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1. Introduction

The discovery that neutrinos have mass and “mix” is one of the biggest discoveries in particle
physics in the past 25 years.1 There are numerous consequences of massive, mixed neutrinos,
which, despite their weak coupling and small cross-section, have tremendous impact in the dense
environments of the early Universe and supernovae. Because of their weak couplings, they are
produced in thermal abundance only in high-lepton and baryon-number density environments, and
provide a probe of these novel cosmological and astrophysical conditions. In this chapter, I will
follow the exposition in the summer lectures as I gave them.

As I delve into the topic of neutrinos in astrophysics and cosmology, their impact in high-
density environments will beg the use of methods from condensed matter physics, and the quantum
physics of their oscillations in these environments borrows from atomic-molecular-optical physics.
Then, the effects of massive neutrinos in cosmic microwave background (CMB) and large-scale
structure (LSS) requires the tools of Boltzmann evolution in a General Relativistic background
for the understanding of linear structure growth, though detailed calculations of the Boltzmann
equations need numerical methods. Massive neutrino effects on nonlinear cosmological structure
necessarily require numerical methods. Lastly, the possibility that a new, sterile, neutrino state
exists with properties that make it a partial or full component of dark matter combines much of
these tools to understand: high-density Boltzmann calculation of production out-of-equilibrium,
linear structure formation calculation effects, and nonlinear simulations to tie to many observations
of structures in our nonlinear Universe. As an added bonus, I will discuss what turns out to be one
of the most powerful tools to probe the weaker-than-weak sterile neutrinos that may be or contribute
to the dark matter: X-ray astronomy.

2. Oscillations with Matter and Thermal Effects

To start with a topic that should be familiar to anyone that has worked even a little with neutrino
oscillations, let us recall that the flavor eigenstates of neutrinos are not identical with that of their
mass eigenstates,

|να〉 = cos θ |ν1〉 + sin θ |ν2〉

|νβ〉 = − sin θ |ν1〉 + cos θ |ν2〉 . (1)

An immediate consequence is that a neutrino produced in a flavor state will evolve with time, t,

ei(®k · ®x−ωt) = ei(®k · ®x−
√
m2

i+k
2t). (2)

1In fact, I was a graduate student attending TASI in 1998 (June 1-26) at the same time Super-Kamiokande announced
their discovery of atmospheric neutrino oscillations at the XVIIIth International Conference on Neutrino Physics and
Astrophysics in Takayama, Japan, on June 7, 1998 [1]. We TASI students got to hear from lecturers who attended the
conference about the details of the announcement and returned to participate in that TASI. Combined with the discovery
of dark energy and the accelerating expansion of the Universe, it was a good year to be starting a research path toward
neutrinos and cosmology.
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The neutrino mass is small relative to its energy,
√

m2
i + k2 ∼ k

(
1 + m2

i /2k2) , so the states evolve
with a relative phase dependent on δm2 = m2

2 − m2
1,

|ν(t)〉 =ei(®k · ®x−kt−(m
2
1+m

2
2)t/4k)

×

[
cos θ |ν1〉eiδm

2t/4k + sin θ |ν2〉e−iδm
2t/4k

]
. (3)

The overall phase, in front of the brackets above, does not matter, so it is then simple to then
calculate the probability of finding the neutrino in a different flavor state in the future:

Pνα (t) = |〈να |ν(t)〉|
2

= 1 − sin2 2θ sin2
(
δm2t
4k

)
= 1 − sin2 2θ sin2

(
δm2c4L
4~cE

)
, (4)

where the sin2 2θ is the amplitude of the oscillation and sin2(δm2t/4k) is the phase of the observable
oscillation. In the last line above, I converted to include units and the observable length L and
energy E of the neutrinos. For a general n flavor state system, the oscillation probability is the
generalized form of

P(να → νβ) = δαβ − 4
∑
i> j

Re
(
U∗αiUβiUα jU∗β j

)
sin2

(
δm2

i j

L
4E

)
+ 2

∑
i> j

Im
(
U∗αiUβiUα jU∗β j

)
sin

(
δm2

i j

L
2E

)
, (5)

where Uαi are the elements of the unitary matrix defining the mixing between the flavor and mass
eigenstates.

2.1 The Density Matrix

Now, let us shift to discuss the way in which a two-neutrino system evolves in a high-density
environment. The necessary formalism to incorporate matter-affected oscillations, collisions and
active-active forward scattering is the density-matrix or matrix-of-densities

ρ(p, t) ≡ 〈ψα | ρ̂(p, t)|ψβ〉 �

(
ραα(p, t) ραβ(p, t)
ρβα(p, t) ρββ(p, t)

)
. (6)

This is given as abstract density operator, expanded in a given basis, usually flavor, as

ρ̂(p, t) ≡
∑
j

pj |ψj〉〈ψj | . (7)

Evolution of the density matrix gives the quantities of interest, namely the number densities of a
given flavor.

Why is the densitymatrix necessary? Collisions and forward scattering by neutrinos themselves
require it. But, before I get into the forward self-potential and scattering, let us look at the evolution
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of neutrinos in this formulation. A two-state density matrix system has been of interest in quantum
mechanics for some time for studies in optical and solid state systems. The density matrix must
preserve probability (or number density). That allows for a geometric interpretation of mixed flavor
states. Let us define a general mixed state as

|ψ〉 = cos(θ/2)|να〉 + eiφ sin(θ/2)|νβ〉

= cos(θ/2)|να〉 + (cos φ + i sin φ) sin(θ/2)|νβ〉 . (8)

The parameters θ (different from the mixing angle!) and φ, can be reinterpreted in spherical
coordinates as respect to longitude from the z-axis and the longitude with respect to the x-axis They
specify a point in spherical coordinates on the unit sphere, at the end of the vector P, called the
“Bloch vector,”

P = (sin θ cos φ, sin θ sin φ,cos θ) . (9)

In this formulation, one can represent a pure να flavor state as an upward (z) pointing P vector, as
in Fig. 1. And, the alternate state is simply pointed oppositely, as in Fig. 2. So then a mixed state

y

z

x

P

pure |να〉

Figure 1: The P vector formulation of neutrino oscillations, with flavor asymmetry purely in the “upper”
state.

would be one pointed in a direction not perfectly aligned with the z-axis, with arbitrary orientation,
as in Fig. 3.

Going back to the density matrix, Eq. (6), I can write it in terms of the P Bloch vector, and I
have

ρ(p) =
1
2
[P0(p) + P(p) · σ] =

1
2

(
P0(p) + Pz(p) Px(p) − iPy(p)
Px(p) + iPy(p) P0(p) − Pz(p)

)
, (10)

where σ ≡ (σ1, σ2, σ3) is a vector composed of the Pauli spin matrices. The time evolution of the
density matrix is such that

i~
∂ρ

∂t
= [H, ρ] , (11)
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y

z

x
P

pure |νβ〉

Figure 2: The P vector formulation of neutrino oscillations, with flavor asymmetry purely in the “lower”
state.

y

z

x

P

a mixed state

Figure 3: The P vector formulation of neutrino oscillations, in a mixed state.

or

ρ(t) = e−iHt/~ρ(0)eiHt/~ . (12)

In this formulation, I continue to recover vacuum oscillations with probability densities evolving as
Eq. (4). The symmetries of the time evolution equation Eq. (11) turn out to be commensurate with
the evolution equation of the spin precession of a “dipole” (P) around a “magnetic field” (V),

∂tP(p) = V(p) × P(p). (13)
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For vacuum evolution, the “potential” or “magnetic field” maps on to provide the δm2-dependent
time evolution term,

V(p) = ∆(p) , (14)

where

∆(p) ≡
δm2

2p
(sin 2θ0,0,− cos 2θ0) . (15)

In this relation, θ0 is the vacuum mixing angle. The “magnetic field” orientation that the flavor
state evolves around is determined by the size of the vacuum mixing angle θ0. For maximal mixing,
θ0 = 45◦, V(p) is oriented with the x-axis, as in Fig. 4: Here, the neutrino is in an initially mixed

y

z

x V

P

maximal mixing

Figure 4: The P flavor vector evolution and V “potential” vector in the case of maximal mixing.

state. If it was in a flavor state initially, as in typical neutrino experiments, the P vector would be
oriented toward the ±z-axis initially, and would precess in the y-z plane. I show the initial mixed
case example as it is clearer to visualize.

2.2 Matter and Thermal Effects

Neutrinos propagating through space are “dressed” by loop diagrams that become important at
finite temperature and density. At high matter density and high temperatures, they have significant
contributions [2]. This is often called forward scattering of neutrinos; the commonality with photon
forward scattering is just that p = p′ after the scattering. Both diagrams in Fig. 5 contribute in
finite density environments, while only bubble diagrams contribute to the effects of finite tem-
perature (plasma) backgrounds. Both effects contribute flavor-dependent background potentials to
the neutrino evolution (therefore oriented in the z-axis in our P-vector system). The finite density
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νX νX

Z0

f

(a) tadpole diagram

νX νX

W±, Z0

f

(b) bubble diagram

Figure 5: Shown here are the lowest order contributions to a propagating active neutrino’s self energy in
the presence of finite matter density and temperature. In (a), f is any species with weak charge, with both
neutral and charged leptons, quarks, mesons, or nucleons. In (b), f = νX,X−. (This figure is adapted from
Ref. [2].)

background arises due to asymmetries in weak-charged particles,

VB(p) =


√

2GF [(ne− − ne+) − nn/2] for να 
 νs,
√

2GF (ne− − ne+) for νe 
 νµ,τ,

0 for νµ 
 ντ .

