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1. QED contributions

In QED the anomalous magnetic moment, and the slope of the Dirac form factor can be ex-
panded perturbatively in powers of (o /)

(g—2)/2=F(0) =% (/1) + Gr(at/7)* +E35(00 /) +Cala/m) + ..., (1.1)
m*F|(0) =</ (ot 7t) + a5 (00 0)? + a5 (o)) + ty(a/m)* + ... . (1.2)

The coefficients 4; and <7 are pure numbers and can be extracted from the Feynman diagrams of
the theory as linear combination of (a large number of) Feynman integrals. These combinations are
to be reduced to a linear combination of (irreducible) master integrals by solving of large systems
of IBP identities.

The contributions from one, two and three loops are known in analytical form since a long
time [1-5] [6-8]:
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In the above expression §(n) =Y i " .

1.1 Four-loop contributions

The four-loop coefficients %4 and <74 were obtained recently [9, 10]; the expressions are much
more cumbersome:
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In the above expressions a, = Zl 1 i b6 = H() 0,0,0,1,1 ( ) b = H()707()707()7171 (%),
d7 =Ho000.1,-1,-1(1), Cl,(6) =Im Li, (). H;, ;,....(x) are the harmonic polylogarithms [11].
The integrals f; are defined as follows:
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Cs,y are constants known only numerically, being related to a double elliptic kernel of weight six.
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We see that the expression contain a polylogarithmic part and an elliptic part. The polyloga-
rithmic part contains §(n), dn, by, d7 and Hy,, (e™); the elliptic part contains B3, C3 (highlighted in
red) and f,,(i, j,k); all these objects are defined as one-dimensional integrals of products of elliptic
integrals. In particular B3 and C; have the lowest weight (3) and therefore are the first choice for a

more detailed analysis, which will be discussed in the next section.

2. Four “‘elliptic”’ constants

We define the four constants As, B3, C3, D3 with the following integral representations [12]:

1 |
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(x) \/ﬁ21<1 ) (x) \/ﬁ21<1 (2.3)

B3 and C5 appeared for the first time in the expression of the scalar master integral of the 4-loop
on-shell massive sunrise diagram S4(D) in D dimensions [12]

5 45 4255 106147 73 2320981

D=42g) =2 2 _ _ 297B5 — 1477C3) — o220
Sa €)="3e1 "4 144z 1728e T 240 XV7B3 G) = So736 O
(2.4)
S4(D=2) =\/37B; . (2.5)

This integral is one of the master integrals needed to calculate the 4-loop contributions % and .<7.
The constant A3 appears also in intermediate results of four-loop calculations of Ref. [9, 10], and
cancels out in the final result.

2.1 Hypergeometric expressions

If we define the regularized hypergeometric 453

I (611 a a; a4;x> _ F(al)F(az)F(a3)F(a4)4F3 <611 a as 614;x> , 2.6)
by by b3 L(01)T(b2)(b3) by by b3
we can obtain hypergeometric expressions for these constants [9, 10, 13]:
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663 663
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Note that in the above expressions the sum and the difference of the same hypergeometric values

3 2
—A — . 2.1
+10 3+97r\/§ (2.10)

appear.

2.2 Bessel Moments

The constants Eqs. (2.1)-(2.2) are related to the Bessel moments [14, 15]
M(a,b,c) = / 4 ()KE () dx @.11)
0

Ip(x), Ko(x) are the modified Bessel functions. The following four moments can be written in terms
of the constants A3, B3,C3,Dj3:

V3 1
M(1,5,1):F7:B3:ES4(2), (2.12)
3
M(1,5,3) = %x(sm —7C3) , (2.13)
M(2,4,1) = %Ag , (2.14)
M(2,4,3) = m(—smg +315D3 —707V/3) . (2.15)

The following quadratic relation was conjectured [15] and proven [17, 18]:

=, (2.16)

Substituting Egs. (2.12)-(2.15) and Eqgs. (2.7)-(2.10) in Eq. (2.16) one obtains:

