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1. Introduction

The transverse momentum-dependent (TMD) parton distribution functions are important to
describe the intrinsic transverse momentum of the partonic constituents of protons and can be
accessed in inclusive high energy collisions. Transverse momentum-dependent wave functions
(TMDWFs) are the most ingredient to predict physical observables. In the past few decades,
there have been many detailed studies to explore the internal structure of hadrons through parton
distributions from both experiments and the theory calculations in the framework of lattice QCD
mainly in large momentum effective theory (LaMET) [1, 2].

Recently LaMET has made revolutionary progresses. For recent reviews, please see Refs.[3, 4].
In the mean while, TMDWFs and TMDPDFs are found calculable on the Eucledian lattice through
LaMET approach [5, 6]. The rapidity evolution can also be obtained via the quasi-TMDPDFs [7]
and TMDWFs [8], and quite a few papers are made on the lattice calculation [9-12, 14].

In this talk, we use the configurations based on clover fermion action with 2 + 1 + 1 flavors of
highly improved staggered quarks (HISQ) action [15], generated by MILC collaboration [16], with
lattice spacing @ = 0.12fm and volume L3 x T = 48> x 64. Sea quark masses on this ensemble
have been tuned to match the physical quark masses in nature [16], while the valence quark mass is
chosen to match pion mass M, = 670MeV. To achieve the infinite momentum limit with a reasonable
signal, we employ three hadron momenta as P* = 2z /L x {8,10, 12} = {1.72, 2.15, 2.58}GeV,
which are equivalent to the boost factor y = {2.57, 3.21, 3.85}.

2. Quasi-TMD Wave Function and Collins-Soper Kernel

For physical meaning, Collins-Soper kernel describes the rapidity evolution of light-cone
TMDWFs y*(x, b, , u, ). The evolution equation of rapidity for the rapidity-renormalized LFWF
reads [8]

d
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In the large hadron momentum circumstances, the parton momentum-dependence of the quasi-
TMDWFs should be
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where £, = 4x?(P?)?. Except for Collin-Soper kernel K (b, ) terms, the evolution equation of
quasi-TMDWFs ¢ (x, b, , u, £) still includes a perturbative part G* (x?{ 2» 1), and the higher power
terms of (1/P%?)? are omitted.

In LaMET, by using the matching formula between quasi-TMDWFs and light-cone ones, we
determine Collins-Soper kernel K (b ., u) by the ratio of quasi-TMDWFs ¢ (x, b ., u, £,) at different
hadron momenta (taken in z-direction) P* >> Aqcpl8]:
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with the H}, corresponding to the one-loop perturbative hard function[8],
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dr 6 27 =

where £, = In(-¢, +i€)—Inp?, and £, = ln(—ZZ +ie)—Inpu®. £, = (2xP-n;)? and Zz = (2xP-n;)%.
This matching kernel relates a multiplicative factorization between quasi-TMDWFs and light-cone
TMDWEFs.

Quasi-TMDWEF for a pseudoscalar meson like pion is defined as:

1

\/ZE (2L, bJ_,/J)

where (* = 2xP*n* denotes the z-direction hadron momenta, and the Lorentz structure I" can

—~ N g Prdz i(x-1/2)p%2 j* z
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be chosen for the leading twist y#ys in coordinate quasi-TMDWFs *. In the denominator, the
renormalization factor Zg (2L, b, , u) refers to the Wilson loop matrix element which can cancel
the linear divergence in ¥, and renormalize it into MS scheme:

b -L

L
ZeQQL, b, u) = <0|Pexp/ dzAZ(O,z)+$Dexp/ dxAx(L,x)+Pexp/ dzA;(b,z2)
-L 0 L
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b

The connection in transverse plane of two spinor field operators for quasi-TMDWFs is needed
to satisfy gauge invariance which removes the divergence in the Wilson line self energy. So the
renormalization scheme is to diminish a same construction factor in the transverse plane, which
should also be gauge invariant.

The quasi-TMDWFs in coordinate space are defined as a matrix element from vacuum to
hadron state and computed by the ratio of non-local two point function with Wilson line between
two field operators and a local one:
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The Wilson lines are shown in Fig. (1). We need to construct Wilson loop matrix element
Zg (2L, b ) with length L and width b, to renormalize such a matrix element.

Two point correlation functions are generated by Coulomb gauge fixed wall source propagators

with energy Ep= = \Vm% + (P?)2:
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Figure 1: Diagrammatic representation of the Wilson line included in coordinate quasi-wave function.

Therefore the renormalized ¢ can be obtained as:
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3. Numerical Results

The Lattice configurations are based on clover fermion action with 2+1+1 flavors of highly
improved staggered quarks (HISQ) action [15], generated by MILC collaboration [16]. To improve
the signal, the valence quark mass to make m, = 670MeV is used. The used hardron momenta are
P =2x/L x{8,10,12} = {1.72,2.15,2.58}GeV to approach the infinity momentum limit.