(16)

Here, ne± are the densities of positrons/electrons and nn is the density of neutrons. This potential
is the one responsible for the Mikheev-Smirnov-Wolfenstein (MSW) effect in the Sun [3, 4].

The thermal potential is [5]

VT (p) = −
8
√

2GFpν
3m2

Z

(
〈Eνα 〉nνα + 〈Eν̄α 〉nν̄α

)
−

8
√

2GFpν
3m2

W
(〈Eα〉nα + 〈Eᾱ〉nᾱ) , (17)

where p = pν is themomentum of the neutrino, 〈Eνα 〉 (〈Eα〉) is the average energy of the background
neutrinos (charged weak particles), as well as the respective antiparticles. These background
and thermal potentials are flavor-dependent, but identical for all active neutrinos with symmetric
backgrounds. In the earlyUniverse, the e± background persists longer than the other charged leptons,
therefore the thermal potential from e± on νe/ν̄e is important in determining the flavor evolution in
any neutrino-flavor asymmetric early Universe history [6, 7]. Including the full thermal effects for
active neutrinos’ mixing with other active neutrinos requires handling the neutrino self-potential,
and that will be discussed more below. For active-sterile neutrino mixing, the evolution simplifies,
as the thermal potential arises only for the active neutrinos, and a thermal potential contributes to
the z-axis component of V(p),

V(p) = ∆(p) +
[
VB(p) + VT (p)

]
ẑ . (18)

Non-maximal vacuum oscillations: The case of non-maximal vacuum oscillations can be
contrasted to high-asymmetry (which is equivalent to small vacuum mixing). That is, the matter-
affected mixing is small. The potential is defined entirely by the vacuum term, Eq. (15), and shown

7
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y

z

x

V

P

vacuum, moderate mixing angle

Figure 6: The P flavor vector evolution and V “potential” vector in the case of moderate mixing.

in Fig. 6. The high-density (strong matter asymmetry) case evolves with the V vector then orienting
to a position away from the z-axis, determined by the size of the vacuum mixing angle.

This can also be formulated as an matter-affected mixing angle

∆m(p) ≡
δm2

2p
(sin 2θm,0,− cos 2θm) , (19)

which is equivalent to the total potential V(p). Here, the matter-affected mixing angle is then

sin2 2θm =
∆2(p) sin2 2θ

∆2(p) sin2 2θ +
[
∆(p) cos 2θ − VB − VT (p)

]2 . (20)

Solar Neutrinos: If you have a very high asymmetry background, without a high neutrino
density, such as the interior of the Sun, the potential V(p) is dominated by the finite-density portion
VB, and it pins precession to the z-axis. In this case, the projection of P on the z-axis is fixed,
and flavor does not evolve, as in Fig. 7. So, for the solar neutrino solution, the evolution of the
background potential goes from a the high-density background to that of a non-maximal vacuum
state.

As the matter density (asymmetry) is reduced for a neutrino exiting the Sun, its evolution
crosses the x-y-plane (at a critical θc ≈ π/4), to settle on a vacuum oscillation on the other side of
the plane. This is flavor-conversion level crossing that is present in the MSWmechanism for matter-
affected oscillation solutions to the solar neutrino problem, and connects this vector formalism to
the matter-affected mixing and level-crossing structure of solar neutrino physics. For an excellent
review of solar neutrino oscillations, see Ref. [8].

3. Neutrinos in the Early Universe

For high temperature backgrounds, the thermal potential is identical for all active flavor states,
and the self-potential must be included to understand its evolution [6, 7, 9]. For active-sterile

8
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y

z

x

V
P

strong matter asymmetry

Figure 7: The P flavor vector evolution with a matter asymmetry dominating the V “potential” vector.

mixing, only the active neutrinos are “dressed” with the thermal effects of Fig. 5, and a large
thermal asymmetry is present that pins the vector V to the z-axis. As the thermal potential
decreases from early to later times, the P can oscillate to non-zero probabilities of “interacting” (or
failing to) as a sterile neutrino in the interaction-rich plasma, and therefore entering a purely sterile
neutrino state. That sterile neutrino state could propagate and achieve an amplitude to convert back
to an active state, but that reverse rate is minimal when the usual case of nνα � nνs holds.

In the early Universe, a new background asymmetry can exist from lepton asymmetries housed
in the active neutrinos. In the case of active-active mixing, this leads to synchronized oscillations,
discussed below. In the case of active-sterile oscillations, the physics is simpler, with a finite density
potential in the early Universe potentially dominated by asymmetries in the neutrino-based lepton
number. That asymmetry is present in a “lepton potential” VL , which takes the form

VL =
2
√

2ζ(3)
π2 GFT3

(
Lα ±

η

4

)
, (21)

where I take “+” for α = e and “−” for α = µ, τ. Here, the lepton number Lα is in terms of the
lepton numbers in each active neutrino species,

Lα ≡ 2Lνα +
∑
β,α

Lνβ , (22)

with the final sum over active neutrino flavors other than να. The parameter η ≡ nb/nγ is the baryon
to photon ratio. An α-type neutrino asymmetry is defined as

Lνα ≡
nνα − nν̄α

nγ
, (23)

where the photon number density nγ = 2ζ(3)T3/π2. Here, the asymmetry in the charged leptons
and baryons is also incorporated in the last term of Eq. (21), and I will use VL instead of VB for the

9
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early Universe active-sterile mixing case. The matter-affected mixing angle in the early-Universe
for active-sterile mixing changes from Eq. (20) to

sin2 2θm =
∆2(p) sin2 2θ

∆2(p) sin2 2θ +
[
∆(p) cos 2θ − VL − VT (p)

]2 . (24)

While in the scattering-dominated regime, T � 5 MeV, the conversion rate of active neutrinos
to sterile neutrinos is the product of half of the total interaction rate, Γα, of the neutrinos with
the plasma and the probability that an active neutrino has transformed to a sterile, which is also
suppressed by a damping term arising from the quantum-Zeno effect, D(p) = Γ(p)/2, discussed
below,

Γ(να → νs) =
(Γα(p)/2)∆2(p) sin2 2θ

∆2(p) sin2 2θ + D2(p) +
[
∆(p) cos 2θ − VL − VT (p)

]2 . (25)

In this relation’s denominator rest both the thermal potential and damping term, which simulta-
neously suppress production with increasing temperature Γ ∝ T−7. At late times, the thermal
and damping term are subdominant to the vacuum term in Eq. (25), and production decreases
with increasing temperature as Γ ∝ T5. Since production is a decreasing function with increasing
temperature at high temperatures, and decreasing function with decreasing temperature at lower
temperatures, the behavior is

Γ

H
∝

{
T−9 High T

T3 Low T ,
(26)

with respect to the Hubble expansion rate in the radiation dominated era, H2 = (8π/3)Gρ ∝ T4.
Using this formulation of the mixing and the Hubble expansion above the weak decoupling era, one
can determine a mixing angle and mass-squared difference boundary where this conversion rate
will “thermalize” the sterile neutrino when the rate becomes greater than the Hubble expansion rate
Γ ≥ H.

This allows for placing a constraint on the presence of sterile neutrinos with large mixings and
large mass differences with active neutrinos if one wants to avoid their thermalization to become a
“fourth” neutrino state entering into the era of big bang nucleosynthesis [10–12], as it would alter
the primordial helium abundance outside of its observed abundance. The boundary in mass and
mixing angle space is approximately [13]

δm2
αs sin4 2θBBN .

{
5 × 10−6, for α = e

3 × 10−6, for α = µ, τ
, (27)

where sin4 2θBBN is the effective vacuum mixing angle of the active-sterile system of interest. For
practical purposes, this rules out the regions of parameter space of the large mixing angle solution of
the solar neutrino problem as being active-sterile mixing, as well as active-sterile-active oscillation
solutions to the Liquid Scintillator Neutrino Detector [13, 14], since thermalization of the sterile
neutrino would alter the primordial helium abundance to deviate significantly from its inferred value
from observations.

The helium abundance is altered by an extra neutrino in the thermal background because
the Hubble expansion rate in the radiation-dominated era is dependent on the total density of the

10
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Figure 8: Primordial nucleosynthesis’ primary response to the presence of new particles like light sterile
neutrinos in this radiation-dominated era is the freezing-out of the weak rates earlier when those rates λn→p

and λp→n, Eq. (28), fall below the Hubble rate. With the significant presence of sterile neutrinos, the Hubble
rate is augmented, forcing freeze-out of the weak rates with a higher neutron-to-proton ratio. Recall, that via
the Friedmann Equation, H ∝ (ργ + ρe± + ρνα + ρνs + ...)

