gives fz(l’m).
The case (p, g, r, s) = (1, y, 0, x) of (4.18) implies
[ watdr= et =0 B+ g 14 )
0, {1y}

X Gz(—ﬂy, s 1+ py1, =1 = poyr 5y — 1, (x = 1)‘1)
=B +B+p ~y,y—a-B) (el -x)F

x Gz(ﬁ’, By-a-p.a-Bsy-1,(x- 1)‘1)
=B(1+B+p -y, y-a=f)(e1-x)7

><Gz(ﬁ,ﬁ,a—ﬂ,y—a—ﬁ';(x—l)_l,y—l), (4.25)
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where

+1 if x<0
E =

bl

-1 if x>1 and x>y

for |1 — y| < 1 < |x — 1], which gives fz(oo’l).

When p, g <r, sand |(g—p)/(s —p)| < 1 and |(s —r)/(q — r)| < 1, the change of integration
variable t — (g — st)/(1 — t) implies

/ oo (1) i = / (= 1V (q = 1Y (r — 1V (s — 1Y% di
(0, {p,q}) (0, {pP.q})

_/ (p_q+(s_,,),)ﬂp (<s—q>t)ﬂq
({0, (p-q)/(p-5)}. 1) -1 1—t

r—q+(s—-rt\"" (s—q\us s—gq
d
X( - ) (1—;) a2

= (s — @)™ (s — pyr (r — g

— Hp _ Hr
x/ (1—t)”°°(1+ p—a ) thra (1+s rt) dt
({0, (p-a)/(p=5)}, 1) (s —p)t r—gq

= (s — @) (s = p)r (r — @) B(1 + pooy | + fipg)

_g-p s-r
X Gz(—up, —Hrs L+ fpg, =1 = toopg s p— _E)' (4.26)
The case (p, ¢, r, s) = (¥, x, 0, 1) of (4.26) implies
/ Uoors(t) dt = (1= x) 7 (1= Y (=x)* B(1 + ftoo, 1+ fixy)
(o0, {y, x})
y—x 1
X GZ(_,uya —Ho, 1+ /ny, -1- /nyoo s ma _;)
=Bla, 1= =) (1= x) P (1= y)F (—xf P
’ ’ ’ ’ - X 1
XGZ(ﬁay_ﬂ_ﬁ71_ﬂ_ﬁ7ﬁ+B_ae)lj 9__)
-y x
=B(a, 1 == B)(1 =) P (1= y) P (=xfF
’ ’ ’ ’ 1 y—X
XGly=-B=-B.B.B+8 —a,l—ﬁ—ﬁ;—;,l_y (4.27)

forco < x < —1, co <y <0Oand|y— x| < |1 —y|, which gives f2(°°’°°)x:y for co < x < —1.
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Connection formulas related with Appell’s hypergeometric function F

The case (p, g, r, s) = (x, 0, y, 1) of (4.26) implies

/ Uoors (1) dt = B(L + ooy 1+ fioe) (1 = ) >
(o0, {0.x})

x 1-y
X GZ(_/'[)C’ —Hy, I+ Hox, -1- Moo0x 5 1_’ )

=B(a, 1+ 8 -y)(1-x) Py F

’ ’ ’ X 1 -
xG%ﬁﬁ,1+ﬁ—%y—a—ﬂ; y)

) (4.28)
1-x" vy
Lo ©,1)
for x < 1/2 <y, which gives f,” .
The case (p, ¢, r, s) = (y, 0, x, 1) of (4.26) implies
[ enaltyd = B+ g 1 gy (1= )
(00, {0, ¥}
oy 1=x
X Gz(—#y’ ~Hxs 1+ Hoys =1 = posty 5 7 5 > )
=B 1+B-y(1-y'"Fx?
’ 1-—x
XG2(ﬁ,ﬁ,1+ﬂ—’y,’y—G_’—ﬂ;1L, )
-y x
=Bla. 1+ f-y)(1-y)'F 2
1-x
sz(ﬁ,ﬁ,V—a—ﬁ,Hﬁ—y;T,lfy) (4.29)

for y < 1/2 < x, which gives fz(l’ 0,

Whenr, s <p, gand |(g—p)/(s —p)| < 1 and |(s —r)/(q —r)| < 1, the change of integration
variable f — (g — st)/(1 — t) implies

({g, p}, ) ({g, P}, )

—/ (q—p+<p—s>r)ﬂp(<q—s>t)ﬂq
({0, (p-a)/(p=5)}, 1) -1 1—1¢

g-r+@—s)N\""g—s\us g-—s
X( 1—t ) (l—t) (1-1)?

dt

= (g =9 (p= sy (g =)
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— Hp _ Mr
x/ (1 =) (1+ pP—a ) thra (1+S rt) dt
({0, (p-q)/(p=5)}, 1) (s —p) r—gq

= (q — s)"Hsa (p— )7 (g — r)* B(1 + Upg» 1+ Heo)

- s—r
X Gz(—up, —Hr, L+ ppg, =1 = Hoopg ; —z_i, —q_r). (4.30)

The case (p, g, r, 5) = (¥, x, 0, 1) of (4.30) implies

[ s = (o= D1 (= 1 B g 1)
({x, ¥}, 00)

’

y—x 1
X Gz(—ﬂy, —po, 1+ pryx, =1 = peoyx E —;)

=B(1 =B~ p ) (x = 1) F (y = )P 2P
- 1
X Gz(ﬁ’, y-B-p,1-B-B,B+p —a; {—x ——)
5 %
=B(1-B-p,a)(x— 1B (y - 1)F FF

o ’ ’ 1 — X
sz(y—,B—,B,,B,,B+,B —a,l—ﬁ—ﬁ;—;,y_ ) 4.31)
for]l < x<oo, 1 <y<ooand|x—y|<|y- 1|, which gives f2°°’°°)x:y for 1 < x, y.
The case (p, ¢, r, s) = (¥, 1, x, 0) of (4.30) implies

/ eos(t) dt = B(L+ pryn, 1+ 1) 3 (1 = x)'
({1, y} o)

1- X
X Gz(_/ly’ —fx L+ py1, =1 = plooyi s Ty )

= B(’y - _ﬁ” a/) y_.Bl (1 _ X)I_B

’ ’ ’ 1- X
XGz(B,ﬂ,y—oz—ﬁ,Hﬁ —y;Ty )

=By-a-g. o)y P (1-0""

’ ’ ’ X 1-
XGZ(ﬁvﬁ’1+ﬁ _y’y_a_ﬁ;l—x’Ty) (432)

for x < 1/2 < y, which gives fz(o’ b,
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Connection formulas related with Appell’s hypergeometric function F

The case (p, g, r, s) = (x, 1, y, 0) of (4.30) implies

/ ooos(£) dt = B+ pia, 1+ o) £ (1 = y)1 0
({1, x}, o)

1-—x
X GZ(_:ux’ —Hy, 1"‘,uxl, -1 — Hooxl s —» L)
x 1-y
=By-a-B a)x?(1-y'*
’ l—x
sz(/S,,B,y—a—,B,l+,B—y,;T,%) (4.33)

for y < 1/2 < x, which gives f2(l’ 0,

When g < s and |(g —s)/(p—s)| < 1 and |(r — 5)/(q — 5)| < 1, for

+1 if p<gqg
€= ,
-1 if p>s

the change of integration variable ¢ — ((g — s) + st)/t implies

/ gs(t) i = / (et = PP (q — 1V (r — 1" (s — 1" dt
{0, P} q) {0, P} q)

/’ (q—S+@—pﬁypUs—®U—0y%
= E
({0, (g=5)/(p=)} 1) 4 4

s—qg—(s=rt\"" (s—q\us s—¢q
x( ; ) ( ; ) 2 dt

= (s — )" (s(s = p)y*r

— Hp _ Hr
x/ Her (1+ 4-3 ) (1 =1 (1+S rt) dt
({0, (g=5)/(p=5)} 1) (s —p)t q-s

= (s = q)"*Fa7s (e(s = )P B(1 + poops 1+ p1g)

qg-s r-—s
X GZ(_:up7 —HMrs 1+,u00pa -1 — Moopgq » _p_ S’ _q — S). (434)

The case (p, g, r, s) = (x, 0, y, 1) of (4.34) implies
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Connection formulas related with Appell’s hypergeometric function F

/ wos(1) dt = B(L+ froons 1+ pig) ((1 — X))
({o0, x},0)

1
X Gz(_,ux, —Hy, 1 + Heox, -1 — Moox0 5 m7 y - 1)

=Bla-B, 1+B+p -y)(e(1-x)7P

’ ’ 1
XGz(,B,,B’@_B,')’_Q—ﬁyQH,)’—I), (435)
where
+1 if x<0O
g = ,
-1 if x>1

for |y — 1] < 1 < |x — 1], which gives f2(°°’ b,
The case (p, g, r, s) = (, 0, x, 1) of (4.34) implies

/ Uo-5(t)dt = B(1 + ftooys 1+ p10) (£(1 — y)§*
({o0, ¥}, 0)
1
X Gz(—ﬂy, —Hxs 1+ ooy, =1 = fooyo 5 T X = 1)
=Bla-B,1+5+8 —y)(e(1 - y)F
1
X GZ(B,, ﬂa (Y—ﬁ,, )’—Q’—ﬁ, a _1’ X — 1)
y —_—
=Bla-p, 1+B+8 -y)(el-y)*
1
XGg(ﬁ,ﬁ',y—a—ﬁ,a—ﬁ/;x—l,—), (4.36)
y—
where

+1 if y<0
-1 if y>1

for |x — 1] < 1 < |y — 1], which gives fz(l’oo).
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Connection formulas related with Appell’s hypergeometric function F

The case (p, g, r, s) = (x, y, 1, 0) of (4.34) implies

[ st = B s 1) ()0 oy
({o0, x}, y)

1
X GZ(_/Jx, =1, 1+ fooy, =1 — Hooxy 5 _§7 _;)

=Bla-B,1-p)(-yF*(ex)P

1
X Gz(,B, l4a—vy,a—B B+B —v, : -2, ——), (4.37)
x oy
where
+1 if x>1
g = ,
-1 if x<y

OO)_x:Oo

for y < —1and |y| < |x|, which gives f,™ fory < —1.