L (L2235 L [—L114 (L1111 (=L _15_4 240+/3
JF [ 233,01 ) 4F 23361 | —uFy | 233.,8:1 | 4B 2736750 = EL )
663 663 663 663 7

(2.17)
Note that in Ref. [16] Eq. (2.17) is written in terms of the plain 4F3 hypergeometric:

1225 _1141 111 15 4
2336. 2336. 2336. 2 36 3. —

T 4F; ZZé’l 4F3 _lﬁi’l + 10 4F3 §§Z’] 4F3 155 ;1] =40.
663 663 663 663

For more information on quadratic relations, see for example Refs. [18-20].

=

N—
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2.3 Plain elliptic case

Let us consider constants defined similarly to Egs. (2.1)-(2.2) with the plain elliptic integrals
instead of the “cubic” version, and a factor % for a better match to the definitions in the literature.

1 1
_ K(x)K(1- _ K?
Agz/dxM:4.335 593 665. .. , Bgz/dx ™) _ 6.997563 016... .
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_ d . (leyill o . f1l1111s
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Cr 1_ n 1 d —%+y %%ﬂ;% (2.24)
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— T e [ =z —= T
Dy=—Z B (222 2.0+ 2 225
TS 3( 111 >+6 (2.25)

I we compare Egs. (2.7)-(2.10) with Egs. (2.22)-(2.25), we can see Egs. (2.22)-(2.25) as a sin-
gular case where the two hypergeometric terms have the same indices; therefore the differences
in Egs. (2.8)-(2.9) correspond to derivatives w.r.t. the indices in Egs. (2.23)-(2.24), and the sums
become single terms. The corresponding Bessel moments

M(0,4,0) = 27A; , (2.26)
- or - 9 ,
M(0,4,2) = SAs— D3+ (2.27)
M(1,3,0)=Bs , (2.28)
1 - 9 _
M(1.,3,2) = ——B — 2.2
( 737 ) 32 3+32C37 ( 9)

=—x*. (2.30)
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3. Conjectured quadratic relation

Let’s try to extend the quadratic relation 2.17.
As reference we consider a quadratic relation among ; F; hypergeometric, the Elliott’s identity
[21]:

1 _1_ 1_121 1 1_ _1_121
+2F) 2+ A =3 v;r 2F | 2 A 2+v;l -r |+ 2 +A s V;r 2 F; ;— A 2—|—v;] -r
1+A+u 1+v+u 1+A+u 1+v+u

(%H%—v_) G"l%”q r) T(1+A+u)C(1+v+p)
—217 2161 - -

1+A+pu ! l+v+pu’ T TEHA+p+v)D(E+p)’
(3.1

for A = u = v =0 this identity reduces to the Legendre’s identity.

We assume that all the fractions appearing in the indices of Eq. (2.17) are actually % + k6 or
1 + k6 with small integer k and & = é,

In other words

1
|
>

N[ ===
_|_
[o%)

1
+
[\®]
(%)

)

WA AN NWIN W[~

—>—%+6 or —1-26,....
3.2)

By verifying all possible combinations we found numerically that Eq. (2.17) corresponds to the
case with 0 = 1/6 of the general relation

11 1 1 11 3 1
- §§+6§+6§+26‘ = [ —3 2—65—65—26‘
+4F3< lrstas1r2s 1) 51 5228 !

11_g§l_sl_ 1l _lislis_3
b <£1—661—661— §6;1>4F3< ; _%;16—5;26—252”6;1):
AT(1/2-28)T(1/2— 8)T(—(1/2) + 8)[(—(3/2) +28))
B [(1-8)I(-1+39)
o0—1 sin(7 8)?
48 —1)(26—3)(26 — 1) sin(4w 8)2

=
=
=

= 1287 (3.3)

This conjecture can be rigorously proved likely by using intersection theory [22-24] along the
same lines of similar identities for the simpler hypergeometric functions ,F; and 3 F5.
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