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If the X (3872) is a loosely bound charm-meson molecule, it can be produced by the creation of its
constituents D**DY or DYD*V at short distances followed by the formation of the bound state from
the charm-meson pair. It can also be produced by the creation of D*D* at short distances followed
by the rescattering of the charm-meson pair into X (3872)7 or X (3872)x through a triangle loop.
The reaction rate for such a process has a triangle singularity, because the three charm mesons
that form the triangle loop can all be on shell simultaneously. Triangle singularities produce
narrow peaks in the production of X (3872) accompanied by a photon in e e~ annihilation, in the
production of X (3872) accompanied by a pion in B meson decays, and in the prompt production
of X(3872) accompanied by a pion at hadron colliders. The observation of those narrow peaks

would prove definitively that X (3872) is a loosely bound charm-meson molecule.
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Triangle singularities in the production of X(3872) Li-Ping He

1. Introduction

Since early in this century, dozens of exotic hadrons that contain heavy quarks have been
discovered. Understanding these exotic heavy hadrons and predicting others that remain to be
discovered are major challenges in particle physics. The first exotic hadron to be discovered was
the X(3872) (also known as x.1(3872)). It was discovered in 2003 by the Belle experiment in
exclusive decays of B mesons into K*X through the decay of X into J/w a7~ followed by the
decay of J/w — u*tu~ [1]. The existence of X was quickly verified through inclusive production
in pp collisions by the CDF experiment at the Tevatron [2]. In 2013, the J©¢ quantum numbers of
X were determined definitively by the LHCb collaboration to be 17+ [3]. The possibilities for the
particle structure of X that are compatible with this information include

e the x.1(2P) charmonium state, whose quark constituents are cc,

e a compact isospin-1 tetraquark meson, whose diquark constituents are (cu)(cit) — (cd)(cd),

e an isospin-0 charm-meson molecule, whose hadron constituents are (D*°D° + D°D*0) +
(D**D~ + DTD*™), which correspond to quark constituents (cit)(cu) + (cd)(éd).

The LHCD collaboration has recently made the most precise measurements of the mass of X to
date, and they made the first measurements of its width [4, 5]. With the line shape of the X in the
J/wrTw~ decay channel modeled by that of a Breit-Wigner resonance, their results for the energy
relative to the D*°DV threshold and for the width are

Egw = (—0.074+0.12) MeV, (1.1a)
Tew = (1.19+0.19) MeV. (1.1b)

The quantum numbers 17+ of X imply that it has an S-wave coupling to D*°D° and D°D*.
The charm mesons interact with each other through short-range interactions with a range of order
1/m, where m is the pion mass. The small mass difference between the X and D*°D° thresh-
old implies that X has resonant couplings to D**D? and D*°D° that transforms X into a loosely
bound molecule of neutral charm mesons. General principles of quantum mechanics guarantee
that X must have universal properties determined by its binding energy [6, 7]. They guarantee
that the dominant component of X must be a charm-meson molecule with the particle structure:
X = (D"‘Ol_)0 +DOD*0) / \/2. However, there are alternative models to the X and no consensus has
been reached on its nature [8]. Further studies of its production and its decays are essential to solve
this problem.

One way in which the nature of a hadron can be revealed by its production is through triangle
singularities. They are kinematic singularities that arise if three virtual particles that form a triangle
in a Feynman diagram can all be on their mass shells simultaneously [9, 10]. Studies and appli-
cations of triangle singularities can be found in Ref. [11] and references therein. If X is a loosely
bound charm-meson molecule, any high-energy process that can create an D*D* pair at short dis-
tances can produce Xy or X with a narrow peak near the D*D* threshold due to a charm-meson
triangle singularity. In the following sections, we will discuss the effects of triangle singularities
on the production of Xy [12, 13] and D**D°y [14] in eTe~ annihilation, on the production of X7 in
decays of B mesons into K + X7 [15], and on the prompt production of X and a soft pion at hadron
colliders [16].
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2. X(3872) as a weakly bound S-wave molecule and XEFT

