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Precision Tests of the Standard Model

1. Introduction

The Standard Model of electroweak interactions [1-3] is at the core of today’s understanding
of fundamental physics. The breaking of the electroweak symmetry through the Higgs mechanism
is the origin of the masses of all other elementary particles in the Standard Model (SM), and it
explains the apparent “weakness” of the weak interactions in low-energy physics. In contrast to
the strong interactions, one can make reliable high-precision predictions using perturbation theory
for electroweak observables. The realization that the electroweak theory is perturbatively calcula-
ble [4] has tremendously advanced the understanding of its theoretical structure and provided the
opportunity for precise experimental tests of all its aspects.

Through comparisons of precision measurements of properties of the electroweak gauge bosons
with theoretical predictions within the SM in the 1990s and 2000s, it was possible to put constraints
on the some of the last undiscovered components of the SM: the top quark and the Higgs boson (see
Figs. 1.16, 8.3, 8.11, 8.13 in Ref. [5]). At the same time, electroweak precision tests put important
constraints on physics beyond the SM and have conclusively ruled out some models. These lectures
provide an introduction into the most common electroweak precision observables, their theoretical
underpinnings, and how they can be used to test the SM and physics beyond the SM.

It is assumed that the reader is familiar with the general structure of the Standard Model and
general aspects of quantum field theory, such as Lagrangians, Feynman rules, perturbation theory,
gauge symmetries and Ward identities, and electroweak symmetry breaking through the Higgs
mechanism. Good examples for pedagogical reviews of the foundations of the Standard Model can
be found in Refs. [6-8].

Since the topic of these lectures requires a solid understanding of foundational aspects of
higher-order corrections and renormalization, they begin with a review of renormalization in QED
and in the Standard Model in section 2. Section 3 discusses a range of quantities known as elec-
troweak precision observables, which play an important role in detailed tests of the Standard Model,
in particular its electroweak symmetry breaking sector. Finally, in section 4, it is shown how elec-
troweak precision observables can be used to probe and constrain physics beyond the Standard
Model, with an emphasis on models of neutrino physics and dark matter, owing to the themse of
the TASI 2020 school.

Throughout this document, the following conventions for the metric tensor and Dirac algebra
are being used:

(gyv) = diag(+1,-1,-1,-1), {Vy’ YW= Zg,uv Tyxa, {yu’ ys} =0. (D

The document also contains a handful of exercise problems that the reader is encouraged to try to
solve. Answers to the problems are given at the very end of the document.

2. Renormalization

2.1 Renormalization in QED

Before discussing renormalization in the Standard Model (SM), let us first illustrate the main
concepts for a simplet theory: Quantum Electrodynamics (QED), which describes a charged Dirac
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fermion' i that interacts with the photon field A,. Its Lagrangian is given by
L= _%FO,pVFgV + Eo(ia + eOAO - mO)WO’ FO,,uv = 6uAO,v - avAO,p- (2)

This expression contains two free parameters: ey and my, the charge and mass of the fermion v,
respectively.

When including radiative corrections, these parameters will in general differ from the observ-
able charge and mass of the fermion. Denoting the latter as e and m, the relation can be written
as

eg=Z.e =(1+062Z,)e, my =m+ om 3)

The quantities 0X are called counterterms. Here and in the following, the index “0” is used for La-
grangian (“bare”) quantities, whereas the corresponding symbols without subscript denote physical
(renormalizated) quantities.

To determine the counterterms, one needs to specify a set of renormalization conditions that
define what we mean by “physical quantities.” For the charge and mass, we can find a set of
conditions that formally reflect how these quantities are typically measured in an experiment:

Mass m: The physical mass is defined as the pole in the fermion propagator
i i(p+m)

“)
since the peak in the propagation probability |D(p)]*> for p> = m?
propagation (i. e. an actual observable particle).

When computing the propagator from the Lagrangian, one must include radiative corrections,

, WA 5
+4>—O—»+. U_U .+... &)

i i i i i ;
P —mo + p—molz(p)p—mo + p—molz:(p)p—molz(p)p — + .. (6)

i
~p—mo+2(p)

corresponds to long-distance

leading to

)

Here X(p) is the self-energy of the fermion, which represents all one-particle irreducible loop dia-

grams contributing to the fermion two-point functions [depicted symbolically by the blob in (5)].

Eq. (6) is called a Dyson series, which can be resummed as a geometric series, leading to eq. (7).
2(p) can contain y matrices and thus can be expanded as a sum of the following terms:

:]72

2 NS 2
Z(p) = Zs(p7) + yuP" Zv(p?) + v vop” Zr(p”) +... (®)

— absorb in Xg

Owing to Lorentz invariance, the coefficients Xy can only depend on p?. The term linear in Yu
(called the “vector” part of the self-energy) must be proportional to p* since this is the only other

IThe extension to several fermions with different charges and masses is straightforward.
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4-vector that can be contracted with ,. The term with two gamma matrices (the “tensor” part) can
be rewritten, using (1), as being proportional to p? and thus it is already captured by the “scalar”
part Xg. In the same way, all terms with three or more gamma matrices can be absorbed into Xg
and Xy.

Demanding that the propagator has a pole for p? = m?

, or equivalently p = m (see eq. (4))
leads to the condition

0= p = (m+6m) + [PZv(p®) + Zs (0P oy, prn ©)
———
0

= om=mIy(m®) + s (m?) (10)
Charge e: The physical charge is defined as the strength of the electro-
magnetic coupling in the Thomson limit: an on-shell fermion (p? = p3 = Lu(pr, pi/
m?) interacts with a static electric field (i.e. a photon with zero momen- /J]\,x ﬁ
tum, k = p» — p;1 — 0). Denoting the sum of all vertex diagrams by
I'.(p1, p2), this means that + ke

a(p1) iCu(p1, pr) u(pr) = a(p1) iey, u(pr) forpi =m>  (11)

The vertex factor can be written as a tree-level piece and a term 6T, that subsumes all loop contri-
butions. The latter can be related to the fermion self-energies using the QED Ward identity, which
implies that

K 6T (p. p + k) = e[S(p + k) — X(p)] (12)

.1 0
= OT(p.p) = e lim S+ K) = X(p)] = e 52 %(p) (13)

Field renormalization: Until now, we only considered the renormaliza-
tion of the parameters in the Lagrangian. However, the fields themselves > -
receive quantum corrections, due to self-energy contributions in the exter- O
nal legs of any physics process (also called “wave function” renormaliza-

tion). These corrections can be absorbed by redefining the fields:

Al = \Zy A%, Yo = Zy ¥, (14)

where, as before, we can write Zx = 1+ 0Zx, where 6Zx is the counterterm due to loop corrections.
These counterterms should cancel the self-energy corrections on the external legs. For an external
fermion, one therefore should demand

[Zy(p +mo) + Z(P)] sy = (P + M)psm 5)

Taking the derivative p“% on both sides yields

9
[P+ Zom+ 522D, = P, (16)
d , :
= 02y = L )| = —Ev) - 2y - 2 o) a7
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For external photons, we need to use the photon self-energy, %, (k), which can be decomposed into
a transverse and a longitudinal part:

kuk, kuk,
B (k) = (g = =57 )2 () + 2572107 (18)

Invoking the QED Ward identity, k%, = 0 immediately tells us that X; = 0.
Applying the Dyson summation to the remaining transverse part of the self-energy yields the
following result for the photon propagator (in Feynman gauge):

k.k, —i k.k, —i
U ) l % l (19)

- + —_—

(8w =2 )y ) kR

Note that the last term in this equation changes if a different gauge than Feynman gauge is adopted.
Including the field renormalization counterterm requires to modify (19) according to kK +3r(k%) —

Zpk* + Z7(k*). Demanding that Z, should compensate the self-energy contribution for an on-shell
photon leads to

(24l + 0G0, = K (20)

= 6Z4 = -27(0) 21)
Field renormalization effects in charge renormalization: For the proper evaluation of the

charge renormalization condition (11), we must include the field renormalization factors, yield-
ing

VZaZyeoy, + 0L, = ey, (22)

Expanding the left-hand term to leading order in perturbation theory yields VZ Zy eg = e(1+06Z,+
%6ZA + 0Zy + ...). Furthermore we can use that oI" = 6%2 according to (13) and %Z = 0Zy Yy
according to (16). Thus one obtains a rather simple result for the charge counterterm:

6Z, = —%6Z5 [at 1-loop order] (23)

An explicit one-loop calcution of the fermion loop diagram below yields

2

, a( 2 m
/W@vv\m 27(0) = g(—4 — Y~ —47w2) (24)

where d and u are the number of space-time dimensions and the regularization scale in dimensional
regularization, respectively. Furthermore, yg ~ 0.577216 is Euler’s constant.

