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1. Introduction

Computing nuclear structure functions poses several challenges to lattice QCD practitioners,
most notably the operator mixing and renormalisation issues [1, 2] that complicate the lattice
operator product expansion (OPE) approach.

Recently, the focus has largely been directed to light-cone PDFs that can be computed from
quasi- and pseudo-PDF approaches which evade these issues and obtain the x-dependence of the
parton distributions. A detailed account of quasi- and pseudo-PDF, and other approaches, including
their limitations, and in general what has been accomplished so far, is given in recent reviews [3, 4]
and plenaries at the lattice conferences [5, 6] highlighting the immense efforts and the progress of
the lattice community.

A complementary approach that is pursued by the QCDSF/UKQCD Collaboration is to extract
the forward Compton amplitude and access the structure functions that way. This approach is akin
to an experimental one where we are able to obtain the full Compton amplitude, which includes
all twist contributions and power corrections. Our determination of the Compton amplitude takes
advantage of the Feynman-Hellmann approach to hadron structure [7, 8]. The procedure is detailed
in [9, 10] which presents a derivation for the determination of the forward Compton amplitude via
the Feynman-Hellmann theorem, together with an application to the nucleon structure function Fj.
In this contribution, we summarise the method and report on our recent progress on accessing the
Fi, F» and Fy, structure functions of the nucleon.

2. Compton tensor and the structure functions

The starting point is the forward Compton amplitude described by the time ordered product of
electromagnetic currents sandwiched between nucleon states,

Tyuv(p.q) = / d*ze"%pse(p, s’ |T {Ju(2) T (0)}| p. ), (1)

where p (s) is the momentum (spin) of the nucleon, ¢ is the momentum of the virtual photon, and p
is the polarisation density matrix. We are interested in the unpolarised part of the Compton tensor,
which is parametrised in terms of two Lorentz-invariant scalar functions, ¥ and %, as follows

qudv P-q P-q \F(w0%
T,w(p,q)=(—gw+’;—2)ﬁ(w,Q2)+(py—761#) (py— = qv) YR (2)

where Q2 = —qz. These invariant Compton structure functions ¥ 5 are related to the corresponding
ordinary structure functions via the optical theorem, which states Im 7 > (w, Q%) = 27F} »(x, Q?).
Making use of analyticity, crossing symmetry and the optical theorem, we can write a dispersion
relation for # and connect them to the inelastic structure functions,

FZ(x’ Q2)

2x Fy(x, Q%)
1 —x2w? - i€’

. 1 1
Fi(w,0%) = 207 / dx ) F(w,0Y) = 4w / dx 3)
0 1 —x2w2 —l€ 0

where we will use ?i(w, 0% = Fi(w, 0% — F:(0,0?) throughout to denote a once subtracted
function. Additionally, a once-subtracted dispersion relation for the longitudinal structure function
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F.(x) is written as,

1 2
Fr(w,0%) = 2w2/ deQ),, where 4)
0 1 —x2w? —ie
2
Fi(x,0%) = (1 + %xz) Fa(x, 0%) — 2xF (x, 0%), 5)

with M the mass of the nucleon. Note that a subtraction is necessary, given the high-energy
behaviour of Fj. Although we are only concerned with subtracting it away, understanding the
subtraction function is an interesting subject in itself. Related discussions on the subtraction
function can be found in [11-14], and further details and investigations will be presented in future
publications [15, 16].

The expression in Eq. (5) recovers the well-known Callan-Gross relation, Fr (x) = F>(x) —
2xF;(x), in the Q% — oo limit. However the 1/Q? term, which picks up the next moment of F, is
crucial for the low- and mid-Q? regions. With our chosen parametrisation (Eq. (2)), the longitudinal
structure function ¥ can be constructed via the following combination of ¥, and %>,

2M? F>(w, 0?)