1/2. Since almost all neutrons are incorporated in
helium, the helium abundance is increased.

background including photons, ργ, electrons and positrons, ρe± , active neutrinos, ρνα , and any extra
sterile neutrinos, ρνs : H ∝ (ργ + ρe± + ρνα + ρνs + ...)

1/2. Since almost all neutrons in the early
Universe are incorporated to helium nuclei, the neutron-to-proton ratio set when weak rates freeze
out is key to determining the primordial helium abundance. The weak rates are

λn→p


n + e+ → p + ν̄e
n + νe → p + e−

n→ p + e− + ν̄e

,

λp→n


p + ν̄e → n + e+

p + e− → n + νe
p + e− + ν̄e → n

. (28)

Here, neutron decay is not important until after freeze-out, and, of course, three-body fusion in the
last line is very slow.

If the weak rates freeze-out earlier, they are closer to each other in rate, and therefore more

11
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να(p) νβ(q)

νβ(p)να(q)

Figure 9: Shown here is the exchange diagram that leads to forward scattering of active neutrinos off
their background, which mixes different momenta modes for all active neutrino with each other. This has
implications for asymmetric oscillations in the early Universe [6, 7, 9] and in the high-density neutrino
background in supernovae [26].

neutrons are present at weak freeze-out. In equilibrium, given the mass difference of the neutron-
proton, ∆mnp ≈ 1.3 MeV, the ratio of neutrons to protons is given by the relevant Boltzmann
factor, n/p ≈ e−∆mnp/T . With the weak rates falling below the sterile-neutrino augmented Hubble
expansion factor earlier, at higher temperatures, the neutron-to-proton ratio n/p is larger and allows
for a greater production of helium. See Fig. 8. Using detailed calculations and recent inferred
primordial helium abundances, Ref. [15] finds

Neff < 3.2 (2σ) , (29)

where
Neff ≡

ρrel − ργ

ρν
, (30)

is the abundance of all non-photon relativistic species relative to a single thermal active neutrino
density. In this case, it is the density at weak freeze-out. Sometimes, Neff is called “neutrino
number,” and denoted Nν, but is truly muchmore general than energy density in neutrinos. Note that
this bound, Eq. (29), is model dependent. Several ways of evading it are listed in Ref. [13], including
a pre-existing small lepton number [16], which suppresses the matter-affected mixing angle, a
dynamically-generated lepton number from a predominantly sterile fifth mass eigenstate (with
requisite mass less than the predominantly active mass ms < mα) [14], a new Majoron field [17],
a low reheating temperature Universe [18–20], baryon-antibaryon inhomogeneities [21], extended
quintessence [22], or even CPT violating neutrinos [23, 24]. Note that partial thermalization of
sterile neutrinos may even be a good thing, and help solve tensions with the amplitude of fluctuations
on small scales, dubbed σ8, [25]. The σ8 tension is discussed more below.

3.1 The Neutrino Self-Potential

Active neutrinos can exchange their momentum through weak interactions of the form shown
in Fig. 9, so that same, or different, flavors can exchange momenta να 
 νβ . The self-potential
enters the spatially homogeneous and isotropic early Universe as the potential VS(p),

V(p) = ∆(p) +
[
VB(p) + VT (p)

]
ẑ + VS(p) , (31)

12
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where
VS(p) = 2

√
2GFnνα (J − J̄) . (32)

And the J vectors are the sum or integral of the asymmetric active neutrino background,

J ≡
∑
p

Pp, J̄ ≡
∑
p

P̄p . (33)

This self-potential is crucial in any asymmetries that exist in neutrinoflavors. Due to the asymmetries
in neutrino flavor in supernovae, and their very high densities, the self-potential is a dominant driver
of the evolution. Matter asymmetries provide aVB term, but neutrino flavor evolution is also strongly
governed by the self-potential. Unlike the early Universe, supernovae are far from homogeneous
and isotropic, so the directional-dependence of the weak interactions in such a system complicates
flavor evolution immensely. The several lines of study of neutrino flavor evolution in supernovae
would make for a large set of lectures unto themselves [26–32]. For a review of collective neutrino
oscillations and their effects in core-collapse supernovae, see Ref. [33].

Degenerate nucleosynthesis and syncrhonized oscillations: A remarkable piece of physics
occurs in the early Universe if any asymmetries exist between neutrino flavors. Thermal processes
pairwise produce active neutrinos and antineutrinos, but novel processes could set up an asymmetry
in neutrinos and antineutrinos via leptogenesis. Such models are consistent with constraints from
primordial nucleosynthesis because a small asymmetry in the electron neutrino sector can offset
the neutron-to-proton ratio increase from earlier weak freeze-out caused by the energy density in
a much larger asymmetry in the muon or tau neutrino flavors (see initial work by Ref. [34], and
related work in Refs. [35, 36]). The equilibrium distribution functions of the neutrinos are generally

fν(p) =
1

exp (p/Tν − ξν) + 1
, (34)

fν̄(p) =
1

exp (p/Tν + ξν) + 1
, (35)

where the degeneracy parameters are the chemical potentials of the neutrinos scaled by the temper-
ature ξν ≡ µν/Tν, as then they are invariants with expansion. The effect from electron asymmetry
affects the weak rates so that n/p = exp(−∆mnp/T − ξνe ), while the νµ and ντ deneracies affect
only the energy density in the neutrinos, forcing an earlier weak freeze-out,

ρν + ρν̄ =
7
8
π2

15

∑
i

T4
νi

[
1 +

15
7

(
ξνi
π

)4
+

30
7

(
ξνi
π

)2
]
, (36)

where of course ξνe also contributes.
It was determined that the establishment of the large mixing angle solution to the solar neutrino

problem prohibits the preservation of the order-of-magnitude difference between the electron and
muon/tau neutrinos’ asymmetries [9]. This is certainly not due to vacuum oscillations, as the self-
potential dominates the other potentials VT ,B, and vacuum term ∆, by several orders of magnitude
when the requisite degenerate asymmetries could initially be present. An originally larger flavor
asymmetry in the νµ and/or ντ is actually preserved due to the presence of the thermal potential of
electrons and positrons in the background contributing to VB asymmetrically between the flavors.

13



P
o
S
(
T
A
S
I
2
0
2
0
)
0
0
1

Neutrinos in Astrophysics and Cosmology Kevork N. Abazajian

The disappearance of the e± background relaxes the potential sum ∆+VB ẑ to its vacuum orientation
of ∆, which, for the large mixing angle solution is large and oriented closely along the x-axis.

However, the neutrino self-potential VS = α(J − J̄) is orders of magnitude larger,

∂tPp = +Ap × Pp + α(J − J̄) × Pp

∂t P̄p = −Ap × P̄p + α(J − J̄) × P̄p .

If one were to ignore for a moment the much larger self potential, each neutrino momentum mode
would follow the vacuum plus thermal potentials, Ap ≡ ∆ + VB ẑ,

∂tPp = +Ap × Pp

∂t P̄p = −Ap × P̄p

Ap = ∆(p) + VT (p)ẑ ,

and, therefore, the flavors would all transform as (−)Ap goes from oriented along the z-axis to the
vacuum orientation ∆(p), Eq. (15).

It was shown in Refs. [6, 7] that the system’s collective momenta modes, aggregated into the
vector I ≡ J − J̄ actually follows an effective Aeff ,

∂tI = Aeff × I , (37)

where
Aeff '

1
I2

∫
Ap(Pp + Pp) · I .

Since the system starts with a thermal asymmetry, I| |(Pp + P̄p), the system’s Pp remarkably follow
the “synchronization potential” Aeff , which in turn follows the momentum mode of psync with
orientation θsync,

Aeff ≡ ∆sync
(
sin 2θsyncx̂ − cos 2θsyncẑ

)
.

Here,
psync

T
= π

√
1 + ξ2/2π2 ' π ,

and the collective flavor evolution is shown in Fig. 10.
Recall that the average momentum for a Ferm-Dirac distribution is

〈p/T〉 =
7π4

180ζ(3)
' 3.15 . (38)

In summary, the synchronized system follows psync ≈ 3.14 as it follows Aeff . Momentarily ignoring
the synchronization self-potential, the system’s momenta modes Pp evolve independently, and on
average would have the behavior of the average momentum, Eq. (38). Though the self-potential
dominates by orders of magnitude, the system effectively behaves as if it is not there since the
momentum that the synchronization follows is practically identical to the average Fermi-Dirac
momentum when the self-potential is not present [6, 7].

In the end, the synchronized evolution orients the final asymmetry to be slightly non-symmetric
at an orientation given by the large but not maximal mixing angle of the solar neutrino solution
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y

z

x

Aeff

I

Pp

degeneracy evolution

Figure 10: This is the flavor evolution of the collective neutrino oscillations with an effective potential Aeff
and collective flavor vector I.