Extending the QED theory to include all SM fermions, this becomes
) 2

/ @ "y
27(0) = ;NJQ?C g(m —yE—In W) (25)

where Ng = 1(3) for leptons (quarks) and Q¢ is the electric charge of the fermion species f in
units of the positron charge e. A problem with (25) is the fact that light quark masses (m,,, mg, my)
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are ill-defined, since QCD at the scale m,, 4 ; is inherently non-perturbative, and thus a perturbative
calculation as in eq. (25) is not adequate.

This problem can be circumvented by using a dispersion relation that establishes a relationship
between X7.(0) and the process e*e” — hadrons, which can be obtained from data. In order to so,
as a first step we will rewrite £7.(0) as follows:

r(Q%)
Q2

¥/.(0) = I1(0) = T1(0) — Re [I(M2) +Re T1(M2), Q%) = (26)

=Aa

Here the term Aa is UV finite, while H(M%) depends on the light quark masses only through powers
of mé /M% ~ 0 and thus can be computed perturbatively to very good accuracy. The choice of M
for the separation scale in (26) is somewhat arbitrary; the only requirement is that this scale should
be much larger than Aqcp. However, Mz has become the conventional choice in the literature.

Furthermore, Aa can be divided into a leptonic and a hadronic part, Ao = A@jept + Adhad,
where Aajepe can also be reliably calculated using perturbation theory [9, 10]. On the other hand,
Aanag can be related to the process e*e™ — hadrons using a dispersion integral (see below for the
derivation):

R(s’) o[ete” — hadrons]
Alhad = ==

M2 Ris) = olete” - pfu] @7
For s < 2 GeV, R(s) is typically extracted from data collected at several e*e™ colliders, while QCD
perturbation theory can be used for s > 2 GeV. In many analyses, data is also used near the c¢ and
bb thresholds, although it has been argued that perturbation theory can also be used in these regions
[11, 12]. For recent evaluations of Aayp,gq from R(s), see Refs. [13—-15].
Efforts are also underway to compute Aan,q(s) = Ipq(0) — Re Iyaq(s) using lattice QCD [16,
17], but more work and a more detailed evaluation of systematic errors will be needed before they
can be applied in phenomenological applications. Finally, it is possible to extract Aa(s) directly
from measurements of Bhabha scattering [18-20], but the currently achievable precision is not
competitive with the dispersion relation method.

Derivation of eq. (27): Suppose a function f(z), z € C has a branch cut along the
positive real axis, but is analytical elsewhere. One can then apply Cauchy’s integral
theorem for a contour C that excludes the branch cut, see Fig. 1
fe = 5 faz T (28)
miJe 7 -2
If f(z) vanishes sufficiently fast for |z — oo, only the parts of C along the real axis
need to be considered. For zg = s + i€ one then obtains

f(s+ie) =~ f Ty [ H OS2 0) (29)
2mi Jo

s —s5—ie

where ¢ < € are both infinitesimally small. Applying this to f(z) = II(z) and noting
that I1(s" — i0) = IT*(s" + i0),

ReH(s):%f gy I + ) (30)
0

s’ —s§s—i€
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Figure 1: Integration contour for using Cauchy’s integral theorem for a function that has a branch cut along
the positive real axis (indicted by a zigzag line). The circle section is understood to have a radius R — co.

[The i€ on the L.h.s. can be dropped if we only consider the real part of I1.]

Now we can relative the photon vacuum polarization I1(s) to the matrix element for
e*e” — e*e” with a photon self-energy in the s-channel:

ImTI(s") elz Im M{}w@m{}@zo (31)

’

= S—2 Z olete” = ff] [optical theorem] (32)
“7
= S—ZR(s’) olete” — utuT] (33)
e N~——/
4ma?[(3s")

where “6 = 0” indicates that we are restricting ourselves to forward scattering, i. e.
the kinematics of the final-state e*e™ are the same as in the initial state. Then we can
apply the optical theorem in (32). Inserting (33) into (30), one arrives at

0 1 1
Re [TI(s) - [1(0)] = % fo ds' R(s’)[— - —] (34)

s —s—1ie

which immediately leads to the formula for A in (27). m

Exercise: Compute the result in (24). Hint: Yr(k?) can be computed with Feynman rules and

2 2
standard techniques, with the result % 3Wz;;ﬁ&)(kz, m2,m?) — %Ao(mz)]. To compute

the derivative of By(k2, m2, m?), show that ak‘% F(k2) = 4k £ (k?) + 2d f'(K%). Then apply ak‘%

inside the integral and use this to compute %Bo(kz,mz, mz)’kzzo. Finally, express the result in
2

terms of Ag(m?) and derivatives thereof and use Ag(m?) = mz[ﬁ —vg—1In 4’:7 + 1].
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Gluon GS = V1+0Z5G* [a=
Charged W= bosons b= I+ 0Zy W*

Z V1 +67 ls7z 7
Photon, Z boson o - 7z 2044z

Ag 16Zpz  NT+0Zaa)|A
Higgs boson Hy=V1+6ZyH

|
—_

...8]

yhy= |1 +0Zkyh
Fermions 70 rrr
R _ R,/ R
Vo= 192 ¥y

Table 1: Field renormalization counterterms of the SM fields.

2.2 On-shell Renormalization in the Standard Model

In this subsection, the renormalization procedures from QED are extended to the full Standard
Model (SM). Some unique aspects related to electroweak symmetry breaking and massive gauge
bosons are reviewed in detail, whereas the remainig aspects that are conceptually similar to QED
are only summarized briefly”.

The field content of the SM and the associated field renormalization counterterms are listed
in Tab. 1. The photon and Z boson receive a matrix-valued renormalization factor to account for
mixing between these two fields. Since the left- and right-handed fermions in the SM have different
interactions, the also receive independent renormalization factors.

In addition to the field renormalization terms, the SM also contains several parameters that in
general will be renormalized by higher-order effects:

e Gauge couplings g, g’, gs associated with the U(1), SU(2) and SU(3) gauge interactions.

e Yukawa couplings y;. In general these are matrices in the space of the three SM fermion
generations, but for the purpose of these lecture we will ignore CKM mixing?.

e Higgs vacuum expectation value (vev) v = (¢,) =~ 246 GeV, where ¢ is the Higgs SU(2)
doublet, and the Higgs self-coupling A.

For the renormalizion procedure, it is desirable to relate these parameters to observables, such as
o the positron charge e (in the Thomson limit);
e the massive boson masses My, Mz, My;

e the fermion masses ms (f = e,p, 7, u,d, s,c, b, 1)".

2A more detailed exposition of renormalization in the SM can be found e. g. in Ref. [21].

3This approximation is justified by the fact that for electroweak physics CKM mixing is most relevant in the third
generation, due to the enhancement from the large top-quark mass, but the CKM matrix is very nearly unitary in the
third row.

“Neutrino masses are exactly zero in the SM, in obvious conflict with observations. However, the tiny neutrino
masses are irrelevant for electroweak physics.
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At tree-level, the relationship between parameters and these observables is given by the following

equations
M

® cy =cosby = VW 52, =1 —C\Z,v,

z

e , e
[ = — = —
g o’ 8 — (35)

° v=2Mw/g,

o 1= M}/

Here the weak mixing angle 6w has been introduced for convenience.

The on-shell (OS) renormalization scheme is defined by enforcing relations in eq. (35) to all
orders in perturbation theory.

Note the absence of g in this list. Since the strong coupling becomes non-perturbative at low
energies, there is no OS definition for g;. Instead, the most common prescription for this coupling
is the so-called MS scheme, where the counterterm is defined as a pure UV-divergent term in
dimensional regularization:

Cr. Cr- C 2
PR R SR vt

where the C; are chosen such that the sum of the L-loop corrections to the ggg vertex and the vertex

0g8s = (47T€_VE)L£( L = loop order (36)

counterterm are UV-finite:

NS f

q q q q
+ X [ V1 +06Zg (1 +6Zg)(1 + 085)]1_1o0p = finite  (37)

L-loop

v—Z mixing: The derivation of the OS counterterms proceeds in a similar fashion as for QED,
with a few modifications. For example, the expression for the charge counterterm in (23) must be
adjusted to account for photon—Z mixing:

S
0Ze(1) = —%5ZAA(1) - —2W 0ZzA(1) (38)
Cw

Here and the in the following the subcript (n) indicates the loop order.

