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We present the pion mass and decay constant using the overlap fermion valence on domain wall
(DW) fermion sea at several lattice spacings. The mixed action effect in the lattice calculation is
also studied, and the result suggests that the mixed action effect with the overlap valence on DW sea
would be proportional to the fourth power of the lattice spacing. We obtain the pion decay constant
at the physical pion mass and Ny = 2 chiral limit to be 92.4(3)(2) MeV and 87.0(5)(7) MeV
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1. Introduction

The low energy feature of the strong interaction binds the quarks into the mesons and hadrons,
and creates most of the mass of the visible matter. At the leading order of the chiral perturbative
theory, there are just two additional parameters beside the quark mass: the chiral condensate and
pion decay constant. Since those values are quark mass dependent, it is essential to determine them
from the first principle lattice QCD calculation.

In this proceeding, we provide the preliminary lattice QCD result of the quark mass and decay
constant at the physical pion mass, and also the leading order (LO) low energy constants.

2. Numerical setup and the mixed action effect

The basic information of the RBC/UKQCD 2+1 flaovr dynamcial ensembles we used in this
project is summarized in Table 1, which “DW” refers to domain wall fermion action, while “I”
indicates that the gauge field is Iwasaki. For more information about these two ensembles, see [1].
We used the overlap fermion action [2] for the valence quark, with 1-step HYP smearing on the
gauge field and p = 1.5.

Table 1: Basic information of the ensembles we used.

Action  Symbol L3%xT a(fm) my ss(MeV)

Overlap 24) 243 x 48  0.112 290
DW+I 481 483x 96 0.114 139
DW+I 641 643 x 128  0.084 139

Using different valence and sea actions can introduce the mixed action effect. For example, if
we calculate the valence quark propagator using discretized fermion action A on a gauge ensemble
with dynamical light quark using another action B, and tune the valence quark mass to make the
corresponding pion mass My, = My s, then the pion mass m s of the pion correlator formed
by one valence quark with one action and one sea (anti-)quark with another action, can suffer from
a discretization error and larger than m ..

Fig. 1 shows the mixed action effect defined by

Apix = miy g — —2 2 ey

T,Vs 2

on the JLQCD ensemble at 0.11 fm with ~ 300 MeV pion mass. The purple data points in the
figure show the case with the same valence and sea actions (No HYP smearing, p = 1.3), and A,
is consistent with zero within the statistical uncertainty which is relatively larger when the valence
pion mass is far away from the sea one. But if we apply the HYP smearing in the definition of the
valence quark action, A,,;» becomes obvious non-zero, as the red data points in Fig. 1. It suggests
that A,,;x can actually provide a good reference on the mixed action effect.

On the RBC/UKQCD ensembles at physical pion mass, the mixed action effect is much larger,
while it is still much smaller than our previous estimate [4] which is around 0.01 GeV? at a=0.111
fm. At the same time, the values at a ~ 0.08 fm are much smaller than those at a~0.11 fm, and the
lattice spacing dependence seems to be O(a*) instead of the widely used O(a?) estimate.
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Figure 1: Mixed action effect on the JLQCD ensemble with m, ~ 290 MeV and a ~ 0.11 fm [3]. The red
dots and purple boxes show the cases with and without HYP smearing on the valence quark action.
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Figure 2: Mixed action effect on the RBC/UKQCD ensembles with m,; ~ 139 MeV and a ~ 0.08 fm (green
dots) and 0.11 fm (orange triangles) respectively.

But even though the mixed action effect here has been much smaller than those in the literature
with the other setups (likes the Overlap on Clover [5], DW on staggered [6, 7], or mobius DW on
the gradient-flowed HISQ [8]), it is still much larger than the statistical uncertainty and then the
mixed action pion mass can not be used in the analysis. Thus we will just consider the valence pion
mass around the unitary point to extract the low energy constants.

3. Results

In this proceeding, we use the low mode substitution (LMS) to obtain good signal with
reasonable cost [9]. More precisely, we replace the low mode part of the pion correlation function
with small statistics by that from the the all-to-all propagator using the low lying eigenvectors,

4

1 R R 1 -
M (ty) = N Z[Cz(lf,xi,(); S) = Ca(ty, Xi, 0, Siow)] + w7 Z Co(ty + 10, X, 105 Stow), (2)
] l‘(),)?
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where
(Colty,%,10:8)) = (O Tr[S" (3, 15:%,10)S(F, 13 %, 10) 1), (3)
y
Siow 18 the low mode part of the point source (or grid source without gauge fixing, equivalently)

propagator S, and x;
rest part of C,.

n are N kinds of the source positions used in the production to estimate the
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Figure 3: The effective mass of the pion correlation function around the physical point, on two ensembles at
0.11 fm (left panel) and 0.08 fm (right panel). The cases with LMS have much better signal and the statistical
fluctuations are significantly suppressed.

