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Helicity and infinite spin representations of the Poincaré group in 6D

1. Introduction

In this letter we discuss the massless helicity and infinite spin irreducible representations of the
Lie algebra of the Poincaré group in the 6D Minkowski space. At now such studies are motivated
by an increased interest in field theories of higher dimensions. The attractiveness of such theories
first of all arises due to their connection with the string theories, that may be interpreted as theories
of infinite number of higher spin fields in higher dimensional space-time (see e.g. [1]).

The theory of unitary irreducible representations of the 4D Poincaré group began in a series
of works [2–4]. A large number of the aspects of unitary irreducible representations in higher
dimensions were considered in the papers [5], [6], [8], [9], [10] and in lectures [11] (see also the
recent paper [12]). The generic scheme of constructing the representations of the Poincaré group in
any dimension can be realized on the base of the method of induced representations (see e.g. [13],
[14]).

Some details of the 6D Poincaré group representations are considered in papers [15],[16]
however many moments, for example the infinite spin representations, were not addressed.

The letter is organized as follows. In Section 2 we discuss the Casimir operators and their
properties in the 6D standard massless momentum reference frame. In Section 3 we analyze the
massless finite spin irreducible representations and show that they are described by two (half-)integer
numbers. Section 4 is devoted to infinite spin representations which are described by arbitrary real
parameter and a single (half-)integer number. Section 5 is a summary of the results.

2. Poincaré algebra and light-cone reference frame

The Lie algebra iso(1, 5) of the Poincaré group in the 6D space-time is given by the generators
Pn and Mmn with the following commutation relations

[Pn, Pk] = 0 , [Mmn, Pk] = i (ηmkPn − ηnkPm) , (1)

[Mmn, Mkl] = i (ηmkMnl + ηnlMmk − ηmlMnk − ηnkMml) , (2)

where the D-vector indices run the values m, n = 0, 1, . . . , 5 and we use the mostly minus convention
for the components ηmn of the diagonal flat metric.

2.1 Casimir operators of 6D Poincaré algebra

We introduce the third rank tensor Wmnk and the vector Υm as the elements of the universal
enveloping algebra of iso(1, 5) [5, 15]

Wmnk = εmnklprPlMpr , (3)

Υm = εmnklprPnMklMpr , (4)
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where εmnklpr is a totally antisymmetric tensor and ε012345 = 1. Using commutation relations (1)
and (2) one can check that the operators

C2 := PmPm , (5)

C4 :=
1
24

WmnkWmnk , (6)

C6 :=
1
64
Υ
m
Υm (7)

are the Casimir operators of the algebra iso(1, 5). By virtue of the expressions (3), (4) we obtain
explicit form of the Casimir operators (5), (6), (7):

C2 = PmPm , (8)

C4 = Π
m
Πm −

1
2

MmnMmn C2 , (9)

C6 = −ΠkMkm ΠlM lm +
1
2

(
MmnMmn − 8

)
C4

+
1
8

[
MklMkl

(
MmnMmn − 8

)
+ 2MmnMnkMklMlm

]
C2 , (10)

where we introduce a new 6D vector Π with components

Πm := Pk Mkm . (11)

Further we consider only the massless unitary representations of the algebra iso(1, 5), i.e. we
fix the quadratic Casimir operator (8) as follows:

C2 ≡ P2 = PmPm = 0 . (12)

2.2 Casimir operators in the standart massless momentum reference frame

Let us move to the light-cone basis where any 6D vector Xm = (X0, Xa, X5) has the light-cone
coordinates Xm = (X+, X−, Xa) which are determined by the formulas

X± =
1
√

2

(
X0 ± X5

)
, X± =

1
√

2
(X0 ± X5) ⇒ X± = X∓ . (13)

We now restrict our considerations to the standard massless momentum reference frame. So we
will consider only those states |k〉 on which the momentum operator acts as follows

Pm |k〉 = km |k〉 , (14)

where
km = (

√
2k, 0, 0, 0, 0, 0) , k ∈ R . (15)

The Casimir operators (9), (10) in the light-cone reference frame (14) take the form

Ĉ4 = −Π̂aΠ̂a , (16)

Ĉ6 = Π̂bMba Π̂cMca −
1
2

MbcMbc Π̂aΠ̂a , (17)
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where we introduce operators
Π̂a :=

√
2kM+a . (18)