Additional renormalization conditions are needed to fix the mixing counterterms 6Zz4 and
0Z4z. Within the OS scheme, this is achieved by demanding that an on-shell photon does not mix
with the Z boson, and conversly an on-shell Z boson does not mix with the photon. At one-loop
order, we can write the photon—Z two-point function as

Vi Zy
Gory) = + ANARANN

—

k

O kb Kk,
= _l(g,uv - 2—2)[2‘?‘(21)(](2) + kzéézf\z(]) + (k2 — M%)%ézZA(l)] - ZZ_Z[] 39)

where the blob symbolizes all loop diagrams contributing at the given order, whereas the cross

symbolizes the counterterm contributions. The former is formally described by the photon—Z self-
ZAZ

energy X7,

whereas the latter receives two contributions: the one with 6Z4z(y stems from the



Precision Tests of the Standard Model

Ap propagator, when the Ag field then gets renormalized according to Tab. 1, while the one with
0Zz4(1y stems from the Z, propagator, when the Z, field gets renormalized. The longitudinal part
has not been spelled out in (39) because it does not contribute to physical in- and out-states. Now,
imposing the on-shell non-mixing conditions, one obtains

=16,
Gﬁf(l) =0 for kz =0 = 6ZZA(1) =2 (40)
Z
Re ZAZ ( 2)
A 2 2 T(1) V4
Giryy =0 fork> = Mj = 0Zuzy = 2—— (41)
V4

Unstable particles: An additional complication arises for the renormalization of unstable parti-
cles, since their self-energy has an imaginary part, Im X(M?) > 0, so that the pole of the propagator
becomes complex! In practice, in the SM, this is relevant for the W and Z bosons and the top quark,
since the width of all other SM particles is negligibly small.

A detailed review of this issue can be found, e. g., in Ref. [22]. Here we will illustrate the main
points for the example of the W boson to discuss this issue. The propagator pole is defined by

Zw(k® = My, )+ () =0 for k> =My, —iMyTy (42)

The real part of the complex pole can be interpreted as the renormalized mass My, whereas the
imaginary part is associated with the decay width, I'yy. Defining the OS mass in this way ensures
that it is well-defined and gauge-invariant to all orders in perturbation theory, since the propagator
pole is an analytic property of the physical S -matrix [23-26].

What is the implication of the complex pole for the counterterms 6Zy and 6M12,V? To answer
this question, let us assume that I'yy <« My°. Then one can expand (42) as

Zw(M3y, — iMwTw — M3, — SM3,) + =) (M3) — iMy Ty =V (M3,) + O(Ts,) = (43)
where =V’ (k?) = 6(k2) =¥ (k?). Taking the imaginary part of (43) one obtains

ZwMyTy ~ ImEV (M3,) — MyTw Re 2} (M3,) (44)
Im =Y (M3)
Mw[Zy +Re X} (M3)]

Ty~ 45)

i. e. this provides a prescription for computing the total decay width. On the other hand, the real
part of (43) leads to

Zw SMy, ~ Re ) (M3y,) + MyTw Im 2} (M3,) (46)

The last term in (46) would not be present for a stable particle. However, for an unstable particle,
its inclusion is important to ensure that the renormalized mass is well-defined and gauge-invariant.

Egs. (45) and (46) depend on the field renormalization counterterm 6Zy. However, it becomes
ill-defined when taking into account the width I'yy, because we do not know whether we should

SNumerically, T'y /My = 2.5% in the SM.

10
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demand that it compensates the self-energy correction for p> = M‘zv or for p? = M%V — iMyTy.
The latter may seem preferrable because it is the gauge-invariant pole of the propagator, but what
are we to make of an external particle with complex momentum?

The problem occurs because we have explicitly taken into account the fact that the W boson
is unstable. But in this case it cannot be an asymptotic external state, because it will decay rather
rapidly! Instead, we should consider a process where the production and decay of the W boson is
included, so that it occurs only as an internal particle. An example would be ud — W* — u*v,,.
When computing this process, 6Zy occurs in the intermediate W propagator, but also in the initial-
state udW vertex and in the final-state Wyu*v, vertex. Summing up all these contributions, one
can easily verify that 6Zy drops out in the total result, and we never need to provide an explicit
expression for it.

Tadpole renormalization: A large number of loop diagrams con-
tains so-called tadpoles, which are sub-diagrams with one external
leg. An example for the process u~ — e~ v, ¥, is shown to the right.
In a practical calculation, these diagrams constitute a large fraction of
the total number of diagrams and they signficantly increase the size

of intermediate algebraic expressions.
Fortunately, these tadpoles can be absorbed by renormalizing the Higgs vev,

Vo =V + 0V 47)

Introducing this additional counterterm will break any tree-level relationships between the vev and
other parameters. For example, for the bare Higgs potential,

Vo = —olgl* + olgl* (48)

one has vg = , /,u%//lo, but this relationship between v, 4 and u can be modified at higher orders
without causing any problems since v is not an observable, and its numerical value does not have
any direct physical meaning. Therefore, we are free to choose the counterterm ov at will during the
computation of any physical observables, without affecting the final result.

To see how this can be used to eliminate tadpole diagrams, let us write the Higgs doublet field

as
G+
¢ = [ B 0 ) (49)
ﬁ@+H+G)
where G*, G are the Goldstone fields. Using u(z) = %MIZLI 0= %(M%I + 6]\711%1), and expanding the
bare Higgs potential to one-loop order, one finds
Vo =V +6V + 06X, (50)
M? M?

V=——Hip?+ g 51

S0 + ol 51)

SM% 3 6 M?, v
5V = const. - M3 v H+(—1 — 2M% ) H? - — (G2 + 2G*G™) +interact.  (52)
—— 2 2 1% 2v
=0t

=0M%/2

11
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To avoid clutter, the constant term (which is physically irrelevant) and any interaction terms involv-
ing three or more scalar fields have not been spelled out in eq. (52). The term linear in H produces
a tadpole-like counterterm Feynman rule:

H o =ist (53)

Now one can choose 6t (or, equivalently, 6v) such that the sum of the tadpole loop diagrams plus

HO+H>< = 0 (54)

When adopting this convention, no tadpole diagrams need to be taken into account in an actual

this counterterm vanishes:

calculation of a physics process.

As can be seen in (52), v also modifies the Higgs mass counterterm, but this shift can be
absorbed by redefining this mass counterterm. The new counterterm 6M%1 can be derived from the
standard OS renormalization condition without needing to worry about tadpoles.

However, 6v also generates a fictious mass for the Goldstone bosons (GO, G%*), as also shown
in (52). Since these fields are a priori massless, this fictious mass cannot be absorbed by any
redefinition of other parameters. While this is not explicitly shown in (52), additional non-trivial
contributions proportional to év also appear in self-interactions of the Goldstone scalars. These
Goldstone mass and vertex corrections are a (small) price to pay for renormalizing away the tadpole
diagrams. For a complete list of Feynman rules modified by ¢ (6v), see e. g. Ref. [21].

Exercise: Determine the contributions of 6 and 5M121 to the scalar three- and four-point interac-
tions in 0V.

2.3 Other Renormalization Schemes

While the OS scheme has certain advantages, by relating renormalized SM parameters to
physical observables, a range of other renormalization schemes are frequently adopted in the lit-
erature. They each come with specific advantage and disadvantages (indicated by(® and(S below,
respectively).

MS scheme: All already mentioned on page 9, all counterterms in the MS scheme have the form

CL Cr g) 2

_ ~ye\L _
0X = (4ne™E) 8(8L +F+"'+ . s—m,

L = loop order (55)
i. e. they simply subtract the divergent pieces of an amplitude but do not contain any non-trivial
finite terms. The factor with 47 and g in front is included to cancel similar terms that universally
appear for any divergent loop integral in dimensional regularization.

@ The dependence on the scale u of dimensional regularization, d*k — u*~?d“k, is not can-
celled by the counterterms, so that the MS couplings and masses depend on the choice of
. The u-dependence can be described by the renormalization group, which allows one to
resum dominant terms in some calculations and to study phase transitions.

12



Precision Tests of the Standard Model

(a) (b) (©) (d)

Figure 2: Diagrams for muon decay (a) in the Fermi model, (b) at tree-level in the SM, and (c,d) contributing
to the one-loop corrections in the SM.

@ In some cases, when renormalizing the relevant parameters of a physical process in the MS
scheme, the perturbation series for this process converges better than in the OS scheme.
@ One needs an additional calculation to relate a MS parameter to an oservable, in order to

determine the numerical value for this parameter from experiment.

G, scheme: The Fermi constant G, describes the decay of muons as an effective four-fermion
interaction described by the Lagrangian

G, — —
Lrermi = F’*ﬁ(wvﬂyAw_yby)(wmw_m) (56)
where w_ = (1 — ys)/2. In Feynman diagrammatic form, the muon decay process generated by

this interaction in shown in Fig. 2 (a). In the SM, the four-fermion interaction is instead mediated
by W-boson exchange at tree-level, see Fig. 2 (b). Therefore, G, can be expressed in terms of SM
parameters,

Gy g

Yy
V2 8My,

(1+Ar) (&)

where Ar accounts for corrections beyond tree-level (see Fig. 2 (c,d) for example diagrams). This
relation can be used to express the weak coupling g in terms of G

& =4V2g,Mi(1+A)! (58)

When computing electroweak radiative corrections, instead of writing them as a series in powers
of g = e/sy, one can employ (58) to represent them as a series in powers of G,,.

® Gy = 1.1663787(6) X 1075 GeV 2 is precisely known from measurement [27].

@ The leading corrections in Ar may (partially) cancel similar terms in other observables. For
example, when computing the W decay rate, the one-loop corrections are much smaller in
the G, scheme than in the OS scheme of the previous subsection [21].