The case (p, ¢, r, s) = (y, x, 1, 0) of (4.34) implies

/ Ue_o(t)dt = B(L + iy, 1+ 1) (=) 704 (g
({o0, ¥}, x)

x 1

XG_ s T a1+ OO,_I_OO s T T, T
2( My, —H1 Hooy Hooyx y x)

=Bl@—-p,1-B)(-x)f " (ey*

1
XGz(ﬁlsl"‘a'_%a'_ﬁ,’ﬁ*'ﬁ/_%;_f,__)
y X

=Bla@-p,1-B)(-xf " (ey)*

1
><G2(1+a—y,,8’,,8+,8'—y,a—,8’;—;, —%) (4.38)

where
+1 if y>1

e = s
-1 if y<x

for x < —1 and |x| < |y|, which gives fz(m’ R s
When s < gand |(g —s)/(p—s)| < 1and |(r —s)/(g — s)| < 1, for

+1 if p>gq
£ =
-1 if p<s

the change of integration variable t — ((q — s) + st)/t implies
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Connection formulas related with Appell’s hypergeometric function F

[ wstar= [ o= 0yn- g - sy d
(g, {p, oo}) (g, {p> >})

/ ( s—q+(p—S)t)“"((q—S)(l—t))”"
= E
({0, (g=5)/(p—5)}, 1) 4 4

" (q—s—(r—s)t)”r (q—s).usq—s

t t 12

dt
= (q—5)Hars (e(p — )Y

- Hp _ Hr
x/ Heor (1+ 4-° ) (1 -1 (1+s rt) dt
{0, (g=5)/(p=5)} 1) (s—p) qg-s

= (q = 5)"*ars (e(p = )Y Bl + pag, 1+ picop)

p—s q-s)

g-—s r-—s
X GZ(_ﬂp’ —HMr, 1+ HMoops -1- Hoopg 5 — )

The case (p, g, r, 5) = (x, 1, y, 0) of (4.39) implies
/ u1+5(t) dr = B(l + oy, 1+ /loox) (Sx)“x
(1, {x, 00})
1

X G2 —Mx, _ﬂye 1+ Hooxs -1- Moox1 5 _;’ -y

=B(y-a, a-pB)(ex)”
, 1
X GZ(ﬂ’ IB’ Q—ﬁ, 1+ﬁ_7’ 5 _;’ —)’),

where

+1 if x>1
e = ,
-1 if x<0

for |y| < 1 < |x|, which gives fz(oo’o).
The case (p, g, r, 5) = (¥, 1, x, 0) of (4.39) implies
/ urss(t)dt = B(1 + py, 1+ fieoy) (89
(1, {y, >})
1
X Gz(_ﬂy’ —HMx» 1 + ﬂooy, _1 - /Jooyl 5 _;’ _-x)
=Bly-a a-p)(e)?

45

(4.39)

(4.40)



Connection formulas related with Appell’s hypergeometric function F

X GQ(ﬁ/’ ﬁ’ Cl’—ﬁ/, 1+ﬁ/_7, 5 _i’ —X)
=B(y-a, a-p) ()"

X Gz(ﬁ, B, 1+p -y, a-p"; —x, —i), 4.41)

where

+1 if y>1
E =
-1 if y<0

for |x| < 1 < |y|, which gives fz(o’oo).

The case (p, g, r, s) = (x, y, 1, 0) of (4.39) implies
/ tyso(t)dt = B(L+ pry, 1+ freay) y' 101 (s )y
O, {x, 00})

y 1
X GZ(_ﬂx, —M1, 1+ Hooxs -1- ,uooxy; _;’ _;)

=B(1 -, a-p)(ex)P yF=

|
x Gz(ﬁ, l+a—y,a-B B+8 —a, ; -2, ——), (4.42)
Xy

where

+1 if x>y
£ =
-1 if x<-y

for 1 < y < |x|, which gives fz(‘x” ©)X=0 for 1 < .

The case (p, g, r, s) = (y, x, 1, 0) of (4.39) implies
[ a0t = B 1 gy 5100 ey
(x, {y, })

x 1
X GZ(_,uya —H1, 1+/Jooy, -1- Hooyx 5 _;, _;)

=B(1-B,a-p)(ey)F ¥
X Gz(ﬁ', l+a-y,a-B8,B8+p —-a, ; 2 —l)

=B(1-p o) ey 0
1 X

XG2(1+a_77ﬁ/’ﬁ+ﬁ/_aaa_ﬁ/;__’ __)’ (443)
X oy
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Connection formulas related with Appell’s hypergeometric function F

where

+1 if y>ux
€= ,
-1 if y<-x

) y=00

for 1 < x < |y|, which gives fz(w’ for 1 < x.

5. Derivation of the connection formulas
In this section, the function u(¢) is fixed to be
u(t) = (t = pyr —gfat —rfr( - sy,

where

{p.g.r. s} ={0, 1, x, y}
and

po=B+p -y, wx=-p wuy=-p, m=y-a-1

In addition,

Moo =2 = poxy1 =a —1
is also used as before. Let £ be the locally constant sheaf defined by u(¢) on

T=P(C)\{0, 1, x, y, o}

Suppose the genericity condition that

MO’ le, #y’ ﬂl, IJOO G C\Z’ (5 1)

which implies that the rank of H if(T, L) or the rank of H(T, £) turns out to be three ([Ch][KN]).

e Whenc<a<x<y<b<cfora b c x,ye P(R)with {a, b, c} = {0, 1, c0}, and
Hax, Myp ¢ Z in addition to (5.1), both of the sets

{ (av .X) ® U(q, x)(t)s ({a’ X}, y) ® uy—5(t)’ (bs C) ® U(p, C)(t) }

and

{ (y’ b)® Uy, b)(t)’ (x’ {y, b}) ® Uxys(t), (Ca a) ® U, a)(t) }
give the bases of H }f(T, L) and hence there exist the numbers p;, ¢;, r; such that
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Connection formulas related with Appell’s hypergeometric function F

(Cl, X) =D (y’ b) +p2 ()C, {y’ b}) + P3 (C’ Cl),
({a, x}, y) = q1(y, b) + @2 (x, {y, b}) + g3 (¢, a),

(b’ C) =n (y’ b)+r2(x, {y9 b})+l’3(C, a)'

As for the intersection numbers, we have

(7. b)* = mCLY . b)) (x{y. b =0, (y,b):(c,a)=0,
(ey)en)
2 _<exyb>
(.X, {y’ b}) : (y, b) =0, (X, {y’ b}) = — (_x’ {y, b}) . (C, a) =0,
<ex><eyb>
(c,a) - (», b)=0, (c,a)-(x,{y,b})=0, (c a)2 _ —(€ac ) ’
(ec)(ea)
and
(@ x) - (»nb)=0, (ax)-(x,{y,b})= ! . (@) - (6 a)= 1 ,
(ex) (eq)
{axhy) - 00 B) = —— (a2} y) - (5 (s b)) = —Caws)_
R T T ey MR T e ) (e )
1 1
({as X}, y) . (07 Cl) = <€ax>, (b, C) . (y, b) = <eb>
1 1
(b’ C) : (x’ {y7 b}) - <€yb>, (b, C) . (C, Cl) = <ec>’

where D? designates D - D for brevity.

Hence we have

_ _ _<eyb> _ —(ec>
Pl—0> P2 = <exyb>7 s = <€ca>’
:_<eb> :<eaxyb><ex> _ —(ec.){eq)
a <eyb>, = <eax><exyb>, : <eax><eca>’
__<ey> _ —{ey) _—(ea>
ry r

_<eyb>’ 2_<exyb>’ " <eca>’
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Connection formulas related with Appell’s hypergeometric function F

and thus
(a, x) = mULY o (s b))+ =2 (. a) (5.2)
<€xyb> (€ca)
—(e > < €axyb ){€x) —(ec)(eq)
(b ) = oy O D ey ey & T ey @ O
—(e > —(ex) —(eq)
(b’ C) - <eyb> (y’ b) + <exyb> ()C, {y’ b}) + <eca> (C’ a)' (54)
Similarly we have
—(eax) —(ec)
O, )_<eaxy>({ . X}, y)+< C>( )
(o (0 b)) = )y Tt KO gy Zlandee)
(eax) <eaxy><eyb> <eyb><ebc>
_ —(ex) —(ey) —(ep)
(c a)= (eax) (@ %)+ <eaxy> ({a. x}, y) " (epe) (& c).