T %) = ~7i(0,0%) + 5530, 0% + o =

(6)

With a judicious choice of kinematics, we are able to isolate the Compton structure functions

from the tensor in Eq. (1). Working in Minkowski space with metric g,, = diag(+, —,—,—), we
have
Fi(w, Q%) =Ts3(p. q)., foryu =v=3andps = g3 =0, ©)
2 wQ?
Fo(w, Q%) = Y [Too(p, q) + T33(p, @)1, forp=v=0andp3 =g3=¢go=0. (8)
N

Writing Egs. (3) and (4) at fixed Q7 as a geometric series, the Compton structure functions can
be expanded as an infinite sum of Mellin moments of the inelastic structure functions,

o 1

Fi(w,0%) = Z 20" M) (0?), with M. (0% =2 /0 dx x"'Fy (x, 0?), )
n=1
0 1

Fo(w, Q%) = > 4™ MY (%), with My (0%) = / dx X2 F (x, 07), (10)

n=1 0
0 1

Fr(w,0%) = Z2w2"M2(?(Q2), with M\ (0?) = / dxx¥ 2 (x,0Y). (1)
n=1 0

3. Feynman-Hellmann technique

Our implementation of the second order Feynman-Hellmann method is presented in detail
in [10]. Here, we briefly summarise its main aspects.

An analysis of the Compton amplitude, such as the one given in Eq. (1), requires the evaluation
of lattice 4-point functions. Application of the Feynman-Hellmann method reduces this problem
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to a more simple analysis of 2-point correlation functions using the established techniques of
spectroscopy. To start, we modify the fermion action with the following perturbing term,

S =8+ / d*z(e'17 4 797 7, (2), (12)

where A is the strength of the coupling between the quarks and the external field, J,(z) =
Zy q(z)yuq(z) is the electromagnetic current coupling to the quarks, q is the external momen-
tum inserted by the current and Zy is the renormalization constant for the local electromagnetic
current.

The main strategy to derive the relation between the energy shift and the matrix element is
to work out the second-order derivatives of the two-point correlation function with respect to the
external field from two complementary perspectives. Differentiating the energy of the perturbed
nucleon correlator, Gflz)(p; 1) =~ Ay(p)e EMa®? one finds a distinct temporal signature for the
second-order energy shift, and by matching it to the expression, coming from a direct evaluation of
the correlator, one arrives at the desired relation between the energy shift and the matrix element
describing the Compton amplitude,

PEv@)|  _ Tuu(p, @) + Tuu(p,~4)
EY O 2EN (p) ’

(13)

where T is the Compton amplitude defined in Eq. (1), ¢ = (0, q) is the external momentum encoded
by Eq. (12), and En, (p) is the nucleon energy at momentum p in the presence of a background field
of strength A. This expression is the principal relation that we use to access the Compton amplitude
and hence the Compton structure functions as in Egs. (7) and (8). For a more detailed derivation,
see [10].

4. Selected results and discussion

We carry out our simulations on QCDSF/UKQCD-generated 2 + 1-flavour gauge config-
urations. Two ensembles are used with volumes V = [32° x 64,48 x 96], and couplings
B = [5.50,5.65] corresponding to lattice spacings a = [0.074,0.068] fm and the physical cut-
offs a™! = [2.667,2.902] GeV, respectively. Quark masses are tuned to the SU(3) symmetric point
where the masses of all three quark flavours are set to approximately the physical flavour-singlet
mass, m = (2mgs+m;) /3 [17, 18], yielding m, ~ [470,420]MeV. We obtain amplitudes for several
values of current momentum, Q2, in the range 1.5 < Q% < 7 GeV2. Multiple w values are accessed
at each simulated value of ¢ by varying the nucleon momentum p, which allows for a mapping of
the w dependence of the Compton structure functions.

In order to extract the second order energy shift from the lattice correlation functions, we
construct the following ratio,

G (p.0G2(p,1) 10
(G (p,n))?

Ré(p. 1) = Aq(p)e AER @1 (14)
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Figure 1: Top: Effective mass plot of the ratio given in Eq. (14) for a (q, p) pair. Data points are shifted for
clarity. Bottom: A dependence of AE]eVA (p). Error bars are smaller than the symbols. Plots taken from [10].

which isolates the energy shift only at even orders of 1, AE Iih (p), where Gf_rz/l) (p, t) are the perturbed
two-point functions and G? (p, 1) is the unperturbed one. We compute the perturbed two-point
correlation functions with two values of |1| < 0.025.