(so that the final Aeff orientation is not directly in the x-axis direction). Therefore, the precise
determination of the solar mixing angle by laboratory experiments will provide a constraint on the
lepton asymmetry in the Universe. Even without a precise determination of the solar mixing angle,
however, the large difference in asymmetry between the electron neutrinos and mu/tau neutrinos
is largely eliminated by the synchronized evolution, and degenerate primordial nucleosynthesis is
no longer viable. The constraints on νe asymmetry are directly correlated with the uncertainty
on the primordial helium abundance mass fraction, Yp: ∆ξe ≈ ∆Yp/Yp . Conservatively, errors
∆Yp/Yp ≈ 0.1 ⇒ ∆ξe . 0.1 or, more accurate accounting gives 0.03 . ξe . 0.07 [6]. The final
asymmetry that can exist from any early era is given by the final asymmetry vector orientation,
which is determined by the solar neutrino angle. Given the restriction on the final degeneracy
parameter and related lepton number

[
Lα ≡

να−νᾱ
nγ

]
,|Le | . 0.1. The final asymmetry can be

ξ
f
e =

(
1 − cos 2θ0

2

)
ξiµ∗ ,

ξ
f
µ∗ =

(
1 + cos 2θ0

2

)
ξiµ∗ ,

where µ∗ is the effective 2-neutrino solution of the νµ/ντ neutrino flavor system with νe. Therefore,
the possible final lepton number in νµ/ντ is relatively very small |Lµ + Lτ | . 0.5.

3.2 Collisions

The evolution of neutrinos in the early Universe is of course not only determined by thermal
and matter effects. They are also undergoing rapid collisions, να + X � να + X , where X is
any weak-charge carrying particle, including charged leptons, hadrons, other neutrinos, and above
the QCD-transition, quarks themselves. The collision term, C[P(p)], in the precession equation
formulation is included as

∂tP(p) = V(p) × P(p) + C[P(p)] . (39)
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In full, the collision term is

C[P(p)] ≈ −D(p)PT (p) +
∫

dp′d(p, p′)PT (p′) (40)

− C(p)P0(p) +
∫

dp′c(p, p′)P0(p′) , (41)

where PT ≡ Px(p)x̂ + Py(p)ŷ. Here, the length of the polarization vector P0(p) could change
with collisions, but is constant with detailed balance. The second and fourth terms of momentum
exchange are also symmetric under detailed balance, and therefore typically ignored. The primary
term is the “damping” term, −D(p)PT (p), that acts against any evolution of P(p) away from the
z-axis. That is, collisions reset the flavor evolution of neutrinos so that they are no longer in a
mixed state, as expected. This is sometimes referred to as the “quantum-Zeno” effect (which is also
known as the Turing paradox). An illustration of this is shown in Fig. 12.

y

z

x

VP
−DPT

collisions

Figure 11: Collisions damp flavor oscillations, with the −DPT term, pinning the flavor asymmetry vector
P to the pure flavor state oriented with the z-axis, which it will do even if the potential V does not align with
the z-axis.

In addition to reseting the flavor state evolution of mixed neutrinos, the collisions also “test” if
the neutrino is in a flavor state that can interact or is in a weak-interaction singlet or sterile state. If
it can interact, it is an active neutrino at the collision. If the mixed, evolved neutrino has a nonzero
probability to be a sterile state, it could “non-scatter” to enter into the sterile neutrino state. This
is how sterile neutrinos are populated in the early Universe. The overall sterile neutrino conversion
rate can be derived from the density-matrix formalism to that of the quasi-classical form in Eq. (25)
[37].

3.3 Lepton Number Generation and Destruction in the Early Universe

In the case of a mostly sterile mass eigenstate with mass less than one of the mass eigenstates
more closely associated with an active neutrino, the phenomenon of lepton number generation can
occur. On the other hand, if there is any previously-generated lepton number, either through the
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Figure 12: Shown is an exaggerated oscillation conversion probability for a monochromatic neutrino in
the early Universe for active-sterile mixing. When the scattering rate is rapid enough, it “damps” flavor
conversion in what is sometimes referred to as the quantum “Zeno” effect.

aforementionedmixing, or via another mechanism, lepton number can also be destroyed by resonant
flavor evolution in the early Universe. The evolution of a neutrino state in the early Universe is
in many ways similar to that through the solar envelope with decreasing density with time on its
radial trajectory. However, in the early Universe the background potential can include not only
the charged lepton and baryon asymmetry in Eq. (16), but also contributions from any asymmetry
in the neutrino background. That is, for active-sterile mixing, one must use the lepton potential
Eq. (21). Because of the very small baryon number relative to photon number, nb/nγ ∼ 10−10, the
effects of the baryon asymmetry are usually negligible. I have written the asymmetries as lepton
number asymmetries, and they are positive (negative) for neutrinos (antineutrinos) in Eq. (23). An
excellent presentation of the physics and dynamics of relic neutrino evolution in the presence of
sterile neutrinos is in Ref. [37].

Resonance occurs when the term in brackets in the denominator of Eq. (24) is nil. The
resonance is therefore momentum dependent. The resonance for neutrinos and antineutrinos is the
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same if there is no asymmetry, Lν, but will be different for finite Lν. The positions of the resonances
can cause either a stable evolution or an unstable evolution.

As there is a small matter asymmetry from the baryon asymmetry, with a baryon to photon
ratio of order 10−10, the positions of the resonance (maximal mixing) in the distribution of the
neutrinos will be different for neutrinos and antineutrinos due to the sign difference of VB.

The evolution of the presence of the resonance between active and sterile neutrinos proceeds
as follows [38–40]:

• For Neutrinos: the momentum position (p/T) of resonance increases if Lν increases.

• ForAntineutrinos: themomentumposition (p/T) of the resonance decreases as Lν increases.

This dependance causes a stability if the resonances are below the distribution peak (p/t ∼ 2.2),
and an instability if the resonances are above the distribution peak.

Below the distribution peak, the neutrino resonance samples a greater number of neutrinos
than the antineutrino resonance (due to the greater abundance at higher p/T). This has the property
of lowering Lν, driving the resonances of ν/ν̄ closer together, and stabilizing the evolution.

Above the distribution peak, the neutrino resonance samples a lower number of neutrinos
than the antineutrino resonance (due to the lower abundance at higher p/T) for conversion into
sterile neutrinos. This has the property of increasing Lν, driving the resonances further apart, and
amplifying the difference between the ν/ν̄ resonances. This nonlinearly amplifies the magnitude of
Lν. The same amplification occurs above the thermal peak for Lν < 0, as the positions of the ν/ν̄
resonances are switched. The maximal production of an asymmetry is of order

For the case where the mostly-sterile mass eigenstate is smaller in mass than the active state,
δm2

sα < 0, the evolution of the resonant conversion proceeds like the following [38–40]. A schematic
picture of the evolution is in Fig. 13, with steps (a)-(d) being:

(a) Initially, one can assume that Lνα = 0, so the effective potential V is dominated by the thermal
term VT . Therefore, the να and ν̄α have the same resonance. The population of the sterile
neutrinos proceeds symmetrically.

(b) At this point, just to the high energy side of the thermal distribution, the lower temperatures bring
theVB term closer toVT . An instability sets in, and drives the production of lepton number since
the resonances are sampling different portions of the distribution and have different efficiencies.

(c) The instability drives a separation of the neutrino and anti-neutrino resonances. The asymmetry
L starts being produced nonlinearly.

(d) Only the neutrino resonance remains within the populated portion of the energy spectrum. A
resonant MSW conversion of the active neutrinos to sterile neutrinos proceeds. In this case,
Lν < 0 is generated. It can be equally likely that the anti-neutrino resonance is left and L > 0
is generated.

This process is clearly nonlinear, and it has been argued to be physically chaotic [39]. It can lead
to fractal structure of the sign of the final lepton asymmetry produced, so that if sterile neutrinos
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Figure 13: Shown are the steps for resonance evolution in the case of spontaneous lepton number generation
in the early Universe due to active-sterile neutrino mixing. See text for details.
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are discovered, some regions of parameter space are so that it even arbitrary precision of the active-
sterile neutrino systemwill not provide a prediction of the sign of the lepton number that is produced
[41].

Lepton number destruction: In addition to this possibility of lepton number generation, the
resonant evolution in the presence of sterile neutrinos described above can destroy, partially or
completely, any previously existing neutrino flavor asymmetry. The asymmetry could have been
produced by active-sterile neutrino mixing or an earlier phenomenon. If the asymmetry is produced
by active-sterile neutrino mixing in a four-neutrino framework, the consequences are complicated
by many contingencies of the neutrino mass levels and ordering, and can either adversely affect
primordial nucleosynthesis by increasing the relic neutrino density and altering the weak rates
with asymmetries in νe/ν̄e. Multi-flavor mixing can offset deleterious effects of an increased
radiative energy density in sterile neutrinos with an asymmetry in νe/ν̄e affecting the weak rates,
similar to degenerate primordial nucleosynthesis described previously. The neutrino momentum
distributions can be nonthermal due to incomplete conversion and the non-thermal nature of the
MSW mechanism [42, 43]. The conversion of a previously generated neutrino asymmetry can be
resonantly converted to sterile neutrinos with ∼keV-scale masses so that MSW-resonance generated
sterile neutrinos could be all or a portion of cosmological dark matter [44]. In this case for keV
scale neutrino dark matter, the resonant conversion occurs at &100 MeV, and lepton number cannot
be generated from active-sterile oscillations prior to that temperature scale due to limits on the
magnitude of δm2

αs. Recall the sterile neutrino is less massive than the active neutrino for resonant
lepton number production, and the active neutrino mass is constrained by the CMB and LSS,
discussed next.