On the other hand, we have

/ Ua, (1) di = B(L+ gy 14 ) {97

(a, x)

/ My—d(t)dt = B(l + Uaxs 1+,uy)f(a a)x=a
({a, x},y)

/ U, o) dt = B(L+ pp, 1+ ) f& 95
(b, c)
and

b, b b
/ uey, p)(t)dt = B(1 + py, 1+ pp )f( )y=
(v, b)
/ ux+5(t)dt = B(l + Uy, 1+ Hyb )f(b b)y= b
(x, {y, b})

/( )“(c, a)(®)dt = B(1 + p, 1 +,ua)f(b b)y=b.
c,a

Therefore, we obtain
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plaa=a _ —(eyp ) B(1+ pxs 1+ fyb) b, by y=b . —(ec) B(L+ pe, 1+ pa) b, b)y=b
! <exyb> B(1 + pa, 1+ py) 2 (eca) B(1 + pig, 1+ pix) 3

_ L(=1 = pxyp, 2+ Hax) (b,b)y=b U(=1 = pleas 2+ fax) o, b)y=b (5.5)
C(=pyp, 1+ pa) 2 (=i, 1+ pix) 3 ' ‘

(a,a)x=a _<eb > B(l + Hy, 1+ 'ub) (b, b) y=b
2 <eyb>B(1+,ub,1+llc) !

(eaxyb ) ex) B(1+ px, 1+ pyp) (b, b) y=b
<eax ><exyb> B(l + Up, 1+ ,uc) 2

—(ec)(eqa) B(1+ pe, 1+ ug) (b, b)y=b
<eax><eca>B(l + Ub, 1 +/JC) 3

r'-1- Hyb, 2+ ,Uaxy) f(b, b)y=b
I(—up, 1+ pax) :

+ F(_,uax, -1- Mxyb, 1+ Hyb, 2+ /Jaxy) f(b, b)y=b

F(2 + Haxyb, -1- Maxybs —HMx, 1+ /Jy) 2

r(_/vlax’ =1 = pica, 2+ ,uaxy) (b, b) y=b
C(~piey —pra 1+ py) 73 ’

(5.6)

f(a,a)x:a _ _<ey>B(1 + Uy, 1 +,ub) (b, b)y=b " _<ex> B(l + Ux, 1 +/~1yb) (b, b)y=b
3 <eyb>B(1+,uba1+,Uc) ! <exyb>B(l+/lb,1+llc) 2

—(eq) B(1+ e, 1+ ug) (b, b)y=b
(eca) B+ pp, 1+ pc) 3

_ U(=1 = pyp, 2+ pie) f(b’ b)y=b U(=1 = payps L+ tybs 24 tbe) (b, by y=b
D=y, 1+ pe) ! U(—pto 1+ pp, 1+ p1e) 72

(=1 = prea, 2+ fbe) b, b)y=b

, (5.7)

and

(b, b)y=b _ _<eax > B(l + Uax, 1+ l‘y) (a, a)x=a 4 _< €c > B(l + Up, 1+ ,uc) (a, a)x=a
) =

<€axy> B(1 + My, 1+ up) 2 (epe ) B(1 + My, 1+ up) 3
— r(_l B IJaXy’ 2 + luyh) 2(a, a)x:a + F(_l - )uCh9 2 + ﬂyb) fé(a, a)x:a’ (58)
C(~tax, 1+ pp) C(=pes 1+ py)

f(b,b)y=b _ —(eqa) Bl + pg, 1+ uy) (a, a) x=a
2 (eax) B(1 + uy, 1+,uyb) !

_<eaxyb ><€y> B(1 + pgy, 1+ /Jy) (a, a) x=a
<eaxy ><eyb> B(1 + py, 1+ ,uyb) 2

+
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Connection formulas related with Appell’s hypergeometric function F

—(ep)(ec) B(l + pp, 1 +,uc) (a, a)x=a
<eyb><ebc> B(l + Uy, 1+ﬂyb) 3

B F(—l — Uax, 2+ llbxy) f(u, a)x=a
= 1

[(—pg, 1+ ﬂby)

1—‘(_,ubya -1- Haxy, 1+ pax, 2+ ,ubxy) (a, a) x=a
e+ MHaxybs -1- MHaxyb, —HMy, 1+ py) 2

F(—/be, -1- Mbes 2+ ,ubxy) (a, a)x=a

+ , 5.9
C(=pe, —pp, 1+ px) 3
(b, b)y=b _ _<ex> B(l + Ua, 1+ ,ux) (a, a)x=a
3 (eax) B+ pe, 1+ pg) !
+ —< €y> B(l + Uax, 1+ /.ly) (a, a)x=a
<euxy> B(1 + pe, 1+ pg) 2
+ —(ep) B(1+ Up, 1+ ,uc) (a,a)x=a
(epe) B+ e, 1+ ug) 3
_ L(=1 = pax, 2+ pac) f(a, a)x=a
D(—px, 1T+ pe) !
F(_l - /Jaxy, 1+ HMax, 2+ ,uac) (a, a)x=a
r(_/'lya 1 + ﬂa’ 1 + :uC) 2
r(_l - /’le’ 2 + /Jac) (a, a)x:a (5 10)

C(—pp, 1+ pg) 73 '
Incase a = 0, b = 1, ¢ = oo, the equalities (5.5), (5.6) and (5.7) combined with (4.1), (4.2),
(4.4), (4.7), (4.12) and (4.22) imply the connection formulas (3.1), (3.2) and (3.3).

In case a = oo, b = 0, ¢ = 1, the equalities (5.8), (5.9) and (5.10) combined with (4.1), (4.3),
(4.5), (4.8), (4.20) and (4.37) imply the connection formulas (3.19), (3.20) and (3.21).

e Whenc<a<y<x<b<cfora b c, x,y € P (R)with {a, b, c} = {0, 1, 0}, and
Hay, Mxp & Z in addition to (5.1), by interchanging x and y (at the same time u, and ) in the
equalities from (5.5) to (5.10), we obtain

f(a, a)y=a _ F(_l — Mxyb> 2+ /lay) f(b, b)x=b + (-1~ Heas 2+ ,Uay) f(b’ b)x=b .11)
! 1—‘(_,Uxb, 1+ ﬂa) 2 r(—/.lc, 1+ #y) 3 ’

(a,a)y=a _ L(=1 - pxp, 2+ /Jaxy) (b, b) x=b

2 C(=pp, 1+ /Jay) !

F(_/luy’ -1- Mxyb> 1+ HMxb> 2+ ,uaxy) (b, b) x=b
2+ Haxybs -1- Haxybs —Hy> 1+ py) 2

F(—/lay, -1- HMcas 2+ ,Uaxy) (b, b) x=b

12
F(_ﬂ(!? _/Ja9 1 + MX) 3 ’ (5 )
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Connection formulas related with Appell’s hypergeometric function F

f(a, a)y=a _ U(=1 = pixp, 2+ fpe) (b, b) x=b [(-1- Hxyb, 1+ txp, 2+ ppe)
A =

D(=pe, 1+ pe) h D(=py, 1+ pp, 1+ pe)

U(=1 = pea, 2+ pbe) L, b)x=b
D(—pa, 1+ pp) 73

’

and
(b.b)x=b _ T(=1 = faxy: 2+ Hxb) (4, a)y=a . T(=1 = teps 2 + fixp) o
1 F(_ﬂay, 1 + ’L[b) 2 F(—#C’ 1 n ﬂy) 3
(b, b)x=b _ (=1 — pay, 2+ pipxy) f(a, a)y=a
’ (=g, 1+ ppy) 7!
N r(_ﬂbx, -1- Haxy, 1+ May> 2+ ﬂbxy) f(a’ a)y=a
F(z + /Jaxyb, -1- ,uaxyb, — Uy 1+ ﬂy) 2
N r(_ﬂxby -1- Mbes 2+ ,bey) (a,a)y=a
F(_ﬂw —Mb, 1 +/1y) 3 ’
f(b’ b)yx=b _ U'(=1 - pay, 2+ prac) f(a, a)y=a + F(=1 = faxy, 1 + pay, 2+ pac) (a,a)y=a
3 r(_ﬂy, l + /‘tC) 1 r(_l,[x, 1 + #a’ 1 + ﬂc)
+ T = Hpen 2+ pac) f(a’ a)y=a
C(—pp, 1+ pa) 73
where
/‘ Ui, (1) dt = B(1 + pig, 1+ py) fi V=,
(a,y)
ux_s(t)dt = B(1 + pigy, 1+ py) 2(“ a)y=a
({Ll, y}, x)
/ Up, ey(t)dt = B(1 + pp, 1+ ,uc)f;“’ a)y=a
(b, c)
and