The quasi-TMDWFs are extracted from two point correlation functions as described in Eq. (8).
As the parametrization formula behaves like exponential decay for C»(L, b, , z, t, P*) as a function
of t in Eq. (11), a two-state fit is often adopted to extract quasi-TMDWFs y*(L, b, , z, P%). To
make it simple, we use the notation (b, , z, P?) instead of y* (b, z, P%),

co(0)e E1 (1 4 ¢1(0)e 2E), (10)
G(L,by,z,P)(1+ci(L,by,z)e 2ED)
1 +c1(0)eAE! '

C»(0,0,0,t, P)

Co(L,by,, 2,1, P) (11)
However, in most cases, 1-state fit is more conservative than two-state fit, thus we determine
W (L,b,,z, P?) by l-state fit. Fig. (2) shows two examples.

For the LaMET approach to get the subtracted quasi-TMDWFs (b, z, P%), the Wilson line
between field operators in the matrix element in Eq. (7) is a staple link with the length L to the
infinity, thus the L dependence of renormalized C>(L, b, z, t, P*) need to be investigated. Fig. (3)
shows an example of L dependence for renormalized C>(L, b, z,t, P*) after 1-state fit for z. In
addition, as we expected, the subtracted quasi-TMDWFs ¢ (b, , z, P?) are complex.

The curves of subtracted quasi-TMDWFs ¢ in Fig. (3) turn to plateaus when L is larger than
0.4fm, namely unsubtracted quasi-TMDWFs J; decays as the same speed as the square root of
Wilson-loop vZg for L. Based on this observation, we will use L = 6a = 0.72fm as asymptotic
results to the infinity approach of L for all cases in the following calculation.
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Figure 2: Examples of normalized two point correlation functions C‘z(L, by,z,t) defined in Eq. (11)
performed as described below. The fit range for two-state fit is t ~ [la, 8a], which for 1-state fit is
t ~ [5a,8a]
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Figure 3: Results of L-dependence of the subtracted and unsubtracted quasi-TMDWFs (¢ and v;), and
also the square root of the Wilson loop which is used for the subtraction. We take the {P%,b,,z} =
{24r/L,2a,2a} as an example.

As shown in Eq.(8), quark bilinear operators with staple-shaped Wilson lines are used to study
the quasi-TMDWFs on lattice. In order to increase the signal of the calculation, we apply the
leading twist operators W(x)y*ys¥(y). The corresponding matrix element is proportional to the
momentum of external state:

O (x)yHys¥(0)|n(P)) ec i foPH. 12)

Due to the pion momentum set along z-direction, there are two different leading twist Lorentz
structures, I' = y'ys and " = y%vys, which have identical contributions theoretically. We performed
the subtracted quasi-TMDWFs in coordinate space ¢ (b, z, P?) in Fig. (4), in which we compare
the quasi-TMDWF (b, z, P?) as the function of zP? with I' = y%ys5 and y’ys to investigate
the difference of these two cases on lattice calculation. From the comparison we can see that the
difference of these leading twist cases is not significant. It indicates that the higher twist terms make
little contributions. So that we only adopt I' = y*ys5 for the following analysis. Additionally, we
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Figure 4: Examples of numerical results for ¢ (z, b, P*) with {P?, b} = {24n/L,3a}.
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Figure 5: Numerical results for ¢ (b, x) with {P?,b,} = {24n/L,3a)}.

will compare the final results for Collins-Soper kernel K (b, i) extracted from these two leading
twist quasi-TMDWFs respectively to see if there is difference.

In order to get the quasi-TMDWFs in momentum space (b, x, P?), we compute the Fourier
transformation in Eq. (13)

® Pidz

&(bL’x’PZ) :/ - ei(x_l/z)PZZ &(bl’x’ PZ) (13)

—o0
When |z| > Zmax, ¥ (b1, z, P%) comes to zero with the statistical uncertainty as Fig. (4) shows, thus
the limited data as z form —z,,4x t0 Zimax We have, we cut z — z,,4x to represent z — oco. We obtain
the subtracted quasi-TMDWFs in momentum space i/ (b, , x, P?). One example of (b, , x, P?) for
b = 0.36fm is shown in Fig. (5), and we can see the imaginary part still exist, which is different
from 1-dimensional wave functions[13].
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Figure 6: Comparison of numerical results for Jge (x, b, , o = P, ;) and Yre(x, b1, u = 2GeV, £,). Take
the case of {P?,b, } = {24n/L,3a} as a example.

Moreover, in order to match the MS renormalization scheme, we need to consider the scale
dependence of subtracted quasi-TMDWFs (b, x, P?). For (b, x, P?), the renormalization
scale u-dependence satisfies the renormalization group equation[4]:

d? -

#2@111%0&:(% bi,u,l;) =vyr (as(u)), (14)
.