4. Neutrinos from the CMB and Large-Scale Structure

The standard cosmological model that emerged over 20 years ago successfully describes
observations fromGalactic scales to the cosmic horizon using a handful of parameters: the densities
of dark matter, dark energy, baryonic matter, the Hubble expansion rate, the spectrum of primordial
perturbations arising from inflation, as well as the amplitude of those perturbations. It has become
a standard part of the Particle Data Group’s Review of Particle Physics [45]. There are excellent
pedagogical review papers on the effects of massive neutrinos and any possible extra neutrinos on
cosmological observables, particularly the CMB and LSS [46, 47]. Therefore, I will provide only
a brief summary here of the effects of neutrino mass and number.

The energy density of neutrinos in thermal equilibrium in the early Universe is

ρν =
7
8
π2

30
gT4
ν , (42)

where g are the number spin states of the neutrinos. If the neutrinos are relativistic—which is only
true at very early times for massive neutrinos—one can define the “effective” number of neutrinos
relative to a relativistic single thermal neutrino density, Eq. (42), as in Eq. (30). Neff is an effective
“specific density” for relativistic cosmological constituent description of the total radiation density
ρrel, explicitly not including cosmic photons.

The neutrinos are kept in thermal equilibrium by weak interactions such as να + e± ↔ να + e±.
As these rates drop below the expansion rate, a “weak decoupling” occurs and the neutrinos are
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decoupled from the e± and photon background. Since electrons and positrons annihilate after
this decoupling, the neutrinos have a different, cooler, temperature than the photons, which carry
forward the energy density and entropy of the e± background. The temperature ratio of photons to
neutrinos becomes approximately

Tγ
Tν
=

(
11
4

)1/3
' 1.40. (43)

However, the neutrinos are thermal and the highest energies in their distribution are still partially
coupled to the e± background when it annihilates away. A small amount of heating of the active
neutrinos then occurs. Detailed calculations of this heating find that the standard active neutrino
density in the relativistic era is such that Neff = 3.046 to 3.052 [48–50]. Note, fully describing this
out-of-equilibrium energy transfer to the neutrinos requires their full momentum space distribution
function, and, to include mixing, would require the momentum dependent 3 × 3 full density matrix
for the active neutrinos alone.

Eventually, the neutrinos’ mass becomes small relative to their temperature, and they act as
non-relativistic matter. Therefore, they are a known component of dark matter, though certainly not
a large fraction of it. The density of massive neutrinos relative to the cosmological critical density
is

Ων =
Σmνnν
ρcrit

≈
Σmν

94.10eV h2 , (44)

where Ων = ρν/ρcrit and Σmν is the sum of the three standard neutrino mass eigenstates and the
Hubble constant is parameterized as h ≡ H0/(100 km s−1 Mpc−1). The numerical value on the
r.h.s. above is set for the case Neff = Nν = 3. Including non-thermal effects for the slight heating
from e± modifies the relation by ∼1%.

4.1 Neutrino Mass from the CMB and LSS

4.1.1 Σmν Effects on LSS

The active neutrinos cannot contribute a large fraction to the matter density in the Universe
because they are light and free-stream due to their thermal velocities, and they suppress the growth
of structure along the way. The suppression of growth occurs due to two physical effects:

1. the free streaming of neutrinos in the radiation dominated era to late times so that they do not
cluster as cold dark matter does, which is about one-fourth of the suppression, and

2. the lack of participation of neutrinos in the linear growth of LSS, while they do contribute
to the total matter density which affects the “friction” Hubble term in the growth equation of
LSS. This is about three-fourths of the suppression effect [53].

On the largest scales, the neutrinos cluster as normal matter. The total effect of suppression of
clustering on scales below the free-streaming scale is given by

∆Pδ
Pδ
≈ −8

Ων

Ωm
≈ −8

Σmν

94 Ωmh2 eV
. (45)

This was first described in Hu, Eisenstein, and Tegmark [54] as a consequence of inferring total
matter clustering as traced by Luminous Red Galaxies in the original Sloan Digital Sky Survey,
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Figure 14: The matter power spectrum for several cases of the sum of neutrino masses is plotted, along
with some of the earliest cosmological LSS data that placed stringent constraints, from the 205k main galaxy
sample of the SDSS [51] as well as Keck HIRES and LRIS data from Croft et al. [52]. It is readily apparent
that cosmological measurements can compete with terrestrial laboratory sensitivity absolute to neutrino
mass.

in a “cosmic” complementarity with expected cosmological parameter limits from planned CMB
experiments [55]. In Fig. 14, I plot the matter power spectrum P(k) for fixed large amplitudes
and increasing the neutrino mass, along with some of the first data that constrained neutrino mass
from the Sloan Digital Sky Survey (SDSS) as well as the inferred clustering of matter from early
Lyman-α forest data [51, 52, 56]. The forecast sensitivities of CMB via the Wilkinson Microwave
Anisotropy Probe and PlanckObservatorywith SDSSGalaxyRedshift Survey data were remarkably
accurate when compared to the eventual results, including neutrino mass sensitivities [55, 57]. The
sensitivity to neutrino mass from among the latest LSS galaxy surveys, combined with the latest
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Planck Observatory CMB observations place the limits on neutrino mass at [58, 59]

Σmν < 0.13 eV (95% CL) .

I discuss future sensitivities in the next section.

4.1.2 Σmν Effects on the CMB

Massive neutrinos also have direct effects on the CMB anisotropies. The physics of the
effects of massive neutrinos on the CMB was first explored in Ref. [60]. Though neutrinos with
mass � 1 eV are relativistic at CMB decoupling, their transition to matter-like affects the angular
diameter distances to the last scattering surface as well as the scale of the integrated Sachs-Wolfe
effect. There are degeneracies with the Hubble expansion rate and cosmological constant density,
though the primary CMB can still place direct constraints on neutrino mass, which are at the level
of Σmν < 0.26 eV (95% CL) when using both temperature and polarization anisotropy data from
the Planck Observatory data of the primary CMB [61]. The primary CMB is also affected by
intervening LSS, called lensing the CMB. The modification to LSS can then be imprinted on the
CMB itself [62].

The degeneracy of effects of massive neutrinos on expansion history at later times, via angular
diameter distance measures, are strongly constrained by the baryon acoustic oscillation (BAO) scale
measurements in galaxy redshift surveys. Even without LSS data, CMB plus BAO give the limit of
[61]

Σmν < 0.12 eV (95% CL) .

This puts CMB plus geometric measure constraints on neutrino mass at the same level of sensitivity
as CMB plus LSS, described above.

With the limits now at the ≈120 meV scale, they are within a factor of two of the minimal
level of neutrino mass given by oscillation experiments, Σmν ≈ 58 meV. In combination, future
CMB and LSS measures promise to get close to detection threshold of this minimal atmospheric
plus solar total neutrino mass. Such future observations include galaxy surveys, the lensing of the
CMB, galaxy-galaxy weak lensing, as well as mapping of hydrogen by the 21 cm background (for
a review, see Ref. [47]).

4.2 Neutrino Number from the CMB and LSS

4.2.1 Neff Effects on LSS

Radiation energy density that is parametrized in Eq. (30) effectively does one thing: alter
the presence of radiation energy density relative to other cosmologically-relevant mass-energy
components. The primary outcome is the alteration of the moment of matter-radiation equality as
radiation energy density scales as the scale factor, a, to the inverse fourth power, a−4, and matter
density as the inverse third power, a−3. The effect of an increase or decrease in Neff on the scale of
matter-radiation equality can be kept constant with a commensurate alteration in the matter density,
alongwith a requisite change inΛ density to keepmatter-Λ equality constant. All of those geometric
scales set by the equality benchmarks are strongly constrained by cosmological data, and are how
Neff can be masked by the degeneracies with the other density parameters. However, the alteration
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in matter density has to be within the dark matter component, ΩDM as the baryon density Ωb, via
Ωbh2, is independently strongly constrained by the CMB’s acoustic peaks. Therefore, secondary
effects are what break the degeneracies between these densities. Namely, any increase in Neff will
decrease the ratio of baryon to dark matter Ωb/ΩDM, which is itself well constrained by LSS.
The radiation dominated epoch is when the k-modes below the peak of P(k) in Fig. 14 enter the
horizon and grow. During this epoch, baryons remain coupled to the photon background through
Couloumb interactions, and do not cluster. The enhancement ofΩDM, in order to increase with Neff ,
in the ratio Ωb/ΩDM enhances clustering of that dark matter component, and therefore augments
the small-scale power, below the peak of P(k) in Fig. 14, when keeping the matter-radiation and
matter-Λ scales equal. Decreasing the ratio Ωb/ΩDM also damps the BAO feature since there is
less baryon density. Overall, this allows both the BAO feature and shape of P(k) to constraint Neff .
The constraint from Planck 2018 with BAO data is [61]

Neff = 2.99+0.34
−0.33 (95% CL) .