/ Uee, py(t) dt = B(1 + iy, 1+ ,Ub)fl(b’ b)x:b’

(x, b)

/ uyss(t)dt = B(1 + py, 1+ ,uxb)fz(b’ b)x:b’
O, {x,b})

/( )u(c, o®)dt = B(1+ pe, 1+ ,Ua)f;b’ b)x=b_
c,a

Incasea =0, b =1, ¢ = oo, the equalities (5.11), (5.12) and (5.13) combined with (4.1), (4.2),

(4.5), (4.6), (4.13) and (4.23) imply the connection formulas (3.4), (3.5) and (3.6).
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Connection formulas related with Appell’s hypergeometric function F

Incasea = oo, b =0, ¢ = 1, the equalities (5.14), (5.15) and (5.16) combined with (4.1), (4.3),
(4.4), (4.9), (4.19) and (4.38) imply the connection formulas (3.25), (3.26) and (3.27).

e Whenc<a<x<y<hb<cfora b, c, x,y € P(R)with {a, b, c} = {0, 1, 00}, and
Hxy ¢ Z in addition to (5.1), both of the sets

{ ()C, y) ® U(x, y)(t)’ (Cl, {x’ y}) ® Ma+5(t)a (b7 C) ® Up, C)(t) }
and

{Go ) ®uee (@), ({x, ¥} D)@ up-5(1), (¢, @) ® uge, (1)

give the bases of H }f(T, £L) and hence there exist the numbers g;, r; such that

(a9 {.X, y}) =q1 ()C, y) +q2 ({x’ y}7 b) + 43 (C’ (l),
(b, ) =r1(x, y)+rn({x, y}, ) + r3(c, a).

Since

_<exy>
(ex)(ey)

(x )’)2 (x> y) : ({xv y}’ b):07 (xv y) : (Cv Cl) =

{x yhb) - (6. ) =0, ({x. y} b’ = M, ({x yh b) - (c,a) =0,
< €xy >< €p >

€@ (60=0 (6a) {xyhh=0 (caf=_—cea)
<ec><ea>

and

@ y)) - () =0 (@ (6] - (fn b B = —— (@ () - (6 a) = ——
<exy> <ea>

(b0 (69 =0 (b0 - ({5} b) = —, <b’c)'(c’“):<elw>’

(ep)
we have
=0, =)l
' <exyb>’ <eac>’
r=0 r2=_<€xy> r3=_<ea>
: ’ <exyb>’ <eca>’
and
(@ {5 1) = =2 (3}, By + 25 (¢, ) (5.17)
(exyp ) (eac)
(b, )= 29 (3, )+ X9 (), (5.18)
’ <exy ) (eca) “
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Connection formulas related with Appell’s hypergeometric function F

Similarly we have

(t ) B = 0 3D+ T (b, o) (5.19)
(€eaxy) (epe)

(, a) = —(exy) (a, {x, y}) + —(en) (b, ©). (5.20)
<eaxy> <ebc>

On the other hand, we have

[ 0= B0 ) 7

(x,¥)

/ Uars(t) dt = B(1 + pg, 1+ ny)f(a a)x_y
(a, {x, ¥}

[ )u(b, c)(t) dt = B(] + /’lbs 1 + ﬂ(,)f(a a)x_y
(&

S

and

b, b) x=
‘/( u(x,y)(f) dt = B(1 + py, 1+ 'uy)fl( )x y,
/ I/lb_(g([) dt = B(l + /ny, 1+ /Jb)f(b b)x= y
({x, ¥}, b)

/( >u(c, a)(t) dt = B(1 + pe, 1+ ﬂa)f(b b)x= =y
c,a

Therefore, we obtain

(@ a)x=y _ ,b)x=y, (5.21)

(a, a) x=y — _<eb> B(l + Uxy, 1 +/’lb) (b, b) x=y + _<ec> B(l + Ue, 1+,ua) (b, b) x=y
2 <exyb ) B(l + Mo, 1+ ,uxy) 2 (eac) B(l + Mg, 1+ ,uxy) 3

_ F(_l — HMxyb> 2+ llaxy) (b, b) x=y + (=1 - pae, 2+ llaxy) f(h b)x=y (5.22)
C(=pp, 1+ pta) 2 [(—pe, 1+ ﬂxy) 3 ’ .

f(a a)x= =y _ <exy ) B(l + HUxy, 1+ ﬂb) (b, b) x=y + —< €q > B(l + Ue, 1+ ,ua) (b, b) x=y
<exyb> B(1 + pp, 1+ pe) 2 (eqe ) B(1 + up, 1+ uc) 3

_ T = payn, 24 pine) (b b)x=y | T'(=1 ~ pac, 2+ poe) flb =y (5.23)
[~y 1+ i) F(=ptar 1+ )

and
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Connection formulas related with Appell’s hypergeometric function F

fo03 _ pla@xsy

1 ’ (5.24)
f(h, b)x=y _ —(eq) B(1 + pg, 1+ ﬂxy) (a, a) x=y —(ec) B(1+ up, 1+ pc) (a, a) x=y
2 <eaxy>B(1 + Uxy, 1 +1ub) 2 <ebc> B(l + Hxy, 1 +/1b) 3
_ r(-1- Haxy, 2+ /nyb) (a, a) x=y + L(=1 = ptpe, 2+ /nyb) f(a’ a) x=y (5.25)
C(~ptas 1+ pp) 2 D(=ptes 1+ piny) 73 ’ '
f(b, b)x=y - _< €xy > B(l + pla, 1+ llxy) (a, a) x=y + _< €b > B(l + p, 1+ ,UC) (a, a) x=y
3 <eaxy> B(1 + pe, 1+ pa) 2 (epe ) B(1+ pe, 1+ pg) 3

_ I'(-1- Haxy» 2 + fac) (a, a) x=y + L(=1 = upe, 2+ pac) (a, a)x=y

(5.26)
D(=pixy, 1+ pe) 72 C(—pp, 1+ pa) 73

Incasea =0, b = 1, ¢ = oo, the equalities (5.21), (5.22) and (5.23) combined with (4.1), (4.2),
(4.10), (4.15) and (4.21) imply the connection formulas (3.7), (3.8) and (3.9).

Incasea = oo, b =0, ¢ = 1, the equalities (5.24), (5.25) and (5.26) combined with (4.1), (4.3),
(4.10), (4.14) and (4.27) imply the connection formulas (3.22), (3.23) and (3.24).

e Whenb<c<a<x<y<bfora b c x,y € PI(R)with {a, b, c} = {0, 1, 0}, and
Uax ¢ Z in addition to (5.1), both of the sets

{ (a’ .X) ® U(q, x)(t)s (C, {a7 X}) ® MC+5(I), (y’ b) ® Uy, b)(t) }
and

{ (av X) ® U(q, x)(t)s ({(l, X}, y) ® bty_g(t), (bs C) ® U(p, C)(t) }

give the bases of H if(T, L) and their elements satisfy the equalities

(@ ¥} ) = =2 (¢ {a, xp) + 222 (3, 1),
(ecax) <eyb>
. _<eax> _<€y>

(b’ C) - <ecax> (C’ {a’ X}) + <eyb> (y’ b)’

which follow from replacing (c, a, x, v, b, ¢) of (5.17) and (5.18) by (b, ¢, a, x, v, b) (at the same
time e, Has - --> He DY Hbs Hes - -5 Hb)-

On the other hand, we have
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Connection formulas related with Appell’s hypergeometric function F

(a, x)

({a, x},y)

/( )u(b, o) dt = B(1 + pp, 1+ 1) 3(a, a)x=a
b, c

and

/ Uia, () dt = B+ g, 1+ 1) £,
(a, x)

./ ”c+5(l‘) dr = B(l + e, 1+ /Jax)fz(a’ b)7
(e, {a,x})

b
/ Uy, p)(t) dt = B(1 + uy, 1+ pp) 3<a )
(v, b)

Therefore, we obtain

(a,a)x=a _ p(a,b)
f, - /!

B

(5.27)
(a, a)x=a _ _<€c> B(l + Hax, 1+ ,uc) (a, b) n _<eb> B(l + Uy, 1+ ,ub) (a, b)
2 (ecax ) B(1 + pax, 1 +,Uy) 2 <eyb> B(1 + pgx, 1 +,uy) 3
_ I(=1 = peax, 2+ ,uaxy) 2(a, b) r(-1- Hybs 2+ .uaxy) f3(a, b)’ (5.28)
C(=pie, 1+ py) C(=pp, 1+ pax)
(a.a)x=a _ _<eax>B(1 + Hax, 1 +/JC) f(a,b)+ _<ey>B(1 + Uy, 1 +lub) (a, b)
3 (ecax) B(l+ up, 1+ pc) 2 <eyb> B(1 + pp, 1+ pe) 3
_ T~ peaws 24 pipe) any | DL =ty 24 fbe) a,1) (5.29)
F(_ﬂux’ 1+ ,ub) 2 r(_,uya 1+ /Jc) 3 . .