The extremely small energy Ex of X relative to the D**D° threshold in Eq. (1.1a) has dramatic
implications for the structure of X. If Ey < 0, X is a bound state whose spatial structure is described
by a universal wavefunction exp(—r/a)/r, where a = 1/+/2t|Ex| is the S-wave scattering length
of DDV in the C = + channel and u is the reduced mass of D*°D°. The mean separation of the
constituents is (r) = a/2. If the energy Ey is identified with the Breit-Wigner energy in Eq. (1.1a),
the lower bound on the energy at the 90% confidence level is Ex > —0.22 MeV. Thus the mean
separation is larger than 4.8 fm. The low-energy scattering of the constituents also has universal
aspects determined by a through a simple function of the complex energy E relative to the scattering
threshold: f(E) =1/[—1/a+/—2u(E +i€)].

The universality of S-wave near-threshold resonances provides a basis for a systematically im-
provable treatment of the X resonance using effective field theory. An appropriate effective field
theory was invented by Fleming et al. and named XEFT [17]. It provides a systematically improv-
able description of the sector of QCD consisting of D*D, DD*, DD, or X with total energy near
the D*D threshold. It can also be applied to the sector consisting of D*D*, D*Dx, DD* %, DDxT,
or X7 near the D*D* threshold [18]. A Galilean-invariant formulation of XEFT that exploits the
approximate conservation of mass in the transitions D* <+ D7 was introduced in Ref. [19] and
further developed in Ref. [20].

3. Charm meson triangle singularity

If X is a weakly bound charm-meson
molecule, it can be produced by the cre-
ation of D*°D*0, DOp*= or D**D*0 at
short distances followed by the rescatter-
ing of the charm-meson pair into X and a
photon or pion through a triangle loop at

longer distances. Fig. 1 shows the Feyn-

man diagram for the production of X and Figure 1: Feynman diagram for D*°D*0 created at a
point to rescatter into X7°. The X is represented by a
triple (solid+dashed+solid) line. The D and D are repre-
sented by solid lines. The D* and D* are represented by

double (solid+dashed) lines. The 7 is represented by a
be on-shell simultaneously. The two charm dashed line.

a n¥ from rescattering of D*°D*°. There is
a triangle singularity in the production rate
if the three charm mesons in the loop can

mesons attached to the X can be on shell in

the limit of zero X binding energy |Ex| and zero D* decay width I'.. The third charm meson in
the triangle can be made on shell by adjusting the energy of the final-state photon or pion. The
amplitude includes a logarithmic term of the form

V2UEx +iul, + /M. (W +iL.) — (M. /Mx)q’

where W is the center-of-mass (CM) energy relative to the threshold of D*D*, M, and My are the
masses of D* and X, and ¢ is the relative momentum of X and the outgoing photon or pion. The

3.1
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triangle singularity arises from the logarithm in Eq. (3.1). The denominator of the argument of
the logarithm vanishes at a complex energy that approaches the real axis in the limits I, — 0 and
Ex — 0. In these limits, the denominator is zero at the energy for which /MW = (M. /Mx)q(W),
where ¢(W) is a function of W. We denote & as the mass difference between D* and D7 and
Ooy as the mass difference between D*? and D°y. The energy W, at which the triangle singularity
occurs can be obtained by solving the equation /MW = (M. /Mx)q(W):

= (m/2M)&yz+ = 0.2 MeV, for X* production,
Wa { = (m/2M)8y0 = 0.3 MeV,  for X7t production, (3.2)
~ (M, /M;Z()Sozy =2.7MeV, for Xy production,

where M is the mass of D°. The triangle singularity produces a double-log divergence at Wy in the
reaction rate. Taking the physical decay width of D* and a nonzero binding energy of the X into
account, the triangle singularity produces a narrow peak in the reaction rate at an energy close to
Wa.