Taking into account (2) we can see that the operators Π̂a and Mab from RHS of the formulae (16)
and (17) form the Lie algebra of the ISO(4) group

[Mab, Mcd] = i (δbcMad − δbdMac + δacMdb − δadMcb) , (19)

[Π̂a, Π̂b] = 0 , [Π̂a, Mbc] = i
(
δabΠ̂c − δacΠ̂b

)
. (20)

The operators Ĉ4 and Ĉ6 are the Casimir operators of the iso(4) algebra. Thus, in the massless case
(12) the unitary irreducible representations of the 6D Poincaré group are defined by the eigenvalues
of the iso(4) Casimir operators (16) and (17). It can be verified that the ISO(4) group is the
small Wigner group (see [19]) or, in another terminology, a subgroup of stability of a massless
momentum. Therefore, according to the Wigner scheme, massless irreducible representations of
the iso(1, 5) can be induced from the irreducible representations of iso(4). There are two different
cases of these irreducible representations of the iso(4) defined by the value of Casimir operator
(16). So, in next sections we consider following unitary massless representations:

1. Helicity (finite spin) representations.
For these representations the four-vector Π̂a has a zero norm:

Π̂aΠ̂a = 0 . (21)

2. Infinite (continuous) spin representations.
Here the four-vector Π̂a has a nonzero norm:

Π̂aΠ̂a = µ
2 , 0 . (22)

3. Helicity representations

From the condition (21), which determines this case, we immediately obtain the equations for
the components of the vector Π̂a

Π̂a = 0 at all a = 1, 2, 3, 4 . (23)

Therefore, the Casimir operators (16) and (17) vanish for the case of the helicity representations.
Consequently, such representations of ISO(4) are finite dimensional, because noncompact ISO(4)
is reduced to compact group SO(4). According to the Wigner scheme each such representation
defines some 6D massless representation.

3.1 6D helicity operators

In this section we will show that the Casimir operators of the stability subgroup SO(4) define
the 6D helicity operators. Consider the vector Υm defined in (4). Using (7) if the constraint C6 = 0
holds, we get ΥmΥm = 0. In the standart massless momentum reference frame the light-cone
components of the 6D vector Υ are

Υ
+ = Λ1P+ , Υ

− = Υa = 0 , (24)
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where we define
Λ1 := εabcdMabMcd . (25)

It can be verified that this operator is the Casimir operator of the so(4) algebra.
From the conditions (24) we can conclude that the vectors Υ and P are collinear, which means

that the equality (in fact, this equality is valid in any reference frame)

Υm = Λ1Pm. (26)

This connection has already been noted in the works [15, 17]. Note that the operator (25) can be
represented as follows

Λ1 :=
Υ0
P0

. (27)

Therefore, the operator Λ1, defined in (27), is a 6D analog of the 4D helicity operator.
It is known that irreducible so(4) representations are characterized by two quadratic Casimir

operators. The second helicity operator arises if we use the construction proposed in [17]. Namely,
one can construct another vector with components1

Sm := 3MnkP[mMnk] . (28)

In the standart massless momentum reference frame, the light-cone components of the 6D vector
(28) are equal to (c.f. (24))

S+ = Λ2P+ , S− = Sa = 0 , (29)

where we define
Λ2 := MabMab . (30)

This operator is the second Casimir operator of so(4). In a general frame, then the relations (29)
take the form

Sm = Λ2Pm , (31)

where the operator Λ2 defines the second helicity operator, i.e. Λ2 can also be represented in the
form

Λ2 :=
S0
P0

. (32)

Therefore, massless helicity representations are characterized by the pair (λ1, λ2), where real
numbers λ1, λ2 define the eigenvalue of the Casimir operators Λ1 and Λ2. Using some additional
construction (see [7]), we can calculate the spectra of helicity operators Λ1 and Λ2.

λ1 = 8 j+( j+ + 1) − 8 j−( j− + 1) , (33)

λ2 = 4 j+( j+ + 1) + 4 j−( j− + 1) , (34)

where j± are (half-)integer numbers.

1The definition of antisymmetrization has standart form, i.e.

A[n1 Bn2Cn3] =
1
3!

(
An1 Bn2Cn3 + An2 Bn3Cn1 + An3 Bn1Cn2 − An2 Bn1Cn3 − An1 Bn3Cn2 − An3 Bn2Cn1

)
.
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3.2 Two examples of the helicity representations

Now we will use the obtained formulas (25) and (30) for determining the helicities for two
massless finite spin fields. According the Wigner scheme the irreducible massless representations
of the 6D Poincaré group are induced by the irreducible SO(4) representations.