Incasea =0, b =1, ¢ = oo, the equalities (5.27), (5.28) and (5.29) combined with (4.1), (4.4),
(4.6), (4.12) and (4.28) imply the connection formulas (3.10), (3.11) and (3.12).

e Whena<x<y<b<c<afora b c x,y € P (R)with{a, b, c} = {0, 1, 00}, and
Hyp € Z in addition to (5.1), both of the sets

{ (y7 b) ® Uy, b)(t)7 (x9 {y’ b}) ® ux+5(t)a (C’ Cl) ® Uc, a)(t) }

and
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Connection formulas related with Appell’s hypergeometric function F

{ (a’ X) ® U(q, x)(t)’ ({y’ b}’ C) ® I/tc_5([), (y’ b) ® Uy, b)(t) }

give the bases of H}f(T, L) and their elements satisfy the equalities

—(eq) —(ec)
(x, {y, b}) = { ax>( . X) + <eybc>({y’ b}, ¢,

_ _< ex) _<eyb>
(C’ a) - <eax > ((,l, x) + <eybc > ({y9 b}a C)’

which follow from replacing (c, a, x, y, b, ¢) of (5.19) and (5.20) by (a, x, y, b, ¢, a) (at the same
time pe, Mg, - - .5 He DY fHas pxs -0y Ha).

Since
b, b h
/ uey, py(t)dt = B(1 + py, 1+ pp )f( )y=
(v, b)
/ Uxis(t) dt = B(1 + piy, 1+ pyp )f(b b)y=b
(x, {y, b})
/ U(c, a)(t)dt—B(1+,uC, 1+Ila) (b, b)y= b
(c,a)
and
(a, b)
/ U(a, x)(1) dt = B(1 + pia, 1+ p) {77,
(a, x)
= (a, b)
/ I/lc—é(t) dt = B(l +/lyb’ 1 +ﬂc)f i
{y. b}, 0)
= (a, b)
/ Uy, b)(t) dt = B(l + Uy, 1+ ﬂb)f i
(v, b)
we obtain

b, b)y=b b
fl( )Yy :f(a )’

(5.30)
(b.byy=b _ —(€a) B(L+ o, 1+ p1y) ), —(ec) BA +pyp, 1+ p1e) a1
2 Cear) B+ o 1+ ) "' (eype) B+ i, 1+ fys) 72
_ TG = pan 24 b)) DL = Bybes 24 fxyb) (a,n) (5.31)
Mta Lt pyp) ! Mope Tt 2 |
f(b b)y=b _ —(ex ) B(1 + pa, 1+ pix) (a’b)+—<€yb>B(1+,be, ) (a,b)
" ea) BOF pies T )7t eppe) BO+ o 1+ 1) 72
_ F(_l — Max» 2+ /Jca) fl(a b) F(_l ~ Hybes 2+ llca) fz(a b). (532)
(=, 14 pe) [(—pyp, 1+ pa)
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Connection formulas related with Appell’s hypergeometric function F

Incasea =0, b = 1, ¢ = oo, the equalities (5.30), (5.31) and (5.32) combined with (4.1), (4.5),
(4.8), (4.17) and (4.20) imply the connection formulas (3.16), (3.17) and (3.18).

e Whenc<a<x<y<hb<cfora, b, c, x,y € P(R)with {a, b, c} = {0, 1, 00 }, and
Hax» HMxy € Z in addition to (5.1), both of the sets

{(@ x) ®ue@ 00, ({a x} ¥) @uy-s(t), (b, ) ®up, o)1) }

and

{ (x’ y) ® Ux, y)(t)’ (d, {x9 y}) ® Ma+5(t)a (b7 C) ® Up, C)(t) }

give the bases of H {f(T, L) and their elements satisfy the equalities

~(ey)
(a, x) = (x, y) + (a, {x, y}),
(exy)
<€ ><€ > < >
(a x}, y) = a8 oy X8l (0 tx vy
(eax){en) (ear)
Since
/ U, x)(t) dt = B(1 + ptg, 1+ ,Ux)f(a a)x=a
(a, x)
/ ty—5(1)dt = B(1 + pay, 1+ p1y) %
({a, x},y)
/ M(b,c)(t)dt = B(l +/Jb9 1 +/'lc)f(u a)x a
(b, c)
and
/ M(x,y)(t) dt = B(l +/~1x, 1 +ﬂy)f(a a)x= y
()
/ ars(t)dt = B(1+ g, 1+ 1) =7,
(a, {x.,y})
/ U, e(8) dt = B(L+ up, 1+ p1) 7,
(b, c)
we obtain
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Connection formulas related with Appell’s hypergeometric function F

(@ax=a _ ~$ey) BU+ e L+ 1) ((0,a)x=y
! <exy>B(1+ﬂa,1+,ux) !

N B(1 + pg, 1+ ,ny) (a, a) x=y
B(1 + pra, 1+ py) 2

_ F(_l — Hxy» 2+ /Jax)

f(a, a)x=y + L1+ pixy, 2 + pax) (a, a) x=y
1

, (5.33)
C(—py, 1+ pa) L2+ paxy, 1+ px) :
f(a, a)x=a _ <eaxy ><ex> B(l + Uxs 1+ ,Lly) f(av a)x=y
2 <eax><exy>B(1+/Jax, 1+,uy) !
<ea> F(l + Ua, I+ ﬂxy) (a, a) x=y

(eax) Bl + ptax, 1+ pty) 72
_ C(=pax, =1 - /ny)

=y D(=paxs 1+ pxy) -

(a, a) x=y ax Xy (a, a) x=y

= + R (5.34)
[(=1 = paxy, —Hx) fl [(=pg, 1+ py) 2

(a,a)x=a _ p(a,a)x=y
5 3 :

(5.35)

Incasea =0, b =1, ¢ = oo, the equalities (5.33), (5.34) and (5.35) combined with (4.1), (4.4),
(4.10), (4.12) and (4.21) imply the connection formulas (3.28), (3.29) and (3.30).

e Whena<x<b<y<c<afora b c x,y€ P (R)with {a, b, c} = {0, 1, 00}, and
Hxbs Myc & Z in addition to (5.1), both of the sets

{(x, D)@ up, p)(1),  ({x, b, ¥) @ uy_s(t), (¢, @) ® ue, o)1) }

and

{ ()’> C) ® Ugy, C)(t)v (b’ {y7 C}) ® ub+5(t)’ (a’ X) ® U(q, x)(t) }

give the bases of H}f(T, L) and their elements satisfy

(50 = 22 (b fy, ey 4 L)

<ebyc ) (eax) (@ x)
_ —<€C> <exbyc><eb> _<ea><ex>
(tx b1 y) = <eyc> (m o)+ (exp ) ebyc> (b Ay eh+ (eax ){exp) (@ x)

(C’a)=_<€Y>(’ )+_<eb> _<ex>(a’x)’

<eyc> > e <ebyc>(b’ {y, C})+ (eax)

which follow from replacing (c, a, x, y, b, ¢) of (5.2), (5.3) and (5.4) by (a, x, b, y, ¢, a) (at the
same time fe, gy -« -5 e DY tay Mo -5 Ha)-
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Connection formulas related with Appell’s hypergeometric function F

Since
/ UGy, p)(t) dt = B(1 + pix, 1+ ,Jb)ffb, b)x=b.
(x, b)
/ My_(s(t) dt = B(1 + pyp, 1+ ’uy)fz(b, b)x=b’
({x, b}, y)
b, b)x=b
/ He, a)(t) dt = B(1 + pe, 1+ pq) 3( )X
(c,a)
and
. ¢)
/ Mh+5(f) dt = B(l + Up, 1+ /ch) 2(a, c)’
(b, {y. c})
(a, x)
we obtain

(b, b) x=b _ _<eyc> B(l + Up, 1+/v‘y€) (a, c) + —<€a> B(l + Ua, 1+ﬂx) (a, c)
! <ebyc> B(1 + pix, 1+ pp) 2 (eax) B+ px, 1+ up) 3

_ F(_l — Hbyc> 2+ ,uxb) (a, ) " r(_l — Max, 2+ ,uxb) (a, c)

: (5.36)
D(—ptye, 1+ py) 72 D(—pa, 1+ pp) 73

f(b’ b)x=b _ _<€C> B(l + ﬂy’ 1 + #C) f(a, c) + <exbyc ><€b> B(l + HMbs 1 + llyc) (a, c)
2 <eyc> B(1 + pxp, 1+ /Jy) ! (exp ><ebyc> B(1 + pxp, 1+ /Jy) 2
—(eq)(ex) T'(1+ pg, 1+/1x) (a, c)
<eax ><exb> B(l + Uxb, 1 +/1y) 3
_ r-1- HMycs 2+ ,Uxby) (a,c) + C(=pxp, =1 - Mbycs I+ Mycs 2+ ﬂxby) (a,c)
F(_,uc, 1+ ,uxb) ! F(2 + Uxbycs -1- Hxbycs —Hb, 1+ ,Uy) 2

C(=1 = fax, —Hxbs 2+ Hxby) (a. o) (5.37)
F(_,ua, —px, 1+ /’ly) . , |

@e)  —{ep) B+ pp, 1+ tye) (a0

FOnE —(ey) B(1+ py, 1+ ) s
! <ebyc> B(1+ﬂc, 1"',Ua) 2

3 <eyc> B(1+ﬂc, 1+,Lla)
—(ex) B+ g, 1+ p) (a,0)
(eax) B(1+ pe, 1+ pg) 3
r'-1- Hyes 2+ fea) (a, c) + I(-1- Hbyc> 1+ Hyc, 2+ pea) (a, ¢)

T Ty L4pe) ! C(—ptps 1+ pes 1+ pa) 72

F(_l — Max, 2+ ,uca) (a, c)
D(—pie, 14 pe) 737 =8
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Connection formulas related with Appell’s hypergeometric function F

Incase a = oo, b =0, ¢ = 1, the equalities (5.36), (5.37) and (5.38) combined with (4.1), (4.4),
4.7), (4.8), (4.12) and (4.25) imply the connection formulas (3.13), (3.14) and (3.15).