However, the effects on the shape of the matter power spectrum remain of great sensitivity when
including luminous red galaxy (LRG) power spectrum data to constrain the inferred matter power
spectrum [63], placing constraints from matter clustering from CMB+LSS(LRG) that are compa-
rable to that from CMB+BAO [59].

4.2.2 Neff Effects on the CMB

Similar to keeping matter-radiation and matter-Λ scales fixed with alterations in those densities
commensurate with a modification in Neff to avoid LSS constraints, this set of degeneracies exist
in the CMB. However, since Ωbh2 is very well constrained by the CMB, a modification of the
Hubble parameter h is done to keepΩbh2 fixed. Any change in Neff then alters the anisotropic stress
tensor of the neutrino background, changing the growth of perturbations and therefore altering the
position and amplitude of the acoustic peaks of the CMB. In addition, the diffusion damping scale
of photons is altered with Neff . The acoustic peaks’ change is directly proportional to changes in
h while the diffusion scale goes as mean-free-path time scales, as

√
h. The differential scaling of

these two major features of the CMB—their acoustic peaks and their damping scale—provides the
sensitivity of the CMB to Neff . The constraint from Planck 2018 alone is nearly as good as that
including the BAO data [61],

Neff = 2.92+0.36
−0.37 (95% CL) .

4.3 Tension Data Sets: Evidence for Neutrino Mass and Extra Neutrino Number?

Two significant anomalies have persisted in cosmology the past few years. First, the most
consistent anomaly is the measurement of a local Hubble expansion rate, H0, that is statistically
significantly higher than that inferred from measures of the CMB and BAO. This tension arose after
Planck 2015 data’s inferred H0 [64] was inconsistent with local measures from 2011 at 3σ [65]. The
inconsistency increased to 3.4σ with an increased precision of the Hubble Space Telescope (HST)
local H0 measurement [66], and to 3.7σ in 2018 [67]. In late 2020, the inconsistency has increased
to 4.2σ [68]. One hypothesis for the origin of the tension is an increase Neff to ameliorate the early
and late Universe expansion discrepancy. From the previous section, recall that the desire is to
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decrease early-Universe h to keep Ωbh2 fixed while increasing Neff and other densities. However,
an increase in Neff affects the other CMB and LSS observables described above, and relieving
the “tension” with local H0 measures increases internal tension in CMB and LSS observables.
Therefore, the statistical evidence for Neff as being a solution to the early-to-late Universe H0

tension is not present [59]. In addition, an order-one increase in Neff will come into conflict with
primordial element abundance constraints, described above. Evidence actually suggests that the H0

tension is more likely in effects arising from non-standard dark energy [69–71].
The second tension data set, less consistent across all the data, is the inferred amplitude of

perturbations at 8 Mpc h−1 scales, dubbed σ8. This scale, which is quite large of course on
human scales, is a measure of cosmologically relatively small scale perturbations, and is the scale
at approximately where the gravitational growth of perturbations is entering the nonlinear regime.
Some specific sets of cosmological data infer an amplitude of clustering at small scales that is
smaller than that inferred with zero neutrino mass and the inferred cosmological parameters from
the CMB. One way to reduce this amplitude is to increase neutrino mass, as shown in Fig. 14.
Several cluster and lensing data sets indicate a lower σ8 than that inferred from CMB data, which
could be indicative of significant active neutrino masses, extra massive sterile neutrinos, or both
[72–75]. The lower σ8 could also indicate partially thermalized sterile neutrinos from the eV [25]
to tens of eV scales [76]. If this persists with new datasets, it would be a significant cosmological
discovery. However, these results are inconsistent with the standard BAO and LSS results described
above, and, for the case of thermalized sterile neutrinos, would be inconsistent with Neff constraints
from primordial nucleosynthesis, Eq. (29).

5. Sterile Neutrino Dark Matter

5.1 Oscillation-based Production Mechanisms

The production of sterile neutrino dark matter via matter-affected oscillations largely follows
the physics described in Section 3. What is different for the dark matter scale is that, in order for it
to be consistent with structure formation, the sterile neutrino particle mass must be &keV, and that
pushes up the oscillation-based production, whether through a non-resonant or resonant production
to be at early Universe temperatures of T & 100 MeV (while ∼eV-scale sterile neutrinos thermalize
at T ∼ 10 MeV). This is all because of how eV to keV scales populate as in Eq. (25), which
in the non-resonant production model is the Dodelson-Widrow mechanism [77]. In Eq. (25), the
competing scalings of Eq. (26) have the production peak at a specific temperature in the non-resonant
case [77, 78]:

Tmax ≈ 133 MeV
( ms

1 keV

)1/3
. (46)

This ties in the production of keV-scale sterile neutrino dark matter to the time-temperature scale of
the quark-hadron transition, at T ∼ 170 MeV, and allows for inferences of the nature of the quark-
hadron transition if sterile neutrino dark matter is detected [79]. The mixing angle and masses
needed for dark matter production were also of interest for producing high-velocity pulsar kicks in
supernova explosions from asymmetric active-sterile neutrino mixing in core collapse supernovae
[80, 81].
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For the case of resonant production, sterile neutrinos are produced from the destruction of a
preexisting lepton number via the Shi-Fuller mechanism [44]. The resonance is where the matter-
affected mixing angle, Eq. (24) is maximized. The position of the resonance in momentum space,
εres ≡ p/T |res, evolves as

εres ≈
δm2(

8
√

2ζ(3)/π2
)
GFT4L

(47)

≈ 3.65
(

δm2

(7 keV)2

) (
10−3

L

) (
170 MeV

T

)4
,

depending on the requisite parameters. Note, the resonance is near the peak of the Fermi-Dirac
distribution at temperatures at and just above the quark-hadron transition. The resonance evolves
from low to highmomenta as the Universe cools, and as lepton number is destroyed. Therefore, low-
momentum sterile neutrinos are enhanced in production, and “cooler” sterile neutrino dark matter
is produced in the Shi-Fuller mechanism than in the Dodelson-Widrow mechanism. Therefore, the
free-streaming scale, which is relevant for structure formation signals and constraints, is different for
sterile neutrino dark matter produced from the two mechanisms. Note that both Dodelson-Widrow
and Shi-Fuller mechanisms could produce sterile neutrino dark matter as a fraction of the total
dark matter density. Therefore, the sterile neutrino dark matter’s effects on structure formation are
dependent on the nature of the other dark matter component, and reduced as the fraction of dark
matter as sterile neutrinos are reduced.

There is a large set of work on sterile neutrino dark matter production in low-reheating-
temperature Universe scenarios [82, 83], where the lower reheating temperature and plasma in-
teraction rate allows for larger mixing angles. Such scenarios also allow for production of sterile
neutrinos as a fraction of the total dark matter, and can be detected in X-ray observations, discussed
below. These production mechanisms occur at large mixing angles that can be probed in laboratory
experiments [84, 85].

5.2 Other Production Mechanisms

Sterile neutrinos could certainly have other couplings than the mass terms generating neutrino
mass. For example, a generic scalar S-particle can exist with an interaction Lagrangian

Lint =
y

2
(νR)

cνRS + h.c. . (48)

S-particles can be created in the early Universe and could decay into sterile neutrinos at some later
point. Therefore, the production is decoupled from the neutrino oscillation parameters, for cases
where the mixing is much less than that needed for Dodelson-Widrow or Shi-Fuller production.
In general, a scalar-decay sterile neutrino dark matter could have smaller or larger free-streaming
scales for the same particle mass in oscillation production, and a good review of the mechanisms is
in Ref. [86].