As in Fig. 3, the effective decay rates of C; (green dots) show obvious statistical fluctuation as
functions of the source-sink separation ¢ if the LMS is not applied. But when its low mode part is
replaced by the all-to-all propagators, the fluctuation is highly suppressed and then one can extract
the pion mass with much higher precision. Thus based on the linear interpolation, we obtained the
renormalized quark mass at MS 2 GeV with my = 134.98 MeV as

mMS2 OV) (0,114 fim) = 3.80(4)(10)(3) MeV, m™>2 V) (0,084 fm) = 3.77(1)(7)(2) MeV, (4)
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at two lattice spacings respectively, and three uncertainties are the statistical error, the truncation
error of the perturbative matching from the RI/MOM scheme to the MS-bar scheme, and the other
uncertainty of the renormalization constants Zg [10]. After a linear a? extrapolation, we predict the
average light quark mass to be

mhS? V) = 3.74(4)(5)(5)(3) MeV, 5)
where we take the difference between the values at the smaller lattice spacing and that in the
continuum as the last uncertainty, to estimate the systematic uncertainty from the continuum
extrapolation. Note that the truncation error of the perturbative matching at different lattice spacing
are correlated and then will be suppressed during the continuum extrapolation. Such a value
is much larger than the current FLAG average, 3.36(4) MeV. It would related to the RI/MOM
renormalization scheme we used, as we found that the SMOM scheme used by part of the quark
mass and condensate calculations would be have additional systematic uncertainty due to its highly
non-trivial ap? dependence [10].
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Figure 4: The pion decay constant without (left panel) and with (right panel) LMS at a ~ 0.11 fm (pruple
boxes) and 0.08 fm (green triangles).
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For the pion decay constant, one can obtain it from the correlation function with either the
Yysys¥ or Yrysy interpolation field,

(Mg, +mg,) OFysy|n) = M2 fr,
ZA<0|(/;7475‘//|7T> = Mirfn- (6)

Since the latter definition will depend on the value of Z4, we will concentrate on the first definition
to extract the pion decay constant. The result without and with LMS at two lattice spacings are
shown in Fig. 4. One can see that the LMS is very helpful to improve the signal, and the results at
two lattice spacings are consistent with each other. Eventually we obtain the pion decay constant at
the physical point as

f(0.114 fm) = 0.1301(3) GeV, f(0.084 fm) = 0.1304(1) GeV, @)
and that in the continuum with the linear a? extrapolation is
fr =0.1307(4)(3) GeV, ®)

where the second error estimates the systematic uncertainty from the continuum extrapolation by
taking difference between the value at smaller lattice spacing and continuum.
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Figure 5: Quark mass dependence of the pion mass and decay constant based on the FLAG values.

The expansions of the pion mass square and decay constant as the function of the low energy
constants X, F and also quark mass m are known based on N ¢ = 2 chiral effective theory (Note that

Fr = fz/V2),

2

1 hys
2 _ a2 7, phy; 2
M, =M [I—Ex(ln Ve +6)+0(x9)], )
2
Fr = F[1+x(In ;‘;‘;hys +0) + 0], (10)
where x = (4’;4—;)2, M? = 2?—2" o< m, My phys = 134.98 MeV, and the lattice averages of the next

leading order (NLO) low energy constants are £3 = 3.07(64) and €4 = 4.02(45) respectively [11].
Based on the lattice averages of X~ and F, the quark mass dependence of the pion mass and decay
constant are shown in Fig. 5.

If we use the FLAG values of £3 4 and our determination of the physical quark mass and decay
constant, we would estimate

F =87.0(5)(7) MeV, EMSCGV) = (266(3)(1) MeV)”. (11)
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4. Summary

In summary, we calculated the pion masses and decay constants with different valence quark
masses using the overlap fermion, on the 2+1 flavor DW ensembles with physical pion mass at two
lattice spacings. We found that the mixed action effect is much smaller than the other mixed action
setup so far, while it is still much larger than the statistical uncertainty needed by a high precision
quark mass determination. Thus we only consider the pure valence pion mass at the unitary point,
and use the current FLAG averages of the NLO low energy constants to determine the LO low
energy constants, ¥ and F. The preliminary estimates are the following:

mMS2 CV) _ 374(4)(5)(5)(3) MeV,
SMS(26V) _ (266(2) (1) MeV)’,
Fr =92.4(3)(2) MeV,
F =87.0(5)(7) MeV. 1

The decay constant we obtain here is consistent with the FLAG value 86.2(5) MeV. But the
chiral condensate (266(2)(1) MeV)3 is somehow lower than the FLAG average (272(5) MeV)3,
while close to our previous determination from the Dirac spectrum [12], (260(1)(2) MeV)3. The
tension between those two values is under investigation. If we force the physical quark mass to be
the FLAG average 3.36(4) MeV, then the chiral condensate will be (276(3) MeV)3 and perfectly
consistent with the FLAG average of the chiral condensate.

In the next step, we would try to combine the results of the other ensembles to extract the LO and
NLO low energy constant simultaneously, it would suppress the uncertainty of our determination of
F and X. At the same time, the other sources of the systematic uncertainties like the lattice spacing
determination, isospin symmetry breaking effect, partially quenching effect (the sea pion mass is 4
MeV higher than 135 MeV) and so on, should be investigated.
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