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Deep inelastic scattering (DIS) total cross section data at small-x as measured by the HERA
experiments is well described by Balitsky-Kovchegov (BK) evolution in the leading order dipole
picture. Recently the full Next-to-Leading Order (NLO) dipole picture total cross sections have
become available for DIS, and aworking factorization scheme has been devisedwhich subtracts the
soft gluon divergence present at NLO.We report our recently publishedwork in whichwemake the
first comparisons of the NLO DIS total cross sections to HERA data. The non-perturbative initial
condition to BK evolution is fixed by fitting the HERA reduced cross section data. As the NLO
results for theDIS total cross section are currently available only in themassless quark limit, we also
fit a light-quark-only cross section constructed with a parametrization of published total and heavy
quark data. We find an excellent description of the HERA data. Since the full NLO BK equation
is computationally expensive, we use a number of beyond LO prescriptions for the evolution
that include most important higher order corrections enhanced by large transverse logarithms,
including the recent version of the equation formulated in terms of the target momentum fraction.
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1. Introduction

In the Color Glass Condensate (CGC) framework deep inelastic scattering (DIS) proceeds as
follows at leading order accuracy (LO). First, the incoming lepton can be factorized out and one is
left with a virtual photon scattering from the color field of the proton. The virtual photon fluctuates
into a quark-antiquark pair that then scatters eikonally from the color field. To get the total γ∗p
cross section one computes the forward scattering amplitude and applies the optical theorem. This
procedure results in the cross sections at LO for the photon polarization states:

σ
γ∗p
T,L = 2

∫
d2bd2rdz |ψγ∗→qq̄(r,Q2, z)|2 (1 − S(r, b, x)) . (1)

The scattering matrix S is given as a correlator of the Wilson lines picked up by the quark and
antiquark in the target.

The xBj-evolution of the target color field is described by the JIMWLK equation, or approxi-
matively by the Balitsky-Kovchegov (BK) equation [1, 2], which is to leading order accuracy:

∂S(x01)
∂Y

=

∫
d2x2KBK(x0, x1, x2)[S(x02)S(x21) − S(x01)]. (2)

In this work [3] we use three beyond leading order prescriptions of the BK equation that capture
important higher order effects using resummation methods, which include in the equation higher
order contributions enhanced by large transverse logarithms. The full next to leading order BK
equation has also been solved numerically [4], however it is computationally quite expensive.

Two of the three versions of the BK equation use an evolution variable expressed in terms of
the fraction of the projectile photon momentum, which leads to an evolution equation as a function
of Y ∼ ln W2. This matches the convention in the computation of the DIS cross sections. The other
option, studied recently in Ref. [5], is to parametrize the evolution by the target momentum fraction
so that the evolution variable is η ∼ ln 1/xBj.

In the projectile momentum fraction parametrization the first of these enhanced BK equations
is the Kinematically Constrained BK (KCBK) [6]

∂YS(x01,Y ) =
∫

d2zKBKθ
(
Y−∆012 − Y0,if

)
[S(x02,Y−∆012)S(x21,Y−∆012) − S(x01,Y )] . (3)

Here the resummation procedure has lead to a non-local equation in the evolution variable. The
second is the Collinearly Resummed BK (ResumBK) [7, 8]

∂YS(x01,Y ) =
∫

d2x2KDLAKSTLKBK[S(x02)S(x21) − S(x01)], (4)

which additionally incorporates a partial resummation of single transverse log enhanced contribu-
tions. This correction is separate from the first resummation discussed and in principle could be
included in each of the BK equations discussed. We elected to work with established formulations
of BK and so we did not add this correction to the other equations. However we did verify that the
effects of this correction to the fits were minor.

For target momentum fraction evolution (TBK) we use the equation formulated in Ref. [5]:

∂η S̄(x01, η) =
∫

d2x2KBKθ(η − η0 − δ)[S̄(x02, η − δ02)S̄(x21, η − δ21) − S̄(x01, η)]. (5)

This equation is non-local in the evolution variable as well. Also one must properly deal with the
fact that the evolution momentum fraction ∼ e−η does not directly appear in the DIS cross section.
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Figure 1: NLOfit toHERAdatawith each of theBK
equations. Fits use Bal + SD coupling and Y0,BK =

η0,BK = ln 1/0.01.
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Figure 2: NLO fits to light quark data and HERA
data using the KCBK with Bal + SD coupling and
Y0,BK = η0,BK = ln 1/0.01.

