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Helicity and infinite spin representations of the Poincaré group in 6D

1. Introduction

In this letter we discuss the massless helicity and infinite spin irreducible representations of the
Lie algebra of the Poincaré group in the 6D Minkowski space. At now such studies are motivated
by an increased interest in field theories of higher dimensions. The attractiveness of such theories
first of all arises due to their connection with the string theories, that may be interpreted as theories
of infinite number of higher spin fields in higher dimensional space-time (see e.g. [1]).

The theory of unitary irreducible representations of the 4D Poincaré group began in a series
of works [2-4]. A large number of the aspects of unitary irreducible representations in higher
dimensions were considered in the papers [5], [6], [8], [9], [10] and in lectures [11] (see also the
recent paper [12]). The generic scheme of constructing the representations of the Poincaré group in
any dimension can be realized on the base of the method of induced representations (see e.g. [13],
[14]).

Some details of the 6D Poincaré group representations are considered in papers [15],[16]
however many moments, for example the infinite spin representations, were not addressed.

The letter is organized as follows. In Section 2 we discuss the Casimir operators and their
properties in the 6D standard massless momentum reference frame. In Section 3 we analyze the
massless finite spin irreducible representations and show that they are described by two (half-)integer
numbers. Section 4 is devoted to infinite spin representations which are described by arbitrary real
parameter and a single (half-)integer number. Section 5 is a summary of the results.

2. Poincaré algebra and light-cone reference frame

The Lie algebra iso(1, 5) of the Poincaré group in the 6D space-time is given by the generators
P,, and M,,,, with the following commutation relations

[Pn, P] =0, (M, Pr] :i(nmkPn_nnkPm), (D
[ana Mkl] = i(nmanl + nnlek - nmank - nnkal) s (2)
where the D-vector indices run the values m,n = 0, 1, . . ., 5 and we use the mostly minus convention

for the components 7,,,;, of the diagonal flat metric.

2.1 Casimir operators of 6D Poincaré algebra

We introduce the third rank tensor W,,,,, and the vector T, as the elements of the universal
enveloping algebra of isa(1, 5) [5, 15]

Wik = gmnklprPlMpr7 3)

Tm = 8mnklprPanlMpra 4



Helicity and infinite spin representations of the Poincaré group in 6D

where &1, is a totally antisymmetric tensor and £y12345 = 1. Using commutation relations (1)
and (2) one can check that the operators

C = P"P,, ®))
1 mnk

Co = g W Wok, (0)

Co = —Lpmy 7

6 = 64 m

are the Casimir operators of the algebra iso(1,5). By virtue of the expressions (3), (4) we obtain
explicit form of the Casimir operators (5), (6), (7):

C, = P"Py,, (®)
1
Cy = HmHm - Eanan G, )
1
Co = M TUM™ + 5 (Mm"Mm,,—S) G,

1
+ 3 | MM M (M M = 8) + 207 My MM My | o, (10)
where we introduce a new 6D vector I1 with components
I, := P* My, . (11)

Further we consider only the massless unitary representations of the algebra iso(1, 5), i.e. we
fix the quadratic Casimir operator (8) as follows:

C=P=pP"P,=0. (12)

2.2 Casimir operators in the standart massless momentum reference frame
Let us move to the light-cone basis where any 6D vector X" = (X, X%, X°) has the light-cone

coordinates X™ = (X", X~, X%) which are determined by the formulas

1 1
Xi:E(XOiXS), Xi=6(X0iX5) = X*=Xs. (13)

We now restrict our considerations to the standard massless momentum reference frame. So we
will consider only those states |k) on which the momentum operator acts as follows

P™k)y = k"|k), (14)

where
k™ = (V2k,0,0,0,0,0), k€R. (15)

The Casimir operators (9), (10) in the light-cone reference frame (14) take the form

é4 = _ﬂaﬁaa (16)
N . . 1 A
Co = lpMp, 1Moy — E MpMp 1,11, (17)
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where we introduce operators
M, := V2kM,, . (18)