Appendix

The transformation formulas of the functions constituting the fundamental sets of solutions in
Section 2 are listed. The functions w; in the former part (the list for f™ and f;) correspond to
Zj = Zj+tom (1 £ j <10, 1 < m < 5) in the list from page 62 to page 64 in [AKdF], while some
misprints are corrected. In this Appendix, the symbols &, &; denote the signature + to load the
factors like (ex)* and (g(1 — x))* standardly on an appropriate real point.

A

0,0) .

wi=Fi(e, B, B,y x, )

=(1-x)P0-»*F (y —a, BB,y — L)

x—-1 y-1
_ ' oo X xX-y
=(1-x)"F(ay-B-B.B.7: ’
x—1 x-1
_ , y—x )y
=(1-y) “Fl(a,/iy—ﬁ—ﬁﬁ; . )
y—1 y-1

= (1-x""*( —y)‘ﬁ'Fl(v—a, y-B-B.8,7;:x i:f)

= (1 _x)_ﬁ(l —Y)Y_Q_B/Fl(?’ - a, ﬁv Y _18_18,’ Y );%)1)’ y)

1,1
Wz—ll(a,ﬁ,ﬁ,,l a ﬂ ﬁ/ ),1 xvl y)

B8 g , , , x—-1 y-1
:xﬁyﬁFl(1+ﬁ+ﬁ _V,ﬁ,ﬁ,1+a+ﬂ+ﬂ _7’ X ,yT)

1 x-
=x_“F1(a/, l+a-vy, B, 1l+a+B+B —-vy; xx , xxy)

—x y-1
=y“’F1(a,ﬁ,1+a—y,1+a+,8+/5’—y;y afb A )
y Yy

— x1+.3'—7y—,8’

><F1(1+ﬁ+ﬁ’—’y, l+a-vy, B, l+a+B+B —y;1—x, y—x)
y

= xBylth~y

y

><F1(1+ﬁ+ﬁ'—y,,8,1+a/—y,1+a'+,8+,8’—y;u,l—y).
x
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Connection formulas related with Appell’s hypergeometric function F

(00,00)

ML)

y 11
w3 :(Slx)_ﬁ(SZY)_’B Fl(1+ﬂ+ﬂ,_7’ ﬁ’ ﬂ: 1+ﬂ+ﬁ/_a'; ;a ;)

-B B
- <slx>-ﬁ<szy>-ﬁ’(1 - %) (1 - %)

1 1
XFly-a B B, 1+p+B —a; ——, ——
1-x"1-y

B-p-1
- (slxrﬁ(szy)-ﬁ’(l - %)y

1 _
XF(1+8+8 -y, 1-a, B, 1+B+8 —a; XX
I1-x" y(I-x)

B~
. (slxrﬁ‘(szy)-ﬁ’(l - ;)y

- 1
XF1(1+,8+,8’—y,/3,1—a,1+,8+,B'—a; - —)
x(I-y) 1-y
, 17‘“’_ﬁ 1_ﬁ’
= (e1x) P(e2y) P (1——) (1——)
X y
1 _
XFly—-al-a B, 1+B+8 —a; —, *Y
x x(1-y)
A, NPy
= (&10) P(e2y) " (1 - —) (1 - —)
X y
- 1
XFl(y—a/,,B,l—a/,l—i-ﬂ—i-ﬁ'—a; Y x,—).
y(I=x)y

0.0)x=0 0,1 (0,00) .
i AT R
wa = (1) (e2)F

><F1(1+B+ﬂ’—y, l+a—y, B, 2+8 —y;x f)
y

= (slx)1+ﬁ'—)’(82(y — x))—ﬁ’(l _ x)’y—(l—l

xFl(l—/s, lta—vy, B, 248 —y; — % )
x—1 x—y
= (1) (e2(y - x) P (1 —xp P
x(1-y)
x-=y
= (10" 7 (e a2y — x)' PF (1 - xy !

XFl(l—ﬁ, l-a, B,2+8 —vy; x,

62



Connection formulas related with Appell’s hypergeometric function F

1_
xFl(l—ﬁ,1+a/—y,1—a/,2+ﬁ’—y;x( y),f)
y(l=x) y
= (1) P (e2y) P (1 -y P
’ ’ ’ X X(l—y)
XF|1l+B8+p -y, 1-a,B,2+B —v; )
x=1 y(1-x)

= (e10)"F Y (629) P (ea(y — X)) P A

1 -
><F1(1+ﬁ+ﬁ'—y,1+a—y,1—a/,2+,8’—y; u L)
xX=—y Xx=Yy

00)y=0  (10)  (e,0)
1 ’ 1 ’ 3 :
ws = (£19) P (e2x) P
F1(1 BB v B lta—y2+B-7; 2, y)
X

= (@) (e - y) P - yy !

XF](I_ﬁl,ﬁ,l"‘a’_%2+ﬁ_'}’§ Y ’L)
y—x y-1

= (&19)"P Y (e2(x — )P (1 -y F
y(1 - x) )
.y
y

- X

XF](I —ﬁl, Bl-a2+B-v;
= (e19)"P 7 (e2x ) T (ea(x — y) PP (1 - yyro]

1-
XF](I_ﬂl,l—a/,1+a—'y,2+ﬁ—~y;X y( 'x))

x x(1-y)
= (1Y) (e2x) P (1 — yyy PF -1

Ta(l-y) y-1
= (£19)"P 7 (£220) PV (e (x — y) FF !

xF1(1+ﬁ+ﬁ’—y,,8,1—a,2+ﬂ—y' yl-x y )

y y(l—X))‘

xF1(1+ﬁ+B'—y,1—a/,1+a/—y,2+,8—y; ,
y—x y—-x

1,1)x=1 1,00 1,0
o fEDEEL gl 00,

we = (e1(1 = ) " P(er(1 - y))#

1 —
xFl(y—a,y—,B—,B',,B’, l+y—a-8;1-x, 7 x)
-y

=(g1(1 - x))y—a—ﬁ(gz(x — y))‘ﬁ'xlﬂﬁ'—)f

x—1 x-1
x T x-—y

xFl(l—B,V—B—ﬁ’,ﬁ’, l+y—-a-p;

63



Connection formulas related with Appell’s hypergeometric function F

= (e1(1 = )" P(ey(x — y)) # x1F~

xFl(l—ﬁ, l-a,p,1+y-a-B;1-x

il

y(1—x)
y—x

= (&1(1 = )Y P (&1 = )P (ea(x — y))! PH P

xFl(l—ﬁ,y—ﬁ—ﬁ’, l-a, l+y-a-B;

= (@1 =) P(ea(1 - y) P x*7

XFI(?’_Q',I_CV,,B/, 1+7_a’_ﬁ’
X

= (@11 =) P(ea(1 = y)) ™ (ea(x -

XFI(Y_Q',V_IB_,B/, 1_0’,1+')’_a'_,8§

(Lhy=l  el) 01,
1 ’ 1 ’ f}s :

wy = (e1(1 = y)) P (ea(1 = x))P
XF%V—QJiy—ﬁ—ﬁﬁl+y—a—ﬁ%
= (@11 =) (ealy - x)) Py
Xﬂ@—ﬁﬂﬂy—ﬁ—ﬂJ+7—a—ﬁ;
= (@11 =) (ealy — x)) Py P

xFl(l—/i”,ﬁ, l-a,l+y—a-p";

y(1 —x) l—x)
x(1-y) 1-y

x—=1 y(l-x)

’ﬂl—w)
AD) s

yl-x) x-1
y-x x-y]|

-y
]_
Ly y)

b

y—-1 y-1

Yy

x(1-y)
x—-y 4

= (e1(1 = )P (e2(1 = )P ea(y — x)) FPF yfF~

xFl(l—ﬁ',l—a,y—ﬂ—ﬂ',1+y—a—,8';

= (e1(1 = )P (e2(1 = x)) Pyr™

xFl(y—a,B, l-a,l+y—-a-p;

-y x(1-y)
1-x" y(1-x)

xm—y)y—l)
yd-x) 'y

= (e1(1 = )P (e2(1 = ) Plea(y — x))*7

y—1 x(1-y)

XFl(y—a,l—a,y—,B—ﬁ',1+y—a/—,8’;— —)

64

y—x x-y



Connection formulas related with Appell’s hypergeometric function F

(00,00) x=00 (0,0) f(oo 1) . .