@ One needs to include the corrections to muon decay (Ar) in the calculation of any other
observable.
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3. Electroweak Precision Observables

The term electroweak precision observable (EWPO) refers to a set of quantities that have
been measured with high precision (typically at the per-mille level or better) and that are related
to properties of the electroweak (W and Z) gauge bosons. In general, they also include a number
of quantities that are not stricty instrinsic to the electroweak sector, but that are needed to make
predictions for EWPOs within the SM. These are often called “input parameters.”

Another rationale for distinguishing between input parameters and “genuine” EWPOs is the
expectation that input parameters are unlikely to be significantly affected by new physics beyond
the SM (possible reasons include: their measurement is based on kinematical features; they are
protected by symmetries; new physics decouples due to effective field theory arguments). On
the other hand, the genuine EWPOs can get modified by a large range of beyond-the-SM (BSM)
models. In fact, one of the main motiviations for studying EWPOs is their potential to constrain
new physics by comparing measurement data with theoretical SM predictions.

In the following subsection, the relevant input parameters will be discussed one by one, before
giving an overview of the most important genuine EWPOs in the remainder of this chapter.

3.1 Input Parameters

A typical choice of input parameters for electroweak precision studies is: @ = %, Gy, as, Mz,
My, m;. The masses of any fermions besides the top quark (my, f # 1) are generally negligible in
electroweak physics since their impact is suppressed by powers of m? /M?,, with the exception of

Aa, where they contribute logarithmically, see page 6.

Fine structure constant @: There are two leading methods for determining the value of a:

e From the electron magnetic moment a, = gfz_ 2 [28], which has been theoretically computed

to very high precision:

2 2
m
o = < 4 Ayd® + Ay + Aga + Asa® + Cw—le + Chag—at— (59)
2r Mj, Adep

The coefficients A; denote i-loop QED loop corrections, which have been computed to five-
loop order [29-31]. Electroweak corrections, denoted by the term with Cgw, are suppressed

by the small electron mass. Similarly, hadronic corrections, denoted by the term with Cag,

2
QCD?
O(1 GeV). Both of these contributions are negligible at current levels of precision.

first enter at the two-loop level, and they are suppressed by the ratio m2/A with Agcp ~

Comparing (59) to precise measurements of g, using Penning traps [32], one finds [33, 34]
o™ =137.035999 174(35) (60)
where the numbers in brackets indicate the uncertainty in the last quoted digits.

e An independent determination of @ can be obtained from the defining formula for the Ryd-
berg constant, Ry:

2 _ Reo mac R

@ (61)

2c m, may
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(a) (b) (©)

Figure 3: Muon decay in the Fermi model: (a) leading order diagram, and sample diagrams for the (b)
one-loop and (c) two-loop QED corrections.

Here ma; is the mass of some atom. The fine structure constant can be determined by using
precise values for R., (from atomic spectroscopy), ma; and m, (in atomic units), and i/ma;
(from atom interferometry). The limiting factor, in terms of precision, is the measurement of
h/ma, which recently has been significantly improved for Cs-133 atoms [35], resulting in

o' = 137.035999 046(27) (62)

The two values (60) and (62) exhibit a 2.50 tension.

Fermi constant G,: As already mentioned in section 2.3, the Fermi constant gives the strength
of an effective four-fermion interaction, which can be extracted from muon decay. Besides the
leading-order diagram in Fig. 3 (a), there are also significant QED corrections as illustrated in
Fig. 3 (b,c). The corrections are known to next-to-next-to-leading (NNLO) order [36-38]. Com-
bining these with the measured value of the muon lifetime, 7, [39], one obtains

G, = 1.1663787(6) x 107> GeV > (63)

where the uncertainty is dominant by the experimental measurement of 7,,, whereas the estimated
theory error from missing higher orders is sub-dominant.

Strong coupling o5 = gi/ (4rr):  There are many independent methods for its determination. For
a complete review, see chapter 9 of Ref. [27]. In the following, a few of the most precise methods
are listed:

e The currently most precise approach uses lattice QCD calculations. Two recent studies yield

Lattice: as = 0.1185 £ 0.0008 [40] (64)
as =0.1172 £ 0.0011 [41] (65)

o Differential distributions (event shapes) of e"e™
using NNLO QCD corrections. These approaches yield values of as = 0.114 on average, sig-
nificantly below the numbers obtained with other methods. Possible issues include large non-
perturbative QCD uncertainties (for e*e™ — jets) and scheme dependence and parametriza-
tion of parton distribution functions (for DIS). See chapter 9 of Ref. [27] for more details.

— jets and deep inelastic scattering (DIS),

e From the branching fraction of taus into hadrons one obtains

T decays: as =0.117 £ 0.002 (66)

15



Precision Tests of the Standard Model

G[\’]{
q t

Figure 4: Example of a new physics contribution to 7 production at the LHC, due to a Kaluza-Klein excita-
tion of the gluon.

(see section 10 of Ref. [27]). This determination is subject to non-perturbative hadronic
uncertainties, e. g. from violations of quark-hadron duality.

e EWPOs, in particular the branching ratio Ry = I'[Z — had.]/T[Z — €7 ¢7] (£ = e, u, 1), yield
Electroweak precision: as = 0.1221 = 0.0027 67)

(see section 10 of Ref. [27]). This method has negligible QCD uncertainties (both perturba-
tive and non-perturbative), but since R, is a high-energy observable, it is more likely to be
impacted by new physics beyond the SM.

Top-quark mass m;: The currently most precise measurements are based on the invariant mass
distribution (mj,y) of the top decay products at LHC (for a review see the section “Top Quark”
in Ref. [27]). This approach yields a result that is numerically very close to the OS (pole) mass
[42]. However, the OS mass of the top quark is theoretically not well-defined due to the presence
of non-perturbative QCD contributions to the top-quark self-energy in (7). These effects, called
renormalons, are typically of the order of O(Agcp) ~ 300 MeV, where Aqcp is the scale where a;
becomes non-perturbative [43]. Therefore, when trying to use the peak of the m;,, distribution as
an input for other calculations, there necessarily is an ambiguity of the same order.

The problem of the top-quark mass definition can be circumvented by measuring a more in-
clusive observable, such as the total ¢f cross-section, o, at the LHC. o7 can be described in terms
of the MS mass m}\TS, which is free of the renormalon ambiguity. However, it may be affected
by possible new physics effects, such as heavy new physics particles in the s-channel, which are
predicted by theories with extra dimensions and other models (see Fig. 4).

At future e*e™ colliders with a center-of-mass energy of at least 350 GeV, a precise, well-
defined measurement of m; can be performed, that is largely unaffected by BSM physics. This is
achieved through a threshold scan, measuring o7 at different values of the center-of-mass energy
/s, see Fig. 5 (a). The shape of o7 as a function of /s can be predicted with high precision in
terms of m?’TS including NNNLO QCD as well as NLO and leading NNLO electroweak corrections
[45, 46]. The small bump in the lineshape at the threshold is caused by 1S bound-state effects from
gluon exchange®, as illustrated in Fig. 5 (b). Note that this is not a true bound state since the decay
width of the top quark is larger than the binding energy, but it still leads to a an enhancement of the
cross-section at the would-be bound-state energy.

Z-boson mass Mz: The most precise determination of M7 is obtained from measurements of the
cross-section for ete~ — ff at different center-of-mass energies at LEP.

®Here the spectroscopic notation “1S” is used for the lowest-energy mode with zero orbital angular momentum.
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Figure 5: (a) Illustration of a 10-point threshold scan for e*e™ — 7 at ILC (figure taken from Ref. [44]). (b)
Sample diagram of a gluon-exchange contribution to the 77 bound-state effect near threshold.

Ignoring y—Z mixing for the moment, this process can be described by the generic Feynman
diagram below, yielding

e f

R(s) 2
75 = ‘ M2 = 6M2 + 32(5)/Z (%)
6+ Z Z f s — 7 7 + T(*S)/ 77
R(M? 2
= 2( Z ) + non-res. (69)
s — MZ + lerz

In line (68), the red blob and terms indicates the contribution from the Z self-energy (including
counterterms), whereas the blue blobs and term denotes contributions from vertex corrections. The
amplitude inside the modulus brackets || in (68) has a complex pole (see page 10). Expanding
about this pole and using I'; <« M7 yields the expression in (69), which has a resonant piece and
an infinite series of terms suppressed by powers of (s — M%) and I'z/M7, which are not explicitly
spelled out here.

Including y—Z mixing requires the replacement of E?(s) with

[£7%(s)1
T5(s) = Th(9) - ——, (70)
+25.(5)
$02(s) = Z94(s) + $6Zza NZzz(s — MG — M) + 536Zaz \Zan (71)
S8(s) = Z0(s) + S26Zan + 2(6Z24)* (s — M5 - 5M3) (72)

Even though the expressions for the counterterms are rather lengthy, the result still takes the general
form in (69), since this result only relies on the presence of a complex pole in the amplitude.
Carrying out the square in (69) yields
IR(M)P?

or(s) = + non-res. 73
= Ty s 73
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Figure 6: Illustration of Z-pole cross-section line-shape (not to scale). The solid (dashed) line indicates
the line-shape without (with) initial-state QED radiation. The dotted line depicts backgrounds from photon
exchange and box contributions to the cross-section (without initial-state radiation). [Figure taken from
Ref. [22].]

which is called a Breit-Wigner resonance, see the solid curve in Fig. 6.