4. Production of X + ¥ in e"e~ annihilation

The quantum numbers 117 of
the X imply that Xy can be pro-
duced by e"e™ annihilation into a
virtual photon. The virtual pho-
ton can create D*°D*? at short dis-

tances in a P-wave channel, and
the charm-meson pair can subse- Figure 2: Feynman diagrams for eTe™ — yX from rescattering
of D*0D*0,

quently rescatter into X7y. The
production of Xy in e*e” anni-
hilation near the D*°D*C threshold was first discussed by Dubynskiy and Voloshin [21].
They calculated the absorptive contribution to the cross section from e e~ annihilation into on-
shell charm mesons D*°D*? followed by their rescattering into X7y. They predicted that the cross
section has a narrow peak only a few MeV above the D**D** threshold. In retrospect, their narrow
peak comes from a triangle singularity. In Refs. [12, 13], we calculated the cross section for

*e~ — Xy in the energy region near the D**D* threshold, including the dispersive contribution

e
as well as the absorptive contribution. The corresponding Feynman diagrams are shown in Fig. 2.
We also predicted the normalization of the cross section for ee™ — Xy using a fit to the cross
section for e"e™ — D**D*~ by Uglov et al. [22]. The cross section has a narrow peak at an energy
2.2 MeV above the D**D*? threshold as shown by the solid lines in Fig. 3. The peak is caused by a
charm-meson triangle singularity. The comparison between the full cross section and the absorptive
contribution is shown in Fig. 3. The absorptive contribution is not a good approximation near the
triangle singularity region. The position of the peak in the full cross section is much less sensitive
to the binding energy, and the height of the peak is significantly larger. If the X is observed in
the decay mode J/wt ™~ the cross section must be multiplied by the branching fraction Br for
the bound state to decay into J/y " m~. The loose lower bound Br > 4% and the upper bound

Br < 33% on that branching fraction were derived in Ref. [23].
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Shortly before our work, Guo pointed 0.6

out that any high-energy process that can cre-
ate D*°D*0 at short distances in an S-wave
channel will produce X7y with a narrow peak
near the D*°D*° threshold due to a charm-
meson triangle singularity [24]. The cross
sections for ete™ — %X and pp — yX
have been estimated by Sakai, Jing and Guo
[25].

The production of Xy in e"e™ annihi-
lation has been studied by the BESIII col- W [MeV]
laboration [26, 27]. However, the cross sec-

o{Xy] [pb]

+

Figure 3: Cross section with full amplitude (solid
lines) and with absorptive part only (dashed lines) for
ete™ — X(3872) y as functions of the CM energy W
the charm-meson triangle singularity is pre-  rejative to the D**D* threshold. The three curves in
dicted to appear. The cross section near the  order of decreasing cross sections are for binding en-
peak is large enough that it may be observed ergies |Ex| = 0.30 MeV (red), 0.17 MeV (black), and

in the future by the BESIII experiment. 0.10 MeV (blue).

tion was not measured at energies near 4.016
GeV, which is where the narrow peak from

5. Production of D*°D’yin et e~
annihilation

Since D*°D° are constituents of X,
the annihilation of eTe™ can also produce
D*°D° +v. In Ref. [14], we have studied the
effects of the charm-meson triangle singular-

ity on the cross section for e*e™ annihilation
into D**D° 4 y just above the D**D** thresh-
old. The matrix element for this reaction is Figure 4: Tree diagram for e*e™ — D*°D0 + 7.
the sum of the tree diagram in Fig. 4 and a

pair of loop diagrams with a charm-meson triangle. The loop diagrams can be obtained from Fig. 2
by replacing the X by D*DP. The differential cross section do /dudt is a function of the squared
invariant masses u of D**D® and ¢ of D’y as well as the squared CM energy s.