Having even-A energy shifts at two A values, we perform polynomial fits of the form, AE Je\u (p) =

2 °En,(p)

2 e

+0(A%), to determine the second order energy shift. The unperturbed energy, Ey,
=0
and odd-order lambda terms (O(2), O(1%), ...) are removed by construction in the ratio (14).

Given the smallness of our A values, higher order O(1*) terms are heavily suppressed, hence the fit
form reduces to a simple one parameter polynomial. We show representative cases for the signal
quality and the A fits in Fig. | from the 323 x 64 ensemble.

The above analysis is performed to map out the w dependence of the Compton structure
functions given in Eqs. (7) and (8) for each Q2 value that we study. ¥z (w,Q?) is constructed
according to Eq. (6). Once we extract the data points, we perform a simultaneous fit of ¥ and
%> in a Bayesian framework to determine the first few Mellin moments of the structure functions,
Egs. (9) to (11), where we truncate the series at n = 4. No dependence on higher-order terms is seen.
Note that ¥, is parametrised in terms of 1 and 77, following Eq. (6) since the Compton structure
functions 771, are directly related to the cross sections and we can impose the positive-definiteness
on the moments. We sample the moments from uniform distributions with bounds M, (Q?) € [0, 1]
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Figure 2: Fits to the uu (top panel) and dd (bottom panel) components of the Compton structure functions
for 02 = 4.86 GeV>.

and M-, (Q?%) € [0, Ms,_»(Q?)], for n > 1, to enforce the monotonic decreasing nature of the
moments, M(Q?) > My(Q?) > -+ > Mp,(Q%) > --- > 0, for u and d contributions separately.
The sequences of individual uu or dd moments are selected according to a multivariate probability
distribution, exp(—x?/2), where y? = 2F i [7‘7“0‘161 - T"bs(wi)] Cl._j1 [?}m"de] - T"bs(a)j) is
the y? function with the covariance matrix C; 7, ensuring the correlations between the data points
are taken into account. We do not sample the isovector uu — dd but instead construct it from the uu
and dd pieces. Here, ¥ stands for 7_-“1 and %7, and the indices #, j run through all the w values and
both flavours.

Compton structure functions and fits depicting the extraction of the moments are shown in
Fig. 2 for a representative case from the 48* x 96 ensemble. We show the isovector u — d moments
of F| and F>,, and the moments for the proton Fi, F;, and F, in Fig. 3. Contributions from the uu,
dd and ud (not shown) pieces are weighted with their electric charges and combined in obtaining
the proton results.

At low- and mid-Q? values, i.e. 0 < 4 GeVZ, moments of F; and F, are significantly different
from each other. As we approach the larger Q2 values, i.e. Q% > 4GeV?, they tend to similar
asymptotic values close to their respective phenomenological values. Additionally, closing of the
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Figure 3: 0? dependence of the first moments of Fj 5 ;. We show the moments for the isovector u — d
and proton structure functions. Black stars are the experimental Nachtmann moments of F; at Q% = 4 GeV?
taken from [19].

gap between the F| and F, moments can be interpreted as the recovery of the Callan-Gross relation,
which is supported by the almost vanishing moments of Fy .

5. Conclusions

We have presented QCDSF/UKQCD Collaboration’s recent efforts on calculating the Comp-
ton amplitude directly on the lattice via a novel extension of the Feynman-Hellmann techniques.
Accessing the Compton amplitude allows us to extract the moments of the nucleon structure func-
tions at a range of photon virtualities. We have shown preliminary results of the moments of the
unpolarised Fj, F> and Fp structure functions along with their 0? dependence. These results,
especially for Fp, are a first for lattice structure function calculations, where we are able to extract
the unpolarised structure functions simultaneously and study their behaviour at low- and mid-Q>
values.
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