By fitting this curve to experimental measurements of o s at three or more values of +/s, one
can determine Mz and I'z at high precision. However, in the experimental studies at LEP, a different
parametrization of the Breit-Wigner resonance has been used,

R/2

oy(s) = + const. (74)
f (s— m%)2 + szy%/m%

with the results [27, 47]
mz = 91.1876 + 0.0021 GeV, vz = 2.4942 + 0.0023 GeV (75)

When ignoring the non-resonant terms, the two forms (73) and (74) are fully equivalent, but the
mass and width parameters are different. The relation is given by [48]

Mz = mz(1 +y5/m3) "% ~ mz — 34 MeV,

(76)
Tz =yz(1 +y2/m2)* ~ mz — 0.9 MeV

Thus, whenever aiming to use (75) as inputs to a theory calculation, one first needs to apply the
translation (76)’.

Exercise: For each the quantities listed above, which of the following concepts limits the influ-
ence of new physics in their determination: measurement is based on kinematical features; pro-
tected by symmetries; new physics decouples due to effective field theory arguments (see appendix
for answer).

"The same is true for W mass measurements at colliders.
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3.2 Z-pole EWPOs

Electroweak precision observables at the Z-pole are related to the vector and axial-vector cou-
plings of the Z—fermion interactions. For massless fermions, these interactions have the form

Uiy vy —agys) gy (77)

where the subscript f labels the fermion type (f = e, i, 7, ...). At leading order (Born level),

h-ake .
VP e———— are
! 25wCw ! 25wCw

Here Qy is the fermion charge in units of the positron charge e, whereas 1 } is the third component
of weak isospin. Beyond Born level, v and ay receive radiative corrections within the SM and
potentially also from BSM contributions. Therefore, one can use precision measurements of these
quantities to constrain and potentially discover various typoes of new physics.

The following observables are useful to extract information about v¢ and a from data:

/

e The total Z decay width, I'z. According to (45), [’z « Im Z;V(M‘z,v). 7 7
Using the optical theorem, which diagrammatically corresponds to W@M
cutting the self-energy diagram shown to the right, the width is related it

to the matrix elements for the process Z — ff, so that

Tzoc 3 WMIZ > A = D (vsP +lasP) (79)
! f

e The cross-section for e"e™ — Z — ff, which, up to a simple phase-space and flux factor,

can be written as

1

2
2 2
vel© + |a 80
s— M2+ iMsT; + Z2(s) + .. (sl +lagt) (80)

a1 (s) o< (el + lacel)

where the dots in the denominator refer to the y—Z mixing and counterterms described on
page 17. Near the Z pole (s = M%) this expression can be recast into the form
Iy

or(s) ~ 12 =gl 81
Py v g Vs 81

where I/ is the partial width for the decay Z — f f into a particular fermion type f.

e With polarized electron beams, one can measure the cross-section separately for left- and
right-handed polarized electrons:

_ 1 2
oL = olete; — ocv+a2’ vel? + lag 82
L [eTe, — ff]oc|ve +acl s—M§+iMze (Ivel” +lagl”) (82)
= 2 1 SR 2
oR = olete; — o v, —a ‘ vel© + |a 83
R [eTeg = fflec|ve —a,l s—M%+iMZFZ (Ivel™ + lagl?) (83)
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From this one can form a left-right asymmetry where several important systematic uncertain-
ties, such as the lumonisity uncertainty or the detector acceptance, cancel:

OL—OR _ 2Re{v.a}} _ 2Re{ve/ac}

= = =A 84
OL+OR el +la? T+ vefaf ¢ &

Thus, in contrast to the decay width or the total cross-section, this asymmetry yields infor-
mation about the ratio of the vector and axial-vector couplings.

AtB : Y 2= 2 =
orn level: L= 1-40s;, [s1-4siforf=e] (85)
ar
o , Vi _ 2 f
With higher orders: Re — =1-4|Qy|sin O (86)
ay

where we have defined the effective weak mixing angle sin® 95 ¢ as the radiative corrected
verion of the on-shell weak mixing angle s2,.

e Without polarized beams, one can use the differential cross-section to obtain information
about the ratio vy/ay:

do
dcos @

o< (vel® + lac*)(lvsl* + lag?)(1 + cos® 6) + 4 Re{v.a;} Re{vsay} cos 0 (87)

where we have spelled out only the terms that depend on the scattering angle 6 (the angle
between the momenta of the incident e~ and the outgoing f), whereas all other terms (such
as the Z propagator) subsumed in the unspecified proportionality factor.

The range of possible scattering angle can be divided into a forward and backward hemi-
sphere,

1 0
do do
== dcosé , == dcosé 88
ar L cos dcos6 7B Il cos dcos6 (88)

which then allows us to define the forward-backward asymmetry

. _ 3Re{vea,} Re{vra’,} 3
A{:B:O-F OB _ . e2e . f 2=—ﬂeﬂf (89)
or+ 0B (Vel* +lac)(vsl* +lagl> 4

The quantities introduced above (I'z, I'y, O'S)c, AgB,

reason for this terminology is due to the fact that real observables involve extra effects:

ArRr) are so-called pseudo-observables. The

Initial-state radiation (ISR): There are corrections due
to emission of real and virtual photons off the incoming
electron and photon. Photons that are soft or collinear to
one of the incoming particles lead to contributions that are
enhanced by terms involving logarithms of the form

2. 2
Dr=mS~11%  [fors=Mi  (90)
T T my
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The ISR effects can be taken into account through a convolution

1-4m2/s
O'?III(S) = jo‘ ' dx H(x) O_;ifeconv(s(l - X)) oD

The deconvoluted cross-section, O';econv

, is illustrated by the gray blows in the diagrams above.
The radiator function H(x) contains the soft and collinear photon contributions. It has the general

form

He) = () Z_:‘)hnm@mm 92)

The leading logarithms (for m = n) are universal (i. e. independent of the specific process) and
known to n = 6 (see Ref. [49] and references therein). Also some sub-leading terms are known for
ete™ — y*/Zx — ff. The impact of ISR on the cross-section is shown in Fig. 6.

Backgrounds : o-?.emnv receives contributions

. v, ZW
from several sources: — SN
deconv _ Y YZ box
oy —0'Zf+0'f+0'f +oy (93)
N S ¢ ;
ooked v, 4, W

f

where oz stems from s-channel Z-boson exchange, o, from s-channel photon exchange, o,z from
the inteference of these two, and opox from box diagrams that involve the exchange of two (or
more) gauge bosons between the initial and final fermions.

Only oz has a Breit-Wigner resonance at s ~ M%, whereas the remaining contributions in
O'?kgd are relatively suppressed. For measurements near the Z pole, the non-resonant terms in a'?kgd

are typically subtracted, using their SM prediction [5].

Detector acceptance and cuts: The measured cross-section is affected by the capability of the
detector to identify the final state f f particles, the presence of extra photon radiation in the detector,
blind regions of the detector, cuts to suppress backgrounds from fakes, etc. These effects are
typically evaluated using Monte-Carlo simulations.

3.2.1 AFB at LHC

In addition to ete™ colliders, EWPOs can also be measured at hardon colliders. However, a
challenge arises when trying to determine the forward-backward asymmetry at the LHC from the
so-called Drell-Yan process pp — {*¢~ (£ = e,n)®, since the initial state (pp) is symmetric and
thus there is no obvious distinction between the forward and backward directions.

However, the leading partonic process consists of an asymmetric quark-antiquark pair, see
Fig. 7 (a). On average, the quark momentum is expected to be larger than the antiquark momentum,
since the quark may be a valence parton of the proton, whereas the antiquark necessarily stems from
the sea parton distribution. Therefore, the final-state £*¢~ will typically be boosted in the direction

8The achievable precision for £ = 7 is strongly reduced since hadronic tau decay suffer from large QCD backgrounds.
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Figure 7: Drell-Yan process at LHC: (a) Leading Feynman diagram; (b) kinematics in the lab frame, and
(¢) in the center-of-mass frame. The direction of the boost from the center-of-mass to the lab frame is taken
at the forward direction to define Agg.

of the incoming quark, Fig. 7 (b). To evaluate App, the event must be tranformed to the center-of-
mass frame, but one can use the boost direction of the event in the lab frame to define the forward
direction for the asymmtry, Fig. 7 (c).