Taking into account (2) we can see that the operators f[a and M, from RHS of the formulae (16)
and (17) form the Lie algebra of the ISO(4) group

[Mab, Mcd] = i(ébcMad - 6bdMac + 6achb - 6andb) s (19)
[ﬁa’ ﬁb] =0, [ﬁw Mbc] =i ((5abﬁc - 5ucﬁb) . (20)

The operators Cy and Cg are the Casimir operators of the iso(4) algebra. Thus, in the massless case
(12) the unitary irreducible representations of the 6D Poincaré group are defined by the eigenvalues
of the is0(4) Casimir operators (16) and (17). It can be verified that the /SO(4) group is the
small Wigner group (see [19]) or, in another terminology, a subgroup of stability of a massless
momentum. Therefore, according to the Wigner scheme, massless irreducible representations of
the iso(1, 5) can be induced from the irreducible representations of iso(4). There are two different
cases of these irreducible representations of the iso(4) defined by the value of Casimir operator
(16). So, in next sections we consider following unitary massless representations:

1. Helicity (finite spin) representations.
For these representations the four-vector 1, has a zero norm:

101, =0. (1)

2. Infinite (continuous) spin representations.
Here the four-vector 11, has a nonzero norm:

A

N0, = > #0. (22)

3. Helicity representations

From the condition (21), which determines this case, we immediately obtain the equations for
the components of the vector I,

M,=0 at all a=1,273,4. (23)

Therefore, the Casimir operators (16) and (17) vanish for the case of the helicity representations.
Consequently, such representations of /SO(4) are finite dimensional, because noncompact /SO(4)
is reduced to compact group SO(4). According to the Wigner scheme each such representation
defines some 6D massless representation.

3.1 6D helicity operators

In this section we will show that the Casimir operators of the stability subgroup SO(4) define
the 6D helicity operators. Consider the vector T, defined in (4). Using (7) if the constraint Cs = 0
holds, we get 1, Y™ = 0. In the standart massless momentum reference frame the light-cone
components of the 6D vector Y are

"= AP, T =7,=0, (24)
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where we define
Ay = eapcaMapMeq - (25)

It can be verified that this operator is the Casimir operator of the s0(4) algebra.
From the conditions (24) we can conclude that the vectors T’ and P are collinear, which means
that the equality (in fact, this equality is valid in any reference frame)

Y = A Ppy. (26)

This connection has already been noted in the works [15, 17]. Note that the operator (25) can be
represented as follows
Al = E .
Py
Therefore, the operator A1, defined in (27), is a 6D analog of the 4D helicity operator.
It is known that irreducible so(4) representations are characterized by two quadratic Casimir

27

operators. The second helicity operator arises if we use the construction proposed in [17]. Namely,
one can construct another vector with components'

Sm = 3M"™ P My - (28)

In the standart massless momentum reference frame, the light-cone components of the 6D vector
(28) are equal to (c.f. (24))
St = AP, S =8,=0, (29)

where we define
A2 = abMab- (30)

This operator is the second Casimir operator of s0(4). In a general frame, then the relations (29)
take the form

Sm = AZPm s (31)
where the operator A, defines the second helicity operator, i.e. A, can also be represented in the
form

r Ay = S (32)
2= P() .

Therefore, massless helicity representations are characterized by the pair (4, 1), where real
numbers Aj, Ao define the eigenvalue of the Casimir operators A; and A;. Using some additional
construction (see [7]), we can calculate the spectra of helicity operators A and A,.

A 8j+(j+ +1) = 8j-(j- + 1), (33)

7b) 4j+(s + D +4j-(-+ 1), (34)

where j. are (half-)integer numbers.

The definition of antisymmetrization has standart form, i.e.

1
Apn By = 57 (Anl BuyCoy + Ay By Cony + Ans By Cog = A By Gy = Ay By Cny = Ay By G )
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3.2 Two examples of the helicity representations

Now we will use the obtained formulas (25) and (30) for determining the helicities for two
massless finite spin fields. According the Wigner scheme the irreducible massless representations
of the 6D Poincaré group are induced by the irreducible SO(4) representations.