2. Deep inelastic scattering in the dipole picture at next-to-leading order

The next to leading orderDIS structure functions have been derived in conventional dimensional
regularization [9, 10], and in the four dimensional helicity scheme [11]. A working soft gluon
factorization has been formulated [12], where the NLO cross sections were partitioned in a lowest
order contribution and two NLO contributions:

σNLO
L,T = σ

IC
L,T + σ

qg,unsub.
L,T + σ

dip
L,T . (6)

The two NLO corrections σqg
L,T and σdip roughly come from the tree and loop contributions to the

photon wave functions, respectively. They can be written as (for explicit expressions see Ref. [12]):

σ
qg,unsub.
L,T = 8Ncαem

αsCF

π

∑
f

e2
f

∫ 1

0
dz1

∫ 1−z1

z2,min

dz2

z2

∫
x0,x1,x2

KNLO
L,T (z1, z2, x0, x1, x2), (7)

σ
dip
L,T = 4Ncαem

αsCF

π

∑
f

e2
f

∫ 1

0
dz1

∫
x0,x1

KLO
L,T (z1, x0, x1)

[
1
2

ln2
(

z1

1−z1

)
− π

2

6
+

5
2

]
. (8)

The presence of the gluon in the termσ
qg
L,T ties into the evolution length through the lower integration

limit of the gluon fractional momentum: z2,min ≡ eY0, if
Q2

0
W 2 .

3. Fit results

We perform fits to the HERA reduced cross section data [13] using the three BK equations, (3),
(4) and (5), and compare two running coupling schemes and two initial condition rapidity scales.
We find that the CGC framework at NLO describes the data very well. In Fig. 1 one set of fits are
shown and one can see that the different BK equations describe the data comparably. We find that
even the precise HERA data cannot differentiate between the BK equations or coupling schemes.

In Fig. 2 a fit to a light-quark-only dataset generated by interpolation is shown together with
the corresponding fit to the HERA data. One sees that the CGC framework at NLO can fit the

3



P
o
S
(
H
a
r
d
P
r
o
b
e
s
2
0
2
0
)
1
0
1

Dipole model at Next-to-Leading Order meets HERA data Henri Hänninen

1.0 10.0 100.0
Q2

(
GeV2

)
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

F
2

HERA data fit, Bal + SD

Y0,BK = η0,BK = ln 1
0.01

xBj = 5.6 · 10−5

KCBK fit

ResumBK fit

TBK fit

LOBK fit

Figure 3: Structure function F2 computed based on
HERA data NLO fits with each of the BK equations
and a LO fit for comparison at LHeC kinematics.
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Figure 4: Comparison of H1 measurement of
FL [14] and computation using NLO fits with each
of the evolution equations. Fits are to HERA data.

light quark data as well. We find that the light-quark-only fits systematically prefer larger proton
size with slow x-evolution, which we interpret as an indication of a substantial non-perturbative
contribution in the light quark production. This would imply that there is a sizeable theoretical
uncertainty related to this contribution and thus to these fits.

Using the fits we extrapolate the structure functions to smaller Bjorken-x into the kinematical
range probed by future experiments. The results are shown in Fig. 3. We find that the NLO
corrections are quite stable in the different fit schemes in comparison to the LO result, and that the
differences between the schemes are moderate even at LHeC kinematics. In Fig. 4 we compare FL

computed based on the HERA data fits to the H1 collaboration measurement of FL , and we find
that the fits describe the data well, and the different schemes are essentially equivalent here.

4. Conclusions

We have performed the first fit to HERA reduced cross section data at next to leading order
accuracy in the CGC framework using massless quarks. We use instead approximative versions of
the NLOBK equation that resum higher order corrections enhanced by large transverse logarithms.
All three BK equations used in this work result in excellent descriptions of the HERA data.

As the DIS structure functions at NLO accuracy are only available for massless quarks, for
comparison we generated interpolated dataset for light quark reduced cross section that we used in
the fits. This generated data is also described excellently as well. Additionally we find systematic
changes in the initial condition fit parameters that imply that the light quark cross section contains
a sizeable non-perturbative contribution.
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