Given the large cross-section for Z-boson production at the LHC, there is the potential to
perfrom high-precision measurements of App at the ATLAS and CMS experiments. Nevertheless,
the achievable precision is limited by systematic effects:

o The overall boost direction of the event is not a perfect proxy for the direction of the inci-
dent quark. To evaluate how often the forward and backward hemispheres get incorrectly
assigned, precise parton distribution functions (PDFs) are needed. Thus the measurement
precision for Agp is limited by the PDF errors.

e Drell-Yan production receives large QCD corrections from gluon exchange among the initial-
state gg system. Recently, the NNNLO corrections have been computed [50], but the error
from unknown higher-order QCD contribution is still not negligible.

Let us conclude this section by highlighting some examples of EWPO measurements. The best
measurement of the total Z width has been obtained at LEP [5]:
I'; =2495.5 +2.3MeV (LEP) (94)

For the leptonic effective weak mixing angle, a number different measurements of left-right and
forward-backward asymmetries at lepton and hadron colliders are similarly competitive [5, 51, 52]:

sin® 0 = 0.23098 = 0.00026 (ALr @ SLD)
0.23221 + 0.00029 (A%s @ LEP)
0.23148 + 0.00033 (A;”]; @ TeVatron)
0.23140 + 0.00036 (Apk @ ATLAS) (95)

3.3 W-boson mass

The W-boson mass is typically not considered an input parameters, since it can be computed
from the Fermi constant G, using eq. (57). Together with ¢ = e/sw = e/ \|1 — M%,/M2, this
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equation can be solved for

1 1 an
M2, = Mz[— + - —————(A+Ap (96)
w Z 2 4 \/EG#M%

Ar in general depends on all parameters in the SM, including My, so that (96) needs to be solved
recursively.

This prediction of My can be compared to direct measurements. Currently, the most precise deter-
mination of the W mass is from hadron collider experiments, using the process pp — ¢+ (1_/)5, which
proceeds through an s-channel W-boson (at tree-level). The W-boson mass thus corresponds to a
peak in the invariant mass distribution of the final state lepton-neutrino system:

My = \[(pe + o ~ 2B - 26: - B, 97)

where in the last step we have neglected the masses of the lepton and neutrino. The transverse
component (perpendicular to the beam axis) of j, can be reconstructed by using momentum con-
servation, g, = —prT — Px.1, Where X are any jets or other particles stemming from the proton
remnants. However, since only a fraction of the momenta of the incoming protons is transferred
to the W boson, the total longitudinal momentum of the event is unknown, and thus one cannot
reconstruct p, ..

Instead of the invariant mass distribution, one can utilize the transverse mass

mr = \2pealpl - 2501 - B (98)

One can straightforwardly show that mt < mj,,. When neglecting the W width and assuming a
perfect detector, My thus corresponds to the endpoint of the my distribution. In reality, finite width
effects and detector smearing lead to a washed-out endpoint [53], see Fig. 8. Therefore, careful
modeling of detector effects and photon radiation is required for a precision measurment of My
from the my distribution.

At lepton colliders, the W-mass can be measured from the invariant mass distribution in the pro-
cesses efe” —» W'W™ — ¢gqqq and ee- — W*W~ — gglv. The reconstruction of both the
transverse and longitudinal components the neutrino momentum is possible here, since there is no
ambiguity due to the momentum carried away by the proton remnants.

Alternatively, one may measure My from a threshold scan, by measuring the cross-section for
e"e” — WTW™ at a few center-of-mass energies near 2My. Since the cross-section near threshold
is small, this approach requires a large amount of luminosity. With the available statistics at LEP,
the achievable precision was rather low [54].

For the theoretical description of the cross-section as a function of +/s near threshold, one
needs to compute the full process e*e™ — ggqq/qqlv, since contributions where the W-bosons are
off-shell are important for /s < 2My. In fact, in this regime diagrams without a W* W~ pair also
contribute significantly. The currently most accurate calculation includes full NLO corrections to
the ete™ — 4f process [55].
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Figure 8: (a) Sketch of the transverse mass distribution for W-boson production at hadron colliders, for
a perfect detectors and without width effects (dashed), and including detector smearing and width effects

(solid).

The most precise available My measurements are [54, 56, 57]

Myw =80.376 £ 0.033 GeV
80.387 £ 0.016 GeV
80.370 £ 0.019 GeV

3.4 Future ete™ colliders

(miny @ LEP)
(mt @ TeVatron)
(mr @ ATLAS) (99)

The experimental precision of EWPOs could be significantly improved at an e*e™ collider

with much larger luminosity than LEP or SLD. Such machines are proposed primarily for the pur-

pose of detailed measurements of Higgs boson properties, but they could also perform electroweak
measurements at \/s ~ Mz and /s ~ 2My. The FCC-ee [58] and CEPC [59] concepts are based
on circular colliders, where the ILC concept [60, 61] envisions a linear setup. The baseline run sce-
nario for ILC does not include any runs on the Z pole and near the WW threshold, but it can study
electroweak physics at a higher energy +/s ~ 250 GeV by using the radiative return method, where

radiation of initial-state photons results in a lower effective center-of-mass energy [see eq. (91)].

The following table illustrates the expected improved precision for a few selected EWPOs:

today FCC-ee

I'z [MeV]

My [MeV]

s 2 nl -5
sin” 6 [107°]

23 0.1
13 0.5
12 <1

CEPC ILC
0.5 -
<1 ~2
~1 2.4

3.5 Low-Energy EWPOs

Electroweak physics can also be studies with precision experiments performed at lower en-

ergies, where the W and Z bosons appear only as virtual particles. An overview of some variety

of such experiments can be found in Ref. [62]. In the following, two types of such electroweak

precision tests will be briefly described.
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Polarized electron scattering: A beam of left- or right-handed e~ is

scattered off target particles X, where X could be electrons, protons,

. . . . o, . e
deuterons, or heavier nuclei. If X is a hadronic or nuclear target, it is LR

advantageous to choose the kinematics such that the momentum trans-
2

p?
as approximately pointlike.

fer is small, g> < m?, so that the proton (or nucleus) can be regarded

While the cross-section overall is strongly dominated by t-channel photon exchange, one can
probe electroweak physics through the left-right asymmetry

AR = —— (100)

For electron-proton scattering in the limit g*> < mf,, this asymmetry is given by, at tree-level,

Aep - G/J(_qz)

2
R (1—4s3) (101)

Thus a measurement of Ai’; can be used to determine the weak mixing angle.
Higher-order radiative corrections can be accounted for by replacing the on-shell weak mixing

angle sy, with the effective weak mixing angle sin’ 6.4 and by including additional correction

ﬂ»‘ 9
factors:

1-4s2 — 1-4ksin? 6’ +AQ (102)

k includes large corrections from the y—Z mixing self-energy, which are
enhanced by large logarithms:

2 eLr e
Cw mf 4
~x]l - —— In — 103
K 25 Zf: ve(eQy)In M% (103) f
X v X

Similar to the logarithms in the charge renormalization, eq. (25), these

are ill-defined for light quarks, f = u,d, s.

Similar to what is done for A, one may try to extract the hadronic corrections to « from data
for R(s) = %’% using a dispersion integral. However, this requires additional assumptions
in this case, such as SU(3), 45 flavor symmetry [63-66], because the Z couplings have a different
dependence on the fermion flavor that y couplings.

Alternative, the leading hadronic effects can be absorbed into a running MS weak mixing angle

[12, 67],

—2
K sin’ Hgff ~ sin? 0(u® = —¢*) = g W

=0 (104)
§ W+ g (Whi=—q

where the bar above an expression denotes that this quantity is defined in the MS scheme.

The following table lists some of the current and near-future electron-electron and electro-
proton scattering experiments, together with their precision in measuring the weak mixing angle
[68-71]:
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ee ep
current E158 (0.5%) Qweak (0.5%)
future | MOLLER (0.1%) P2 (0.1%)

The anticipated precision of the future MOLLER and P2 experiments will be comparable to the
combined Z-pole analysis from LEP/SLC, but in an entirely different setup at low energies, with
different sources of experimental and theoretical systematic errors. A more comprehensive exposi-
tion of these types of experiments can be found e. g. in Ref. [72].

Muon anomalous magnetic moment: Charged fermions have a magnetic moment with the mag-
nitude %g.f, where g is called the Land€ factor. At tree-level (e. g. from the Dirac equation)
gr = 2. However, the value of g gets modified through radiative corrections, generating an anoma-
lous magnetic moment ay = (gr —2)/2 # 0.

In the following we focus on the anomalous magnetic moment of leptons [73, 74]. The main

contribution to a, stems from QED, which has been computed up to O(e), see eq. (59).

2
QCD’
respectively. Thus they are negligble for the electron magnetic moment, but they become imporant

Electroweak and hadronic corrections are suppressed by powers of m% /M‘Z,V and m% /A

for ¢ = u. The hadronic corrections are relatively large and are typically extracted from data for

R(S) _ olete”—hadrons]
T oleteoutuT]

in the theoretical prediction of a,. Efforts to compute the hadronic corrections using lattice QCD

[14, 15, 75]. The experimental error of this data is the dominant uncertainty

have made a lot of progress recently [76, 77].