There is triangle singularity from the region where the three charm mesons that form the loop
are all on their mass shells. The range of s for the triangle singularity is 4M? < s < s, where
sp = 4M? + (M, /M) (M, — M)? is the squared invariant mass when u = (M, +M)?. The triangle
singularity solution for « is a function of s:

un(s) = (M. +M)>? + [(M* —M)Vs5— (M, +M),/s—4Mgr/(4Mf). 5.1)

In the limit of zero D** width, the triangle singularity leads to a double-logarithmic divergence,
which produces a narrow band in the squared invariant mass u of D*°DV in the Dalitz plot. An inter-
esting aspect of this reaction is a cancellation pointed out by Schmid [28]. In the differential cross
section integrated over ¢, the double-logarithmic divergence is canceled by the interference between
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the tree diagram and the loop diagrams. We
verified that the cancellation leaves a single-
logarithmic divergence as shown previously
by Anisovitch and Anisovitch [29].

At the physical value of the D** width,
the narrow band in the Dalitz plot reduces to
a shoulder. Thus the triangle singularity can-
not be observed directly as a peak in a dif-
ferential cross section as a function of u. It
may however be observed indirectly as a lo-
cal minimum in the ¢ distribution for events
with u below the triangle singularity, as il-
lustrated in Fig. 5. The minimum is pro-
duced by the Schmid cancellation between
the triangle loop diagrams and the tree di-
agram. The observation of this minimum
would support the identification of X as a
loosely bound charm meson molecule.

0.05F
0.04F
L
Q
Q 0.03+
Qo
=
3
S 0.02F
o
0.01F
’_‘__M_;f_—_':;:':;:.::\
=" TR
0.00 : : =S
4.015 4.020 4.025
t[GeV?]

Figure 5: Differential cross section do /dr for produc-
ing D*°DY 4 v integrated over u < ua(s) as a func-
tion of ¢ at /s = 4014.7 MeV. The binding energy
and width of X are |Ex| = 0.05 MeV, I'y = I'yg (solid
red curve), |[Ex| = 0.10 MeV, I'y = I'y (dashed blue
curve), and |[Ex| = 0.05 MeV, I'y = 2T, (dot-dashed
purple curve).

6. Production of X + & from B meson decay

Another process that can produce D* D*
at short distances is B meson decay. In Ref.
[15], we studied the production of X + 7
in exclusive decays B — KXm. This reac-
tion can proceed through the decay of B at
short distances into K plus a D*D* pair with
small relative momentum followed by the
rescattering of D*D* into X7. We used a
precise isospin analysis of the decays B —
KD DH) by Poireau and Zito [30] to obtain
approximations for the short-distance ampli-
tudes for these decays. We used XEFT to
calculate the amplitude for the rescattering
of D*D* into X 7r. The distributions of the ki-
netic energy Ex, of X and 7 in the X© CM
frame are illustrated in Fig. 6. There is a
narrow peak near the D*D* threshold from
a charm-meson triangle singularity. For the
decays B — KX7°, the peak in Ey; is pre-
dicted to be near 7.3 MeV. For the decays
B — KX 7™, the peak is predicted to be near
6.1 MeV.

dBr/dEx

¥

0 5 10 15 20
Exr [MeV]

Figure 6: Differential branching fractions dBr/dEx
for the decays B — KX7t” and B— KX 7™ as functions
of the kinetic energy Ex . The binding energy of the X
is 0.17 MeV. The region of validity of XEFT extends
out to about the vertical dotted line at Ex; = 10 MeV.
The normalizations of the curves are arbitrary. The
relative normalizations of the X 7° and X 7 curves are
chosen so their extrapolations to large Ex  are equal.
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Our estimates of the branching fractions
for decays of B into K plus X7 in the peak
from the charm-meson triangle singularity
suggest that it may be possible to observe
the narrow peak from the charm-meson tri-
angle singularity. The observation of a peak
in the X 7 invariant mass distribution near the
D*D* threshold would provide strong sup-
port for the identification of X as a loosely
bound charm-meson molecule and present a
serious challenge to other models.