ﬂz_zlnlﬁlm(x,bl,/,l,gz) =0. (15)
du

For our calculation, the hadron momenta for three cases are P* = {1.72,2.15,2.58}GeV, so we can
evolute the results of (b ., x, o = P?, P?) to MS scheme at u = 2GeV by Eq. (16)

Frelbos ot ) = e b pios Py xexp [ — 2
’xa ) = -x, ) 5 €X ,
Re\V L M z Re 15 M0 d p o ,BQ,uQ(ln ,UZ —In Az)
Jltlm(bJ_’xy ,anPz) = (/;Im(b_L’x’ :u’PZ)a (16)
here we adopt the 1-loop result of @ (u) = 4”“2 ,Bo = 11—§Nf. The comparison of (b, , x, 1o =
ﬁolﬂp

PZ, P?) and ¢(b,,x, u, P?) is performed in Fig. (6), which shows there’s not much difference
between subtracted quasi-TMDWFs at scale point yg = 2.56GeV and p = 2GeV. This scale
dependence is related to Collins-Soper kernel. Due to the momenta we choose for the calculation
are all around 2GeV, we may ignore the scale dependence between up = P* and u to extract
Collins-Soper kernel.

Eq. (3) indicates that the Collins-Soper kernel can be extracted from the combination of y* and
y~ which is related to . In principle, K(b, , u) does not have momentum fraction x-dependence,
however, quasi-TMDWFs has the high order terms of 1/xP% and 1/(1 — x)P?, which dominate
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when x ~ 0, 1. It influences K (b, u) in the area x ~ 0, 1 by the following paramatization Eq. (17)

1 1
X2(1-x)2(P)? x2(1-x)2(Pi)?2]

K(by,p,x,P{,P3)=K(b,,pu)+A (17)
Therefore, we should eliminate the x-dependence by the fit of K(b,, u,x, P?, P;) as a function
of x. Our data shows K(b,, ) is real to a high extent, so only this significantly non-zero real
part is considered for this fit and the final result. The result of central value of K(b,,u) is
generated by the average of bootstrap fit results, and the uncertainty is the standard deviation at
68% confidence interval of them. Our data shows the bootstrap joint fit can give the plateau of x
for K(b,, u,x, P%, P;), and that of different momentum combinations are not all that dissimilar.

In addition, as a comparison, the tree level result of K(b,, ) is computed by coordinate
quasi-TMDWFs (b, z, P%, j1), in which Hf =1

1( 1 mtﬁ*(lu,z:O,/«t,Pf)+ 1 n&_(bJ_’ZZO’,u’PT)
2\In(P{/P3) g+ (b, z=0,u,P5) In(P{/PS) = (br,z=0,u,P))

Ko(bi,p) = (18)

Also, the systematical uncertainty needs to be considered to determine the final result K (b, u). It
is formed as the following equation Eq. (19).

Toys = K (b, ) + I [K* (b, )] = K (b, ), (19)

K(b,pu) is related to the K(b_,u) extracted from the average of * and ¢y~. The imaginary
part of K(b,, u) is ignored. Im[K* (b, u)] represents the numerical imaginary part of extracting
K (b, p) only by " in the following equation Eq. (20)

1 n&_'—N(x’bJ_’/J’PT)
(P /PD) 0% (v b i P3|

We compared this result with previous Lattice QCD results and perturbative calculations in Fig.

K*(bi,p) = (20)

(7), which shows in small b, area. Our result reaching to one loop matching kernel for TMDWFs
is very close to the perturbative calculation. Besides, our results are consistent with others’, and are
more precise in large b, area.

4. Summary and Outlook

We have computed the Collins-Soper kernel as a function of the transverse seperation b ; , which
is extracted from quasi-TMDWFs up to 1-loop matching kernel on lattice in LaMET approach. We
have given the figures of quasi-TMDWFs as a function of momentum fraction x at fixed points
b, = by. We have investigated the x-dependence for Collins-Soper kernel through a 2-parameter
fit. Our results are consistent with previously Lattice QCD calculations. According to our plan, in
a near future, we will make the x-dependence fit more accurate and add some of phenomenological
results based on Drell-Yan data.

Further, compared with most former Collins-Soper kernel calculations, the uncertainty of our
results is smaller, especially in the large b, area. Our calculation is the first attempt to extract
Collin-Soper kernel from quasi-TMDWFs up to 1-loop matching kernel. This has added evidences
for the extraction of partonic structure from LQCD in LaMET.
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Figure 7: This is the preliminary results for K (b, i), compared with SWZ[14], LPC collaborations[10] as
well as ETMC/PKU[12], SVZES[11] and the perturbative calculations (at small b, ) with the strong coupling
a; up to three loop are also shown. Statistical and systematic errors have been added in quadrature.
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