The electroweak effects are rather small,

2 2
Ew _ & M -9
==— ——x0()~15x%x10 105
“u 1672 M2, ) (105)

but need to be taken into account given the experimental precision for the measurement of a,,. The
most precise experimental value is from the g—2 experiment at BNL [78], which yielded

a;® = (11659208.0 + 6.3) x 107'° (106)
which differs from the SM prediction [27]
a;® = (11659184.6 + 4.7) x 107'° (107)

by more than 3 standard deviations. An ongoing experiment at FNAL aims to improve the precision
of ay, " by a factor 4 [79].

Exercise: The electroweak corrections in (105) are proportional to mﬁ, and most corrections from
BSM physics would have the same proportionality. One power of m,, stems from the fact that the
magnetic moment coupling £ D const. X ;.T/O'ﬂVF "y involves a derivative inside the field strength
tensor and thus is proportional to the overall energy scale of the process. Where does the other
power of m, comes from? Can it be replaced by something else in some new physics model?
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4. Tests of the Standard Model and Physics Beyond the Standard Model

4.1 Standard Model predictions

The consistency and accuracy of the SM as a description of electroweak physics can be tested
by comparing experimental data for EWPOs with theoretical predictions, where the latter care
computed within the SM in as a function of a set of input parameters. All the EWPOs discussed
in the previous section can be used for this purpose: ['z, cr?,, sin’ 9£ ¢ Mw (predicted from G), a,
etc.

Owing to the precision of the available experimental data, higher-order corrections need to
be included in this comparison. For all EWPOs listed above, complete two-loop corrections are
known, as well as some partial higher-order contributions, in particular from QED and QCD effects
(see Refs. [22, 80—-84] and references therein). While the one-loop corrections can be evaluated
analytically, with logarithms and dilogathrims appearing in the final result [21], the is in general
not the case at the two-loop level and beyond. Instead one needs to result to either approximations
or numerical methods. The numerical approaches can be divided into two groups:

e General techniques that can in principle be applied to problems with any number of loops,
external legs and types of particles. The best-known approach in this category is sector de-
composition [85], which allows one to extract all UV and IR singularities with an algorithm
that can be implemented in computer programs and then integrate the coefficients of the
singularities and the finite remainder numerically [86—-89]. Another approach, which is not
fully general but works for many two- and three-loop applications, is based on Mellin-Barnes
representations [90, 91]. The disadvantage of these techniques is their relatively large need
of computing resources for the evaluation of multi-dimensional numerical integrals that are
slowly converging.

o A range of numerical methods have been tailored for a particular type of problem, i. e. self-
energy or vertex integrals of a certain loop order. While limited in scope, these approaches
tend to produce numerical integrals of lower dimensionality and more favorable convergence
behavior than the general techniques. A review of can be found in Ref. [22].

It is instructive to look at some of the leading effects of the radiative corrections. For this purpose,
let us consider the corrections to the Fermi constant, see eq. (57), and to the effective weak mixing
angle, see eq. (86). They may be written as

2 2

G, g c

K _ 1 + Ar), Ar = Ao — 2 Ap + Arrem, 108

N SM%V( ) 2 0 rem (108)
2

sin’ 955 = sé(l + Ak), Ak = c—‘ZVAp + AKrem (109)
SW

Here Ar and Ak include all higher-order corrections. Two leading contributions can be identified:
The shift in the fine structure constant, Ae, has already been discussed on page 6. It receives
numerically comparable contributions from both leptonic and hadronic loops, which add up to

Aa = Aijepe + Adhag = 6% (110)
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The numerical enhancement stems from the logarithmic dependence on light fermion masses, see
eq. (25).

On the other hand, Ap contains contributions that are proportional to the Yukawa couplings of
fermions inside the loop, where the top Yukawa y, ~ 1 dominates, whereas all other fermions are
negligible:

3 2
Ap= 24 111
3272 ——
fermions other than the top

2
It appears in Ar and Ak in the combination iTWAp ~ 3%. The remaining corrections are numerically
W

smaller: Arem, Akrem < 1%.

When comparing G,,, My and sin’ 6‘(’; ¢ to data, the dominant effect of Ap leads to a relatively
precise indirect determination of the top mass, m, = y,v/ V2 = 176.3 + 1.9 GeV, which agrees
reasonably well with the direct measurement from LHC and Tevatron, mfo =172.9+0.3 GeV (see
section 10 of Ref. [27]).

On the other hand, the indirect determination of My from electroweak precision data is much
less accurate [27], since the My only appears in the small terms Aryem, Akrem, and the functional
dependence on My is only logarithmic.

The numerically large quadratic dependence on y, in Ap can be explained through the breaking

of custodial symmetry. This is a symmetry of the Higgs potential, which can be most easily seen
+

by re-writing the Higgs field as a matrix. Since the complex Higgs field ¢ = (ZO) has four physical
degrees of freedom, one can arrange these four components into a matrix,
(5 +
Q= (¢ _ ¢0) (112)
¢ ¢

where ¢%* and ¢~ are the conjugate fields of ¢° and ¢*, respectively. Then the scalar potential
becomes

2
pl
V= -l + Aet* = - TriQfQ) + L(Tra Q) (113)
In this form, one can see that V is manifestly invariant under transformations
Q — LOR, LeSUQR);,, ReSUQ) (114)

where L, R are unitary SU(2) matrices. Since L and R can be independent of each other, they
are part of two separate symmetry groups, labeled SU(2); g. SU(2),, is the usual weak symmetry

group.

When ¢ obtains a vev, (QQ) = ((‘;

invariant under a symmetry sub-group where L=R = V:

0
), the symmetry (114) will be broken, but (Q) is still
v

Q) = VIV, V € SUQ)giag (115)
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SU(2)giag 1s called the “custodial symmetry” group. The SM Higgs potential, Higgs vev, and weak
and QCD gauge interactions are invariant under it, but not the Yukawa couplings. As an example,
let us consider the Yukawa couplings of the top and bottom quarks,

- . — — t
Lyukw = =1 Q309 tr — yp Q319 br + hec., Q31 = (bL) (116)
L
Here ¢ = C¢*, and C = io? is the charge conjugation matrix. If y, and y;, were equal, y, = y, = v,
this could be re-written as

— — t
Lyuky = =y Q3,2 Q3r + hc,, QOsg = [blje) (117)

which would be invariant under SU(2)O“ag if the quarks doublets transform as Oy g = VO r.
However, the fact that y; # yj, leads to breaking of SU(2)y;,,. Any breaking effect must be
proportional to some power of (y, — y»)*> ~ y?, so that is vanishes in the limit where SU@2)iag 18
restored. This is the origin of the effect in Ap proportional to y?.
Note that SU(2)g;,, 1s also broken by the hypercharge gauge coupling, but the numerical impact
of that in EWPOs is smaller.

4.2 Constraints on Physics Beyond the Standard Model

A global fit to all relevant EWPOs yields good agreement within the SM [27], and there is no
obvious hint for BSM physics, except for the discrepancy in the a,, (see section 3.5). Thus the data
can be used to set constraints on new physics models. Based on the discussion from the previous
subsection, one can already conclude the models with new sources of custodial symmetry breaking
will be severely bounded by electroweak precision data.

If one assumes that the new degree of freedom beyond the SM are heavy compared to the elec-
troweak scale, one BSM effects in EWPOs can be parametrized in a model-independent way by
adding higher-dimensional operators to the theory. This framework is often referred to as SMEFT
(SM Effective Field Theory). The leading contribution for EWPOs stems from dimension-6 oper-
ators,

—0;, (118)

where A > v is the mass scale of the BSM physics (typically the smallest BSM mass if there is
a more complex particle spectrum). The complete list of dimension-6 operators O; can be found
e.g. in Ref. [92]. The values of the Wilson coefficients depend on the underlying BSM physics,
and they can be computed in terms of the parameters of a specific hypothetical model (a procedure
called “matching”).

By comparing data to predictions for EWPOs within SMEFT, constraints on the Wilson coef-
ficients of a subset of operators can be derived. The subset that EWPOs are sensitive to includes
operators that modify gauge-boson—fermion couplings, Higgs-boson—gauge-boson interactions,
and certain four-fermion interactions. In principle, these constraints can be derived in a model-
independent fashion, but since there are more operators than independent observables, certain as-
sumptions are typically imposed. For example, one may assume flavor universality, which means
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that the Wilson coefficients for operators involving fermions are the same for all three fermion
generations.

A more detailed description of SMEFT and its applications can be found in the lectures on
“Standard Model Effective Field Theories” in this school [93].

In the following, we will instead focus on BSM models where the scale of new physics is lower,
A < v, and thus the SMEFT is not applicable. In the spirit of the school’s theme, “The Obscure
Universe: Neutrinos and Other Dark Matters,” the focus is on examples that relate to neutrino and
dark matter physics.