Other subsequent works related to the
triangle singularity in B meson decays are
Refs. [31, 32, 33].

7. Production
of X + & at hadron colliders

The prompt production of X + 7+ can
be studied at a hadron collider. The charged

Xr* _

doldExy /o[X]

4 5 6 7 8 9 10
Exr [MeV]

Figure 7: Differential cross sections d6 /dExz/0[X]
as functions of the kinetic energy Ex for X7° and for
X7* summed over +. In order of decreasing height,
the curves are for binding energies |Ex| =0, 0.17, and
0.34 MeV. The scale on the vertical axis is arbitrary,
but the relative normalizations of the curves are deter-
mined.

pion provides a clean signature for this new production mechanism. A large number of D*D*

pairs are produced promptly at the primary vertex. In Ref. [16], we studied the inclusive prompt

production of X + 7 through the triangle loops shown in Fig. 1. The differential cross section for

the production of X" from rescattering of D**D* is illustrated in Figure 7. There is a narrow

peak from a charm-meson triangle singularity at a kinetic energy Ex, about 6.1 MeV above the

X7 threshold.

The DO collaboration has reported stud-
ies of the production of X in both prompt
production and b-hadron decay in pp colli-
sions at the Tevatron [34]. They measured
the production rate as functions of the kinetic
energy T(X7) of Xn™ in their CM frame.
For the prompt production of X7, they ob-
served 18+ 16 X7 events with 7'(X ) below
11.8 MeV. The expected number from com-
bining X with a random pion in the event was
6. They concluded that there is no evidence
for an enhancement in the prompt production
of X accompanied by a soft 7% as expected
from the triangle singularity. For the pro-
duction of X7t from b-hadron decay, they
observed 27 4+ 12 events with 7(X7) below

> 25_ T T T T
[} DO Run I, 10.4 fi5! a
E 20F (a)

Z {50

10F

5F —t—

S 2 4 6 8
T(Xm) MeV

—_
o

Figure 8: Data from the DO collaboration on X7
production from b-hadron decay in pp collisions at the
Tevatron as a function of the kinetic energy T (X )
[34].

11.8 MeV. The expected number from combining X with a random pion in the event is 2. They
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concluded that there is no “significant" evidence for the production of X accompanied by a soft 7+
as expected from the triangle singularity. They did however observe a small excess in the small
T (X ) region with a significance of 20, as shown in Fig. 8. The excess is largest in the bin of
T (X ) between 4 and 6 MeV. It is tempting to regard this excess as the first hint of the peak from
the triangle singularity.

8. Summary and outlook

In summary, the charm meson triangle singularity produces narrow peaks in the production of
X +v/x just above D*D* threshold. The peak is near 2.2 MeV above D**D** threshold for X, 6.1
MeV above X+ threshold for X%, and 7.3 MeV above X 7t° threshold for X 7°.

There are several high energy physics experiments that could observe the peaks in the produc-
tion of Xy or X7 coming from triangle singularities. The narrow peak in the production of Xy from
a triangle singularity in e™ e~ annihilation could be observed by the BESIII detector. They may also
be able to observe the interference effect from the Schmid cancellation. The Belle collaboration
has studied the decay of B — K*X7~, and they did not observe any peak in the X7~ distribution
near the threshold [35]. The Belle II experiment will accumulate about 50 times the data of the
Belle experiment, so they may be able to observe the peak from the triangle singularity. In a study
of X7* production from inclusive h-hadron decay in pp collisions, the DO collaboration has ob-
served a small excess in the region of X7* kinetic energy near 5 MeV with a significance of 2.
This excess may be a first hint of the peak from a triangle singularity. Studies of X7+ production
in pp collisions at the Large Hadron Collider by the ATLAS, CMS, and LHCb experiments would
benefit from much larger data sets. The observation of narrow peaks in the production of Xy or X7
from triangle singularities would provide strong support for the identification of the X as a loosely
bound charm-meson molecule.
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