* > Jr

1
Wg=(sx)_aF1(a, l+a-vy, B, 1+a-p8; —,
X

-a-1 B
:(gx)_“(l—%)y (1—%)

XF](I_B,1+Q_7’ﬁ/’1+a_’B;lix’yix)
:(gx)_a(l—l)_
X
Y ! 1=y
xFl(a,y—B—ﬁ,ﬁ’lJf“_B;1_x’1—x)
=(gx)_a(l—z)_
X
-1y
xFl(a,l+a—7,7—ﬁ B 1+a-pB; y—x y—x)
y-a-B -+
_ (gx)_a(l _ l) (] — X)
X X
XF]( ,B'Yﬁﬂﬁl+a’8

-a-1 1-B-p’
:(sx)_“(l—é)y (1_2)

X

=<

|

><I»—
'\<

><>—A
N —

l—y y
—x X

XFI(I—,B1+Q v.y-B-p,1+a-8;

(.00)y=0  (00) (L) ,

* > Jr 5

1
W9=(sy)“’F](a,ﬁ, l+a—y, l+a-p;2, _)
Yy

-8B —a-1
o)l
Y Y

1
Fl(l—ﬂ’,ﬂ,l+a/—y,l+a—/3’; s —)

x—y 1=y
=(8y)“’(1—1)_a
y

-x 1
Fl(aﬁyﬁﬁl+a,8 )
yl
~Gure(1-2)
y

65



Connection formulas related with Appell’s hypergeometric function F

’ , X x-1

x—-y x—y
1 y-a-p’ -
=(8y)‘“(1 ——) (1—5)
y y

’ ’ , X—l 1
Fl(l—ﬁ,ﬁ,y—ﬁ—ﬁ, l+a-p; x_y,;)

—-a—1 1-B-8
i3
y y

1 -
Fl(l_/gf,y_lg_lg',1+a—y,1+a_13/;f, x)'
y 1=y

(0,0) x=y (1,1) x=y
I 2

wio = (1P P (ex(1 = y)) " Nes(y — ) PF

JCS(oo,oo) x=y :

B

4 ’ ’ - X - X
XFl(l_ﬁ’y_ﬂ_ﬁ,1+a_y,2—ﬁ—ﬁ;yy ’y )

= (1P (ea(1 = )" ey — x)'PF

X—y X—Y
x-1 x

XF1(1 -B l+a-y,y-B-B,2-p-B"; —=
= (10 &) P (a1 = y)P 0N es(y — x)) B

X =Yy X—-Yy
x x(1-y)

= (£10)"F Y (e1yP N e2(1 — )Y Nes(y — x) FF

y—x y—x
y(l-x) 'y )
= (1P (a1 = 1) o1 = )P F (es(y - x)!FF

y—x y—x)

><F1(1—,8’, l-a, l+a-y,2-B-p;

XFl(l—,B, l+a-y, 1-a,2-B-5;

XFI(I_ﬁ”y_ﬁ_ﬁ,’ B T EE

= (61X Y (e2(1 = X)) P(52(1 = y)P Ues(y — x) FF
X=y x-—Yy )
l-yx(l-y) )

XFl(l_;B’ l-a,y-B-p,2--5;

(0,0)x=0 .
2 .

EN' TG L+a—y, 1+ =y, y—1;=x/y, -y)
= (e (y ) (1 = xp !

XGaly—B-B 1+a—y, 148 -y, y—1; ——
y—

66



Connection formulas related with Appell’s hypergeometric function F

=)' 7A-yy P -0

X -1 L)
Ty(l-x) 1y

=(e(y = )" 7V(1 = x) P = yyF-]

ng(ﬁ,l—a, 1+8 -y, y-1

1— _
XGz(y—B—ﬁ',l—a/,1+,8'—'y,y—1;x( y),y x)‘
y—x l-y

° fz(O,O)yZO .
(ex)'7G(l+a-y, By-1L 1+B-vy;—x, —y/x)

= (e (x =)' (1 = yy !

y-—x y)

><Gz(1+a—%7—ﬁ—,3’,7—1, I+B-v; =y x—y

= (@0 (1 =X P - )

x  ylx-=1)
1-x’ x(l—y))

= (e(x—y)' (1= x) N1 = yy o F

sz(l—a,,B’,y—l,l+ﬁ—y;

, x—y y-x
sz(l—a/,y—,B—,B,y—l,1+ﬁ—'y;l_x, —y )

° f2(0,0)x:y .
(sx)1_7(1 —)c)”_"_1 Gz(l +a-v,B,y-1,1-8-5"; 1 X , Y —x)
-x X
=@yfﬁﬂ—yﬁ“*G4ﬂ1+a—%1—ﬁ—ﬁ:y—L;fil,Tl—)
y -y

= (ex)' (1 = x P - y)F Gz(l By - L 1—B—f —x, —— )
x(y—1)

=<sy>1-7<1—x>-ﬂ<1—y>7-“-ﬁ’Gz(ﬁ, l—a, 1=p-py-1; —2 —y)|.
(1 -x)

(L) x=1 |,
2 :

, 1—
O Gz(ﬁ,y—ﬁ—ﬁ’, y-—a-B a+B+p -v; y—_f y—l)

= (e(x - y))y—a—ﬁ—ﬁ'xﬁﬂ?’—y

XGllta-y,y-B-B.y-a-p a+p+p -v; ,

x—1 y—x
y—x X

67



Connection formulas related with Appell’s hypergeometric function F

=(s(1- y))y—a—ﬁ—ﬁ’x—ﬂywﬂ—y

1-x) 1-
XG2(,3,1‘%7‘“‘&“"',3"',3/_7;)]( X)’_y)
x(y=1) vy
= (e(x - y))y—a—ﬁ—ﬁ'x1+ﬁ'—7ya+ﬁ~y
-1 -
XG2(1+af—y,l—a/,y—a/—ﬁ,a/+,8+,8’—y;M,u).
y—x y

(LDy=1,
) :

(e (1 =)y P
1 -
XGZ(’y_ﬁ_ﬂ,’ ﬁ,’ a+ﬁ+ﬁ/_7’ y_a_ﬁl; X = 1’ x_y)
= (& (y = X)) FF P

’ ’ ;X -1
XGz(V—ﬁ—ﬂ,l+a—%a+ﬂ+ﬁ -, y—-a-p; y,y

=(e(1- x))v—a—ﬁ—ﬁ'xatB'—Yy—ﬁ'

XGz(l—a,ﬁ',a'+ﬂ+ﬁ/—y,y_a,_ﬁ’; 1-x X(l—y))

x Ty(x-1)
=(s(y- x))v—(t—ﬁ—ﬁ’ xa+ﬁ’~yy1+ﬁ—7

- -1
sz(l—a,1+af—y,a/+ﬂ+/i”—y,)/—a—/3’;y x,m).
X xX—y
(LD x=y |
) :
(e (1 = x))Y " BB xBHH~y
’ ’ ’ ’ l-x X—=Yy
><G2(7—,3—,3,,3,6v+,3+,3 -y 1-B-8" P l—x)
= (e (1= )y o Fey
’ ’ ’ y—X l_y
xcz(ﬁ,y—ﬁ—ﬁ,l—ﬁ—ﬁ,a+ﬁ+ﬁ —y;m,T)

= (e(1 = x)Y O PB 1B ryF

><G2(1—0/,,8’,a/+ﬂ+ﬁ’—y, 1-B-B8";x-1, Al )
y(1-x)

=(e(1- y))y—(t—ﬁ—ﬁ’x—ﬁyHﬁ—y

sz(ﬂ, l-a, 1-B-B,a+B+B —v; x(yl_—xy)’y_l)'

68




Connection formulas related with Appell’s hypergeometric function F

fln==

(Slx)_ﬁ(szy)ﬁ_a GZ(ﬂ7 l+a- Y, @ _B’ ﬂ +ﬁ’ -, _ga _l )

y
~a-1 e
= (1) P(e2y) ™ (1 - i)y (1 - X)

X
><G2(1+a/—y, —a, B+B —a, a-pB; -y Yy )
)’(1 x) x—y
1 -B lﬁ—a
= (e1x) P(eryP (1 - _) (1 _ _)
X y
1 1
XGz(ﬂV B-B,a-B B+B —a; —);yT])
y-a-p p-a a—B-p’
=(slx>-ﬁ<szy>ﬁ-a(1_l) (1_1) (1_ z)
X y X
x=y x(y-1)

(00,00) y=00

ML)