4.3 Neutrino Counting

Decays of the Z boson to neutrinos are invisible to collider detectors. However, the existence
of this decay channel can be probed by determining the total width I'z from a fit to the Breit-Wigner
lineshape and subtracting the rates for all visible decay channels from it,

I'z=3T¢+N,J, +Thaa (119)

Here the masses of charged leptons and neutrinos have been neglected, so thatI', =T, =I'; = I’y
andI',, = r, =T, =I,.N is the number of neutrino species (N, = 3 in the SM).

I’y and I, are not observables by themselves. However, they can be related to observables as
follows [5, 47]:

127 Ry \? r
N, = [(_’; B ) —Rg—3]r—€ (120)
M7 Ohag v
Here
127 T'eIhad
0 2 a
Ohad = O—e*e’—>had(s=MZ) == 5 > (121)
) MZ 1—‘Z
0
T (o
R; = had - hgd (122)
L'y oy

can be determined from data, and “had” refers to all hadronic final state (i.e. summing over all
quarks ¢ # ¢ in the partonic picture). On the other hand, I'y/T’, is computed in the SM, but the
result is correct also in a variety of models with extended neutrino sectors. Using measurements
from LEP, one finds [47]

N, =2.996 + 0.007 (123)

in agreement with SM expectations.
If one assumes that any BSM neutrino is part of an SU(2); doublet together with a new charged
lepton (i. e. a fourth lepton family), an additional constraint follows from the contribution of this

lepton doublet to Ap:
! RTINS
Apyes = 3022 )%4 +y34 - ZLV; In— (124)
4 Yoo =Vys W4
2(yea—ya)?
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Here y¢4 and y,4 are the Yukawa couplings of the extra charged lepton and extra neutrino, respec-
tively. The expression in [ ] can be shown to be bounded from below by (v — yv4)2.

EWPO data puts a constraint on any new physics contributions to Ap, leading to the bound (at
90% confidence level) [27]

lyea — yial < 48 GeV (125)

Extra charged leptons would be visible in particles detectors, of course. Searches at LEP2 exclude
the existence of any such particle with mass below 101 GeV [27]. Together with (125) this implies
that a 4th generation neutrino with m,4 < 50 GeV is excluded.

At the same time, studies of the H — vy rate forbid the existence of a 4th lepton family where
both the ¢4 and v4 are heavy [94], so that the combination of electroweak precision and Higgs data
fully rules out the existence of a sequential 4th fermion generation.

4.4 Sterile Neutrinos

The bounds in the previous subsection do not apply to new neutral fermions that are singlets
under SU(2);, i. e. that do not (electro)weak interactions. Such particles are called sterile neutrinos
or right-handed neutrinos, since they can form Yukawa couplings with the SM neutrinos.

Let us consider a model where two such sterile neutrinos are added, denoted N Ile and N]%, with
the interaction Lagrangian [95]

—k -~ —1
L= Lsm+ ) iNgdNg =) YvaLor $Ng — M NgCNg +hoc.| (126)
k a

VeL

Here Ly = ( ) etc. are the SM lepton doublets and C is again the charge conjugation matrix.

er
In the limit that M is much larger than the observed light neutrino masses, the mass eigenstates

of the model are:

o A pseudo-Dirac sterile neutrino N with mass ~ M. Here the term “pseudo-Dirac” is used for
a pair of Majorana fields with nearly degenerate masses, which behave like a single Dirac
particle in some phenomenological contexts. N is mostly composed of N 12 with a small
admixture of left-handed SM neutrinos v,, so that is has strongly suppressed couplings to
other SM particles and could have escaped detection until now.

/

o> Which are mostly SM-like, with a small admixture of N, Ile’z,
where the mixing angle is approximately given by 6, = %

e Active Majorana neutrinos v

Assuming that M > v, the main phenomenological effect of this model, compared to the SM, are
reduced couplings of the active neutrinos to gauge bosons.

e In muon decay, u — ev,v,, the relationship between Fermi constant and SM parameters is
modifieid according to

Gu _ 82
V2 8M3,

(1+Ar(1 = 62)(1 - 67) (127)
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e The invisible Z decay rate is reduced,

I'zoiny = F1S/M(Nv - Z 9(10,8) (128)
aB

In the above formulae, sin 6, and cos 8, have been expanded for 6, <« 1. Comparing these expres-
sions to electroweak precison data, one obtains the bounds [95]

0.6, <2x 1077, 6> <7x107 (today)
<2x107, <1073 (FCC-ee)
<2%x1072, <3x1073 (CEPC) (129)

Exercise: Assuming a special scenario where 6, = 6, = 6; = 6, what bound on 6 (at 95% C.L.)

to you obtain from (128). Use numbers from section 10 in Ref. [27] for Fez)?)mv and FEM.

4.5 Dark Photon

Dark photon models are extensions of the SM with an additional U(1) gauge boson, Z’ that
can kinetically mix with the hypercharge gauge boson (see Ref. [96] for a recent review). Let us
furthermore introduce a fermion y as a dark matter (DM) candidate that couples to Z’ with coupling
strength gp. The Lagrangian is given by

1 1y M%’ ! 7! = 4 € v
L=Lsm— ZZva'u + TZ#Z# +/\/(lé’ + gDZ - mX),\( + EZ#VBM (130)
Here we have written an explicit mass term for Z’ for simplicity. In a realistic model this mass
would need to be generated through the Higgs or Stiickelberg mechanism, but the details are unim-
portant for the following discussion.

The kinetic terms can be diagonalized can canonically normalized by transforming Z’ and B

to the new fields Z}, | and B according to

Zpo) (1 -2€/c5 0)(Z™* 3
()-(1 2% )

When expressing £ in terms of the Zg,o and B’é, one can see that the dark photon field Zg,o has
O(e) couplings to the SM fermions.

After electroweak symmetry breaking, mass mixing between B’(; , Wg and ZZ’O produces the
observable photon and Z-boson, as well as the “dark photon” mass eigenstate Zp with mass Mz, .
Note that the mass mixing between Zg,o and the other fields is also suppressed by €. As a result,
the Z-boson mass is shifted by an O(€?) contribution relative to the SM [97],

M? 52

2 o Mw 28w
My~ —~ (1+e€ _c2) (132)

N w

where sy and cy are the sine and cosine of the weak mixing angle defined through the (tree-level)

gauge-couplings, sy = g’/ /g + g%, cw = g/ V&> + &
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The Zf f vector and axial-vector couplings, see eq. (78), are additionally modified through
Z—Zp mass mixing, leading to [97]

|0 VR 25200 + (0, - 1) (133)
ViR - — —2s ae— -17)|,
I Teaen 7 )y =250 2 Q=1
ar = vflg, o (134)
where

M
= —— . Mgzo=—Y (135)

cw(M ’/MZ,O -1 Cw

As a result, the predictions for all Z-pole EWPOs are modified, such as 'z, the Z branching ratios,
and sin® Gef &

Additionally, the dark photon also leads to a correction of the electron and muon magnetic
moments [98],

2 2
Say = % F(;—%") (136)
D
where F(x) is a function which is F(x) = 1 for x > 1 and F(x) = %x for x <« 1. For some range of
€ and Mz, (136) can explain the > 30 discrepancy of the muon magnetic moment, see section 3.5.
However, for very small values of Mz, the correction to a, also can become sizeable and this region
of parameter space is ruled out.

The constraints from Z-pole EWPOs and magnetic moments are depicted in Fig. 9, together
with bounds from direct searches for Zp at various experiments. Note, however, that the direct
search limits assume that Zp only decays into SM particles. These bounds can be relaxed when the
invisible decay channel into DM particles, Zp — xj is kinematically open (m, < Mz, /2), whereas
the bounds from electroweak precision data are independent from such assumptions.
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e «: protected by electromagnetic gauge symmetry;

G,: new physics decouples in effective Fermi model (as long as mpg y > my,);

as: protected by QCD gauge symmetry (lattice), soft-collinear effective theory (event shapes,
T decays), or not at all (EWPOs);

e m,: measurement based on kinematical feature (threshold);

e My: measurement based on kinematical feature (resonance).

Page 26: The magnetic moment interaction flips the chirality of the fermion (e. g. left- to right-
handed). The only parameters in the SM that break conservation of chirality are the Yukawa cou-
plings (or, equivalently, the fermion masses), and thus any chirality flip must be proportional to
my. A new physics model that has an additional source of chirality breaking could change this
behavior. For example, if one introduces a second Higgs doublet that does not obtain any vev (and
thus does not contribute to the muon mass) but has a Yukawa couplings Y, with the muon, it could
generate a correction to a, proportional to m, Y, instead of mﬁ Since there are few other bounds on
the value of Y, this corrections could be relatively large (even though a two-loop diagram would
be required).

Page 32: According to Tab. 10.6 in [27], TP, = 498.9 + 2.5 MeV and 3I'°M = 501.464 MeV.

Z—inv
exp

The uncertainty in the latter is negligible. Using I';”. = 3IM(1 — 36%) and assuming Gaussian

error distribution, we then obtain 8> < 5 x 1073 at 95% C.L.
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