Therefore, in this examples, we first consider a some irreducible SO(4) representation and
determine the eigenvalues of the helicity operators. Next, we consider the corresponding 6D fields.
Fixing the gauge and using the 6D equations ofmotion in the standardmasslessmomentum reference
frame, we will show that 6D fields has the same of the independent components those SO(4) fields
which were considered earlier. That is in these example we will demonstrate the Wigner’s strategy
(scheme), which is very transparently presented in the form of points in the lectures [11].

Below, in this section we will use the standart notations for the so(4) generators in defining
representation

(Mab)eg = i(δaeδbg − δagδbe) . (35)

3.2.1 Vector field

Consider the SO(4) vector field Aa. Then, the helicity operators take the form

(Λ1)eg = εabcd(MabMcd)eg = 0 ,

(Λ2)eg = (MabMab)eg = 6δeg .
(36)

Acting on the SO(4) vector field Aa, the operators (36) give the following values of helicities:

λ1 = 0 , λ2 = 6 ; j+ = j− =
1
2
. (37)

Let us show that this Euclidean vector field Aa describes physical components of the 6D vector
gauge field Am. The massless gauge field Am is described by the 6D Maxwell equations

PmFmn = 0 , (38)

where Fmn = i(PmAn − PnAm) is the standart definition of the field strength, and determined up to
gauge transformations

δAm = iPmϕ . (39)

As an example, let us take the light-cone gauge (see e.g. [18]), i.e. A+ = 0. Then, in the standard
masslessmomentum reference frame, the light-cone equations ofmotion (38) are reduced to A− = 0.
Therefore an independent field is given by the transverse part Aa of the 6D gauge field Am.

3.2.2 Second rank symmetric tensor field

Let us consider the SO(4) second rank tensors. Now the so(4) generators take the form

(Mab)e1e2,g1g2 = (Mab)e1g1δe2g2 + δe1g1(Mab)e2g2 (40)

and the helicity operators are

(Λ1)e1e2,g1g2 = 8 εe1e2g1g2 ,

(Λ2)e1e2,g1g2 = 12 δe1g1δe2g2 + 4(δe1g2δe2g1 − δe1e2δg1g2) .
(41)
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We consider the SO(4) second rank tensor ĥab, which is symmetric ĥab = ĥba and traceless
ĥaa = 0. Acting by helicity operators (41) on this field we get the values

λ1 = 0 , λ2 = 16 ; j+ = j− = 1 . (42)

Note, that similarly to the vector case, we can conclude that field ĥab describes the physical
components of the 6D linearized gravitational field.

4. Infinite spin representations

The case of the infinite spin representations is characterized by the condition (22). Then the
representations of the ISO(4) group are infinite dimensional.

In this case the Casimir operator (16) has a nonvanishing eigenvalue

C4 = Ĉ4 = −µ
2 , µ , 0 . (43)

So we can take the basis with a nonzero only fourth component:

Π̂1 = Π̂2 = Π̂3 = 0 , Π̂4 = µ . (44)

In the case of the irreducible representations of infinite (continuous) spin, the Casimir operator (10)
takes the value (for details see [7])

C6 = Ĉ6 = −µ
2 s(s + 1) , (45)

where s is a (half-)integer number. As a result, the massless infinite spin representations are
characterized by the pair (µ, s), where the real parameter µ defines the eigenvalue of the Casimir
operator (43) and the (half-)integer number s defines the eigenvalue of the Casimir operator (45).

5. Summary

In this letter we have investigated the massless irreducible representations of the Poincaré
group in the 6D Minkowski space. This irreducible representations are described by three Casimir
operators. The properties of these operators have been analized in the standard massless momentum
reference frame. Based on this analysis, one can see that the unitary representations of ISO(1, 5)
group are induced from representations of SO(4) and ISO(4) groups and, correspondingly, are
divided into helicity (finite spin) and infinite (continuous) spin representations. It has been showed
that the helicity representation is described by two (half-)integer numbers. The infinite spin
representation is described by one real parameter and one (half-)integer number. For the case
of helicity representations, we have presented two simple examples, in which the values of both
helicity operators are explicitly calculated. All results obtained in this work are in good agreement
with the statements of [5, 11, 19].
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