@ xf () Gz(l ta-y, B B+ —aa-p—— ——

, g\ B e
=G e (1-2) (1=
X y

><G2(1—0/, l+a-vy,a-p,B+p —a; L, Y~ % )

y—x x(1-y)
, , 1\ 1\*
~ P e ® (1= (1-5]
x y
1 l—x
><Gz(7 B-B.B.B+B -, a-p; 1)
Bl y-af’ a—p-p'
ot < E
X X
ng(y—ﬂ—ﬁ’,l o, B+p —a,a-p; x_l).
y(x—l) y—x

° fz(oo ,00) x_y

oep _ﬁ,
(81X)B/_“(8zy)_ﬁl(l - l)7 (1 - l)
x y

1 v—
sz(y—ﬁ—ﬂ',ﬂ’,ﬁ+ﬁ’—a,1—ﬁ—ﬁ';—; y_x)

69



Connection formulas related with Appell’s hypergeometric function F

1 -B 1 y—a-p’
= (e10) P (e2y) (1 - —) (1 - —)
X y

XGZ(B’ )’—,3—,3’, 1 _ﬁ_ﬁ,’ﬁ+ﬁ’_a; r -

—-a-1
=@mﬁﬂ@wrﬂ@—§y

1 —
><G2(1+cx—y,ﬁ’,,8+,8’—a,l—ﬂ—ﬂ';—,x y)
x=1 'y

ly—(t—l
= (e10) P (e2y)P (1 —;)
x Gz(ﬁ,1+af—y, 1—B-B,B+8 —a; 22, L)
x y-—1

©.1)
)

’

x 1-y
1-x vy

(1 _x)_ﬂy_ﬁ, GZ(ﬁ’ B/’ 1 +B/ =YY _a'_ﬁ/;

=(1-x Py -x)* Gz(y—ﬂ—ﬁ’, B 1+p -y, y—a-p; —x,

— — ’ ’ X
= yl*h V(y—x)ﬁGz(,B, l+a-y, 1+ _7,7’_0_[3;)}Tx’y—l)

= B =Xy (y = x)PF

4 ’ , x 1-

(10) .
)

l-x y )

xﬁu—yrﬂG4@ﬁc7—a—@1+ﬁ—y;f;nTj;

: ~1
(1-yy=o? (x—y)‘ﬁGz(ﬂ, Yy=B-B.yv-a-B 1+B-7v; ;C_x, —y)

x“ﬂ,_"(x—y)_ﬁ’Gz(l+a/—y,,8',y—af—,B, 1+B—vy;x—1, xyTy)

= (1 =y (k- ) P

, 1-x
x Gz(1+a—%7—ﬁ—l3,7—a—ﬁ,1+/3—7; _y—1’_§)'

70



Connection formulas related with Appell’s hypergeometric function F

. fz((),oo):
ENP GB B 1+ -y a—p s —x, =y ")
, , x\#
=W (- xf -“(1 - ;)
1—
sz(y—ﬂ—,B',/s’,1+ﬂ’—y,a—ﬁ'; . x)
-x x-y
Y81 -
oy
y y
sz(/B’, l-a,1+8 -y, a-p; M, L)
x=y y-1
y-p-1 1-p-p’
=(ey) P - x)ﬁ,_"(l - l) (l - f)
y y
X Gz(y—ﬁ—ﬂ', l-a,1+8 -y, a-p; x(l—y)’ l—x)'
yx-1) y-1
(0,0) ,
A :
(8x)_'8 Gz(ﬁa ﬁ,9 (I—ﬁ, 1 +ﬁ_7; _x_la _y)
-B
= (ex)P(1 - y)ﬁ-“(l - f)
1—
xcz(ﬁ,y—ﬂ—ﬁ’,a—ﬂ,uﬂ—y; y,i)
y—-x 1-y
v-B-1 £’
T
X X
1 y(x-1)
XGZ(I—Q,/B’,Q—[}, 1+B8-y;, —, —)
x—-1 y—x
-1 1
=(sx)_'8(1—y)ﬁ_“(1—l) (I—X)
X X
X Gz(l—a,y—ﬁ—ﬁ’,a—ﬂ, 1+B8-v; 1_—y, y(l—x))'
x—=1 x(y-1)
° fz(l,oo):

_/g'
(sy)‘ﬁ’(l - %) Gz(ﬁ, B.y-a-Ba-fix-1(y- 1)‘1)
_ﬁ’
= (s yrﬁ'xﬁ’—“(l - f)
y

71



Connection formulas related with Appell’s hypergeometric function F

1_
xG2(1+cx—y,,8’,y—af—,8,a—ﬁ'; x, a )

X y—x
Y

y
1- 1
sz(ﬁ,l—a,y—a—ﬁ,a—,ﬁ';y( x)’__)
xX—=y y
o 1! ad
e g
y y
1—
sz(l+a—y,1—a,y—a—,8,oz—/3';y( x),—f).
x(y-1 vy

fz(oo,]):
1 -B
(ex)_ﬁ(l—;) Gz(ﬁ,ﬁ',a/—ﬁ,y—a/—ﬂ';(x—])_l,y—l)

B
= (sx)_ﬁyﬁ_“(l - X)
x

1—
XGZ(,B,1+a—y,a—ﬁ,y—a—ﬁ';i,—y)
x=y
17—0—5 B’
=(sx)_'8(1——) (I—X)
x x
1 1-
XGz(l—a/,ﬁ',a/—ﬂ,y—cx—ﬁ';——,u)
X y—x
17—01—1 1-B-p’
:(sx)_ﬁyﬁ_a(l——) (I—X)
X X
1—
x G» 1—a,1+a/—y,a/—ﬁ,y—a—ﬂ';—z, x(1 - ) )
x y(x-1)

References

[AoKi] K. Aomoto and M. Kita (transleted by K. Iohara): Theory of Hypergeometric Functions,
Springer 2011.

[Apl] P. Appell : Sur les séries hypergéométriques de deux variables et sur des équations dif-
férentielles linéaires simultanees aux dérivées partielles, C. R. Acad. Soi. Paris, 90 (1880),
296 -298.

[Ap2] P. Appell : Sur les fonctions hypergéométriques de deux variables, J. Math. Pures Appl., 8
(1882), 173 -216.

72



Connection formulas related with Appell’s hypergeometric function F

[AKdF] P. Appell and J. Kempé de Fériet : Fonctions Hypergéométriques et Hypersphériques;
Polynomes d’Hermite, Gauthier-Villars, Paris, 1926.

[Ch] K. Cho : A generalization of Kita and Noumi’s vanishing theorems of cohomology groups of
local system, Nagoya Math J., 147 (1997), 63 —69.

[Er] A. Erdélyi : Hypergeometric functions of two variables, Acta Math., 83 (1950), 131 -164.

[Ho] J. Horn : Hypergeometriche Funktionen zweier Verdnder lichen, Math. Ann., 105 (1931),
381-407.

[KN] M. Kita and M. Noumi : On the structure of cohomology groups attached to the integral of
certain many-valued analytic functions, Japan J. Math., 9 (1983), 113 -157.

[KY] M. Kita and M. Yoshida : Intersection theory for twisted cycles, Math. Nachr., 166 (1994),
287 -304.

[Mim] K. Mimachi : Intersection numbers for twisted cycles and the connection problem associ-
ated with the generalized hypergeometric function 1 F},, International Mathematics Research
Notices, 2011 (2011), 1757-1781.

[MN] K. Mimachi and M. Noumi : Solutions in terms of integrals of multivalued functions for the
classical hypergeometric equations and the hypergeometric system on the configuration space,
Kyushu J. Math., 70 (2016), 315 —342.

[MS] K. Mimachi and T. Sasaki : Monodromy representations associated with Appell’s hyper-
geometric function F; using integrals of a multivalued function, Kyushu J. Math., 66 (2012),
89-114.

[MY1] K. Mimachi and M. Yoshida : Intersection numbers of twisted cycles and the correlation
functions of the conformal field theory, Commun. Math. Phys., 234 (2003), 339 —358.

[MY2] K. Mimachi and M. Yoshida : Intersection numbers of twisted cycles associated with the
Selberg integral and an application to the conformal field theory, Commun. Math. Phys., 250
(2004), 23 —45.

[O1] P.O. Olsson : Integration of the partial differential equations for the hypergeometric functions
F1 and Fp of two and more variables, J. Math. Phys., 5 (1964), 420 —430.

[Tak1] N. Takayama : Propagation of singuralities of solutions of the Euler-Darboux equation and
a global structure of the space of holonomic solutions I, Funk. Ekvac., 35 (1992), 343 —403.

[Tak2] N. Takayama : Propagation of singuralities of solutions of the Euler-Darboux equation and
a global structure of the space of holonomic solutions II, Funk. Ekvac., 36 (1993), 187 —234.

[Va] R. Le Vavasseur : Sur le systeme d’équations aux dérivées partielles simultanées auxquelles
satisfait la série hypergéométrique a deux variables Fi(a, 8, 8’,v; x,y), Ann. Fac. Sci. Univ.
Toulous, 7 (1893), 1 -205.

73