Regardless of the mechanism, if the active-sterile mixing is large enough for Dodelson-Widrow
or Shi-Fuller production to be significant, the production from Dodelson-Widrow or Shi-Fuller
processes have to be included. In the various particle-decay mechanisms, the “parent” S-particle
can itself be in or out of thermal equilibrium at the time the sterile neutrinos are produced. The
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decay into the sterile neutrino dark matter has been considered via several scalar particles as a single
particle decay channel or via one part of multiple possible decay channels [87–92]. In scalar decay
cases, the production of sterile neutrinos is governed by a Boltzmann kinetic equation describing
their distribution [87]

∂ f
∂t
− Hp

∂ f
∂p
=

2mSΓ

p2

∫ ∞

p+m2
s/4p

f (E) dE , (49)

where the sterile neutrino distribution is f (p, t) as a function of momentum p and time t, given
a scalar particle of mass mS . The rate Γ is the partial width for the scalar decay into sterile
neutrinos. For production when the degrees of freedom in the background plasma is constant, this
kinetic equation is analytically integrable. And, one can get the late time number density of sterile
neutrinos,

n0 ≈
3ΓMPlζ(5)

3.32πm2
S

√
g∗

T3, (50)

where g∗ is the number of statistical degrees of freedom during the production epoch, MPl is the
Planck mass, and ζ(5) is the zeta function. One can also calculate the average momentum of the
sterile neutrinos, which is 〈p〉 = π6/(378ζ(5))T ≈ 2.45T . In this model, the sterile neutrino dark
matter is colder than thermal 〈p〉 ≈ 3.15T , but not overwhelmingly colder [89, 93]. With very
high-scale production mechanisms, like that in Ref. [94], the sterile neutrino dark matter can be
very cold even for ∼keV-scale masses, and escape many structure formation constraints. The variety
of sterile neutrino production models’ relation with structure formation constraints is discussed in
Ref. [76].

There have been explorations where the parent particle is a vector [95] or fermion [96]. In all
of these models, as well as in oscillation-production cases, any further decays of particles, including
related more massive sterile neutrinos, can further “cool” the sterile neutrino dark matter relative
to the thermal bath [93, 97–99]. The sterile neutrinos usually cannot be arbitrarily cooled, and can
still be constrained by measures of its effects on structure formation [100, 101].

5.3 Structure Formation Implications

Since sterile neutrino dark matter is produced via thermal or quasi-thermal processes, and
is relatively light, they behave on the spectrum of “warm” dark matter. The original Dodelson-
Widrow case is ruled out as 100% of the dark matter from Local Group galaxy counts plus X-ray
constraints [102], which I discuss below. It is important to keep in mind, however, that structure
formation constraints are only beginning to constrain models with mixed cold plus warm dark
matter (CWDM). Sterile neutrinos could be a significant fraction of dark matter (∼20%) are only
partially constrained [103].

For the case of all sterile neutrinos being the dark matter, the upper scale of suppression of
structure is the physical distance that the sterile neutrinos, or other warm dark matter, travels until
matter-radiation equality,

λFS =

∫ tEQ

0

v(t)dt
a(t)

≈ 1.2 Mpc
(
1 keV

ms

) (
〈p/T〉
3.15

)
. (51)

So, clearly the physical impact is dependent not only on particlemass, but itsmomentumdistribution,
reflected in 〈p/T〉. The momentum distribution is determined by how the dark matter particle is
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produced from the thermal bath. Recall that axions are very light, � 1 eV, but created in a zero-
momentum mode, and therefore act as cold dark matter (for a brief yet up-to-date axion review,
see section 91 of the Review of Particle Physics [45]). For warm-to-cold-produced dark matter, the
connection between particle mass depends on the production mechanism and what happens to the
background plasma between the production and matter-radiation equality [104]. In Fig. 15, I show a
sketch and description of the relative momentum distributions from the standard Dodelson-Widrow,
Shi-Fuller, and a “thermal” warm dark matter gravitino momentum distributions. Sterile neutrinos
can be much colder than that shown in Fig. 15 if they are produced at high temperature, similar to
gravitinos, or if there is a large entropy transfer by new or standard particles into the plasma after
the sterile neutrino dark matter is produced [76].

Dodelson-W
idrowShi-Fuller
Gravitino
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Figure 15: Shown on the left are sketched distributions of Dodelson-Widrow (light purple) versus Shi-Fuller
(purple) momentum distributions versus a thermal distribution (red), on arbitrary scales. On the right, I show
a sketch of a “thermal” warm dark matter candidate’s distribution, like that of a gravitino, relative to thermal
(red). The Dodelson-Widrow distribution reflects the thermal neutrino background, with a small distortion
due to the intervening quark-hadron transition during or after the sterile neutrino’s production [105]. The
Shi-Fuller mechanism has resonant that moves from low to high momenta, which enhances production of low
momenta modes relative to Dodelson-Widrow. The Gravitino is produces at very high-temperature scales
(T � 100 GeV), and is suppressed and cooled to an abundance consistent with the observed dark matter
abundance by the disappearance of degrees of freedom in the plasma from Standard Model and beyond
Standard Model particles. The neutrino and gravitino amplitudes are multiplied by approximately a factor of
∼100, relative to the thermal distributions, to facilitate their display.

Overall, the mapping between different particle masses, given the different particle production
mechanism’s momenta distributions, are as follows. The thermal warm dark matter particle maps
to a Dodelson-Widrow sterile neutrino as [105]

ms |Dodelson-Widrow ≈ 4.46 keV
(mthermal

1 keV

)4/3
. (52)

The Shi-Fuller mechanism generally has a particle mass that is smaller than Dodelson-Widrow for a
given fixed free-streaming scale due to the Shi-Fuller mechanism’s colder momentum distribution,
i.e., ms |Shi-Fuller < ms |Dodelson-Widrow, for the same free-streaming scale. There is not a single-
function mapping because the lepton-number (or mixing angle) has to be specified for the Shi-Fuller
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mechanism as well as the particle mass. One interesting case is that the particle masses

mthermal ≈ 2 keV ⇔ ms |Dodelson-Widrow ≈ 11 keV ⇔ ms |Shi-Fuller ≈ 7 keV (53)

have approximately the same free-streaming scale when the Shi-Fuller neutrino has a mixing
angle matching that of the putative 3.55 keV X-ray signal, described below [106]. Note that the
mthermal ≈ 2 keV scale was of interest for solving problems in galaxy formation [107–109] at dwarf
galaxy scales [110–113]. For a review, see Ref. [103].

There are many ways to constrain the amount of small-scale structure present. Among the first
were Local Group galaxy counts [102, 114] and clustering in the the Lyman-α forest [105, 115].
Challenges in modeling the Lyman-α forest have led to arguments to use Local Group galaxy
counts as the most robust constraints [116] and the latest Local Group constraints from the Dark
Energy Survey find mthermal > 6.5 keV (95% CL) [117]. The most stringent claimed constraints
currently come from substructure inferred from imaging of strong lensing systems [118, 119].
The latest lensing limits are quite stringent at mthermal > 9.7 keV (95% CL), which corresponds to
ms |Dodelson-Widrow & 92 keV. The approximation in the Dodelson-Widrow sterile neutrino mass is
due to the fact that the mapping relation, Eq. (52), has not been calibrated at these high particle
masses. Note, however, that these lensing systems may be complicated by intervening structure
along the line-of-sight that is not always modeled [120, 121]. On another front, future constraints
are thought to be robustly possible from analyzing the disruption stellar streams by dark matter
subhalo structure [122].

The thermal dark matter particle mass scales probed now are very significantly above those
that could be responsible for alleviating problems in dwarf galaxy formation, mthermal ≈ 2 keV.
Studies of suppression of substructure are now of more interest in focussing on howmuch fractional
suppression is allowed, since, as mentioned previously, constraints on mixed cold plus warm dark
matter scenarios are only starting to be explored, and can also can alleviate problems in dwarf galaxy
formation. Current constraints find that up to 20% of the dark matter can be a warm dark matter
particle with the free streaming scale of a 1 keV thermal warm dark matter particle [111], and that
fraction becomes commensurately higher as the particle mass increases, the particle distribution
〈p/T〉 decreases, or its free streaming scale gets smaller. In extended models, more significant
new physics can occur. For example, Ref. [123] explores a sterile neutrino dark matter model with
self-interactions that could be explored in next-generation experiments like the Deep Underground
Neutrino Experiment (DUNE) [124].

5.4 Observability in X-ray Astronomy

A sterile neutrino with nonzero mixing with active neutrinos has been known to have a radiative
decay mode [125, 126]. This led to constraints from diffuse X-ray backgrounds being considered
[127, 128]. Detectability of the signals by collapsed dark matter halos was first estimated in
Ref. [129], and a detailed analysis of detectability signals from X-ray observations of clusters of
galaxies, field galaxies, and the diffuse X-ray background was done in Ref. [130]. It was shown in
Ref. [130] that clusters of galaxies were promising targets, followed by field galaxies. Ref. [131]
showed that the diffuse emission on the skywould likely be dominated by the intervening darkmatter
halo of the Milky Way. Ref. [130] specifically proposed that if the proposed high effective area and
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high energy resolution X-ray microcalorimetry missions in 2001 were not available that stacked
observations of clusters from the at-the-time newly flown missions of Chandra and XMM-Newton
could achieve the exposures needed for significant sensitivities.

In 2014, 8 Ms of stacked observations of clusters by XMM-Newton saw an unidentified line at
(3.55−3.57) ± 0.03 keV at 4σ−5σ, as well as toward the Perseus cluster of galaxies with Chandra
at lower significance [132]. Simultaneously, an independent team saw an unidentified line toward
toward the center of M31 at 3.53 ± 0.025 keV at 3σ, and an unidentified line toward the Perseus
cluster at 3.50+0.044

−0.036 keV at 2.3σ with the MOS spectrometer aboard XMM-Newton [133]. There
were several significant followup observations, with positive indications of the line and significant
detections using other space telescopes’ data, including a significant line at the same energy in blank
sky data with zero-bounce photons in the NuSTAR observatory [134]. The flux in that observed line
was consistent with the dark matter in the field of view, though an instrumental line with unknown
strength is at the same position.