Therefore, in this examples, we first consider a some irreducible SO(4) representation and
determine the eigenvalues of the helicity operators. Next, we consider the corresponding 6D fields.
Fixing the gauge and using the 6D equations of motion in the standard massless momentum reference
frame, we will show that 6D fields has the same of the independent components those SO(4) fields
which were considered earlier. That is in these example we will demonstrate the Wigner’s strategy
(scheme), which is very transparently presented in the form of points in the lectures [11].

Below, in this section we will use the standart notations for the so(4) generators in defining
representation

(Mab)eg = i(éaeébg - 6ag6be) . (35)

3.2.1 Vector field

Consider the SO(4) vector field A,. Then, the helicity operators take the form

(Al)eg = Eabcd(MahMcd)eg =0,
(36)
(AZ)eg = (MabMab)eg = 6(Seg .
Acting on the SO(4) vector field A,, the operators (36) give the following values of helicities:
1
/11=0, /12=6; j+=j_=§. (37)

Let us show that this Euclidean vector field A, describes physical components of the 6D vector
gauge field A,,. The massless gauge field A,, is described by the 6D Maxwell equations

P"Fyp =0, (38)

where Fy,, = i(PnAn — PnAy) is the standart definition of the field strength, and determined up to
gauge transformations
6Apm = iPmo . (39)

As an example, let us take the light-cone gauge (see e.g. [18]),i.e. A* = 0. Then, in the standard
massless momentum reference frame, the light-cone equations of motion (38) are reducedto A~ = 0.
Therefore an independent field is given by the transverse part A, of the 6D gauge field A,,.
3.2.2 Second rank symmetric tensor field

Let us consider the SO(4) second rank tensors. Now the s0(4) generators take the form

(Mab)elez,glgz = (Mab)e]g1662g2 + 561g1(Mab)62g2 (40)
and the helicity operators are
(ADejergigr = B€eiergigns

(41)
(AZ)elez,glgz = 12 Oe1g10er9, + 4(66182662& - 56162581&) .
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We consider the SO(4) second rank tensor fzab, which is symmetric flab = fzba and traceless

A~

haqa = 0. Acting by helicity operators (41) on this field we get the values
A1 =0, A=16; Jjr=Jj-=1. (42)

Note, that similarly to the vector case, we can conclude that field &, describes the physical
components of the 6D linearized gravitational field.

4. Infinite spin representations

The case of the infinite spin representations is characterized by the condition (22). Then the
representations of the ISO(4) group are infinite dimensional.
In this case the Casimir operator (16) has a nonvanishing eigenvalue

Cp=C=—,  p#0. (43)
So we can take the basis with a nonzero only fourth component:
ﬁ1:ﬁ2:ﬁ3:0, ﬁ4:'u. (44)

In the case of the irreducible representations of infinite (continuous) spin, the Casimir operator (10)
takes the value (for details see [7])

Co = Co = —iPs(s+1), (45)

where s is a (half-)integer number. As a result, the massless infinite spin representations are
characterized by the pair (4, s), where the real parameter u defines the eigenvalue of the Casimir
operator (43) and the (half-)integer number s defines the eigenvalue of the Casimir operator (45).

5. Summary

In this letter we have investigated the massless irreducible representations of the Poincaré
group in the 6D Minkowski space. This irreducible representations are described by three Casimir
operators. The properties of these operators have been analized in the standard massless momentum
reference frame. Based on this analysis, one can see that the unitary representations of 7SO(1, 5)
group are induced from representations of SO(4) and 1SO(4) groups and, correspondingly, are
divided into helicity (finite spin) and infinite (continuous) spin representations. It has been showed
that the helicity representation is described by two (half-)integer numbers. The infinite spin
representation is described by one real parameter and one (half-)integer number. For the case
of helicity representations, we have presented two simple examples, in which the values of both
helicity operators are explicitly calculated. All results obtained in this work are in good agreement
with the statements of [5, 11, 19].
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