The flux expected from dark matter decay goes as

dΦχ
dΩdE

∝
Lχ

4π
dNχ

dE
, (54)

where Lχ is the dark matter “luminosity” (often quoted in literature also as D− and J−factor [135]
for dark matter decay and annihilation, respectively) while dNχ/dE is the photon energy spectrum
from the dark matters’ final states. The dark matter decay luminosity is the line-of-sight integral of
its density along any given Galactic coordinate (`, b),

Ldec.(`, b) =
∫
los

d®sρχ[r(®s )] , (55)

where ρχ is the dark matter density at distance r(®s ) =
√

R2
� + s2 + 2 ®s · ®R� from the Galactic

Center, and ®s identifies the direction of the observer line-of-sight – specified by the Galactic (`, b).
A summary of X-ray detections and constraints through 2017 is available in Ref. [103]. Here,

I highlight some new results. There were new constraints and a very weak signal in ∼1 Ms
of Chandra X-ray observations of the Limiting Window towards the Galactic bulge reported in
Ref. [136]. A blank sky analysis using 30 Ms of XMM-Newton observations in Ref. [137] claimed
high sensitivity to the line and a lack of detection. However, Ref. [137] used a very narrow energy
window, 0.5 keV, failed to include known instrumental and gas lines in the analysis, and adopted
an excessively high local dark matter density. All of that led to their claimed stringent conclusions.
Including the possible lines, proper dark matter density profile, and a broader-spectrum analysis,
the claimed constraints of Ref. [137] are a factor of ∼20 weaker [138, 139]. The recently released
analysis Ref. [140] starts with ∼18 times as much data (547 Ms), and methodology “built heavily
off of” Ref. [137], but uses a wider energy window, with incorporation of some astrophysical
and instrumental line uncertainties, and a lower, dynamically motivated lower dark matter density.
Despite having 18 times as much data, only ∼31 Ms qualifies for their signal region, and Ref. [140]
finds weaker constraints than Ref. [137]. Importantly, Ref. [140] fails to include the 3.3 keV and
3.7 keV lines which have residuals just below their arbitrary threshold of 2σ for taking into account
astrophysical and instrumental lines. In addition, due to Ref. [140]’s choice of using Gaussian
process modeling for the background, they cannot test the goodness-of-fit of their background
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model, which appears to have large unaccounted residuals. The work does perform a spurious-
signal hyperparameter background mismodeling analysis. Given these issues, the robustness of the
limits from Ref. [140]—along with Ref. [137]—are questionable. Therefore, I leave the Ref. [140]
claimed limit in a lighter color in Figs. 16 & 17.

A blank sky analysis of ∼51 Ms Chandra blank-sky data, Ref. [141] found no lines, and also
provides one of the most stringent constraints. The NuSTAR X-ray Space Telescope has sensitivity
to dark matter lines from 3-25 keV, and searches for the line with that telescope have included
observations of the Bullet Cluster [142], blank-sky fields [134], the Galactic center [143], the M31
galaxy [144], and the Galactic Bulge [145]. INTEGRAL [146] and the Fermi Gamma-Ray Space
Telescope’s Gamma-Ray Burst monitor also provide constraints at high energy [147]. All these
signals and constraints are summarized in Fig. 16 and with a focus on the 7 keV region in Fig. 17.

Even in the initial work by Bulbul et al. [132], it was shown that the lines could be due to
charge exchange processes or metal lines, particularly K and Ar. However, for K, the abundance of
K required would be more than an order of magnitude higher than that independently measured in
X-ray clusters. For Ar, the lines that partner with one near 3.5 keV are independently constrained,
and therefore Ar cannot contribute significantly near 3.5 keV. Related discussions on metal lines are
in Refs [157–159]. In Ref. [160] it was shown that dynamical differentiation between dark matter
and metal lines from gas can be done by high energy resolution spectroscopy given the rotational
motion of gas with the Milky Way’s disk and the expected quasi-isothermal velocity distribution of
dark matter.

In Ref. [152], it was shown that this would likely require & 4 Ms of observations with the
soon-to-be launched XRISM X-ray Space Telescope, but with much more reasonable exposures of
∼10 ks to ∼100 ks with the ATHENA X-ray Space Telescope [161] or the Lynx Space Telescope
[162]. In addition, Ref. [152] showed that the optics-free Wide Field Monitor (WFM) aboard the
eXTP X-ray Space Telescope [163] could have a high sensitivity to dark matter decay due to its
immense field-of-view, since the signal scales as ∼FOV and background flux uncertainty scales
as ∼
√

FOV. Depending on the nature of modeling the systematics of the WFM, which was not
designed per-se as a dark matter detector, the WFM aboard eXTP may be one of the most sensitive
upcoming instruments in search for dark matter decay lines at the keV scale [153]. See Fig. 16.
Clearly, with tens to hundreds of Ms of data from Chandra and XMM Newton, sensitivities to lines
are not dramatically increasing and new technology like high-resolution and wide fields-of-view
are needed. The sensitivity of the upcoming Athena X-ray Space Telescope is also promising (see
Fig. 16) [151]. The eROSITA/SRGmission can also have sensitivity to the broader parameter space
[164, 165].

It is important to note that in low reheating-temperature Universe models [82, 83], where the
low reheating temperature and interaction rate allows for larger mixing angles and production of
sterile neutrinos as a fraction of the total dark matter, the parameter space is very different from
Fig. 16. For example, see Fig. 5 in Ref. [103]. In such models, the fraction of dark matter can be
very small but still produce X-ray signals but not have appreciable affects on structure formation,
so that such a dark matter sterile neutrino would be seen in X-ray observations or in the laboratory
before they are constrained by structure formation. Such production mechanisms occur at large
mixing angles that can be probed in laboratory [84, 85].
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Figure 16: The full parameter space for sterile neutrino dark matter, when it comprises all of the dark matter,
is shown. Among the most stringent constraints at low energies and masses are constraints from X-ray
observations M31 Horiuchi et al. [102], stacked dwarfs [148], 99% upper limit from 51 Ms of blank sky data
from Chandra [141], and the claimed blank sky 95% limit from 547 Ms of XMM-Newton data [140]. Also
shown are constraints from the diffuse X-ray background [149], and individual clusters “Coma+Virgo” [150].
At higher masses and energies, I show the limits from NuSTAR [145], Fermi GBM [147] and INTEGRAL
[146]. The signals near 3.55 keV from M31 and stacked clusters are also shown [132, 133]. The vertical
mass constraint only directly applies to the Dodelson-Widrow model being all of the dark matter, labeled
“DW,” which is now excluded as all of the dark matter. The Dodelson-Widrow model could still produce
sterile neutrinos as a fraction of the dark matter. I also show forecast sensitivity of the planned Athena X-ray
Telescope [151], and the potential optimistic-case reach of the WFM instrument aboard the eXTP X-ray
Telescope [152, 153].
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Figure 17: X-ray line detections consistent with sterile neutrino dark matter are shown here. The dark
colored regions are 1,2 and 3 σ from the MOS (blue) and PN (red) stacked clusters by Bulbul et al. [132],
the Bulbul et al. core-removed Perseus cluster (green), and M31 (orange) from Boyarsky et al. [133]. Also
shown are the 1 and 2 σ regions of the detection in the Galactic Center (GC) [154] as well as the > 2σ
line detections in 1. Abell 85; 2. Abell 2199; 3. Abell 496 (MOS); 4. Abell 496 (PN); 5. Abell 3266; 6.
Abell S805; 7. Coma; 8. Abell 2319; 9. Perseus by Iakubovskyi et al. [155]. Numbers in the plot mark the
centroid of the regions, with MOS detections in orange and PN in purple. I also show, in purple, the region
consistent with the signal in Chandra Deep Field observations, with errors given by the flux uncertainty,
i.e., not including dark matter profile uncertainties [156]. The lines show constraints at the 90% level from
Chandra observations of M31 (14) [102], stacked dwarf galaxies (M14) [148], the 99% limit from 51 Ms of
blank sky data from Chandra [141], and claimed blank sky 95% limit from 547 Ms of XMM-Newton data
[140].

6. Conclusions

Overall, the topics touched upon by neutrinos in astrophysics and cosmology are very broad,
including topics in the physics of the CMB, LSS, solar neutrinos, supernovae, dark matter produc-
tion, small-scale structure formation, and even X-ray astronomy. With further specification of the
properties of neutrino mass and mixing by current and upcoming experiments, discovery of any
new nonstandard physics including new sterile states or nonstandard interactions, the bevy of places
that neutrino properties affect astrophysics and cosmology will continue. I hope this set of lectures
and this lecture write-up provide a resource for future enlightening investigations of neutrinos in
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astrophysics and cosmology.
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