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on-shell process with auxiliary quark or gluon line.
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1. Introduction

One of the key results in the high energy limit of Quantum Chromodynamics (QCD), also
called the small-x regime, is the so-called :) -factorization (or high energy factorization). In this
approach the cross section is expressed as:

3f(01 → X) =
∑
8, 9

∫
32k) ,8

c

32k) , 9

c
3G83G 9 58,0 (G8 , k) ,8 , `) 5 9 ,1 (G 9 , k) , 9 , `)×

×3f̂(8∗ 9∗ → X)(G8 , k) ,8 , G 9 , k) , 9 , `)
(1)

Unlike collinear factorization, both the hard part and the soft hadronic part depends on the parton
transverse momenta. The Transverse Momentum Dependant parton distribution functions (TMDs)
follow Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolution equation and the hard matrix elements are
defined with momenta of the partons that in general are off-shell.

Our focus is the calculation of scattering amplitudes, where only one gluon is off-shell. Such
amplitudes are used to describe forward particle production. In high energy kinematics, the
momentum of the off-shell gluon has the form :

:` = G?` + :`
)
, (2)

where ?` is the light-like momentum typically associated with the colliding hadron, G is the fraction
of this momentum carried by the scattering parton, and :`

)
is the transverse component satisfying

:) · ? = 0. The off-shell gluon couples eikonally, i.e. its vector index is projected onto ?` (the
propagator is included in the amplitude), see Fig. 1. However, the standard diagrams contributing
to such amplitudes are not gauge invariant. A proper definition of these off-shell amplitudes can
be obtained within the Lipatov’s high energy effective action [1, 2] or by construction, calculating
explicitly terms required to recover gauge invariance (and also proper soft and collinear behavior).
The latter method can be approached in several ways: using the Ward identities [3], using matrix
of straight infinite Wilson lines [4] or embedding the off-shell process into a bigger on-shell one
[5]. We will use the embedding method and review it in Section 2. This method has the advantage
to be based on on-shell results (which calculations are automatized at one-loop) and has already
proved to be effective at tree level. Also, it is implemented in the Monte Carlo generator KaTie
[6]. A proof of concept of its generalization at one-loop level has already been given in [7]. Then,
in this work, we aim at validating this concept by applying the embedding method at one-loop
and verifying the correct behaviour of the obtained amplitudes. As a first step, we have chosen
to study off-shell amplitude with one off-shell gluon and any number = of on-shell gluons of the
same helicity, say ’plus’ (considering outgoing momenta). We present our most general result, i.e.
the all-plus helicity gluons and one off-shell gluon in Section 3 and the verification of its on-shell
behaviour in Section 4.

2. The method

First, we present the method used to calculate amplitudes with one off-shell leg (presented
first in [5]). As mentioned in the introduction, the main idea to guarantee gauge invariance and the
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+
terms required for
gauge invariance

pµ

xp + kT

Figure 1: In high energy factorization for forward jets themultigluon amplitude has one incomingmomentum
offmass shell, with the off-shell propagator projected onto light-like momentum ?` (typically the momentum
of the hadron to which the gluon couples). The momentum of the off-shell leg has only one longitudinal
component in the high energy kinematics. Such amplitude is in general not gauge invariant and additional
terms are required to define it properly.

proper soft and collinear behaviour of the off-shell amplitude is to embed it into a larger on-shell one.
In this method, we consider the amplitude with an auxiliary quark-antiquark pair as our on-shell
bigger process. Schematically, the method can be summarized as (see also Fig. 2) :

lim
Λ→∞

(
G |:) |
6BΛ
A (@̄(:1)@(:2)X)

)
= A∗ (6∗(:)X) , (3)

where X stands for other on-shell particles involved in the hard scattering process and Λ is a real
parameter parametrizing momenta of the auxiliary quark pair (see below). The gauge invariant
off-shell amplitude is denoted A∗. The momenta of the auxiliary quarks are taken to be the
following :

:
`

1 = Λ?
` + U@` + V:`

)
,

:
`

2 = :
` − :`1 ,

(4)

where

U =
−V2:2

)

2Λ? · @ , V =
1

1 +
√

1 − G/Λ
(5)

and @` is an arbitrary light-like momentum such that @ · :) = 0, @ · ? > 0. Note, that :`1 and
:
`

2 are light-like and they satisfy :`1 + :
`

2 = :
`, where the latter is the momentum of the off-shell

gluon as defined in Eq. (2). In the limit Λ → ∞ the coupling of gluons to the quark line becomes
eikonal, consistent with the high energy limit. The factor 1/6B in Eq. (3) is to correct the power
of the coupling, and the factor G |:) | is for the correct matching to :) -dependent PDFs in a cross
section. In particular, the factor |:) | makes sure the amplitude is finite for |:) | → 0.

In what follows, we shall call the above kinematics (together with taking the limit Λ → ∞)
the “Λ prescription”. Applying it to an amplitude with auxiliary partons gives the gauge invariant
off-shell amplitude.

Equivalently, the “embedding” method described above can be used with auxiliary gluon pair,
instead of the quark-antiquark pair. Indeed, the color decomposition for (= − 2)-gluon amplitude
with a quark-antiquark pair can be projected onto (= − 1)-gluon amplitude by a contraction with
(C0∗) 98 , where 0∗ represents the color index of the off-shell gluon. Then, this is a matter of picking
the right color terms (see [7] for details). In [7] it has been shown that at tree level, the partial
amplitudes obtained using different pairs of auxiliary partons are identical.
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@

@̄

A

··
· X −−−−→

Λ→∞ 6∗ A∗

· ·
· X

Figure 2: Gauge invariant off-shell amplitudes can be obtained by considering a process with an auxiliary
quark-antiquark pair, with momenta parametrized in terms of a parameter Λ in such a way, that upon taking
the limit Λ → ∞ the coupling to the quark line becomes eikonal and the momentum of the off-shell gluon
has the high energy form (see Eq. (2)).

3. All-plus off-shell gauge invariant amplitudes at NLO

In the following section we shall derive the expression for one-loop amplitude for one off-shell
gluon and = − 1 on-shell gluons with all helicities positive. To this end, we need the one loop
amplitude for a quark-antiquark pair and = − 1 positive helicity gluons. A suitable expression has
been derived in [8]. It reads

A (1)
=+1(1

−
@̄ , 2
+
@, 3+, · · · , (= + 1)+) =

86=+1B

32c2

(
1 + 1

#2
2

) ∑=
;=3〈1| / 2· · ·;/: ; |1〉
〈23〉 · · · 〈(= + 1)1〉

+
86=+1B

48c2

(
1 +

=B − = 5

#2

)
(1 + (2

〈12〉〈23〉 · · · 〈(= + 1)1〉 ,
(6)

with

(1 =

=∑
9=3

〈2 9〉〈1( 9 + 1)〉〈1| / 9 , 9+1 / ( 9+1) ·· · (=+1) |1〉
〈 9 ( 9 + 1)〉 ,

(2 =

=−1∑
9=3

=∑
;= 9+1

〈1| / 9 · · ·; / (;+1) ·· · (=+1) |1〉2〈2| / 9 · · ·; / (;+1) ·· · (=+1) |1〉
〈1| / (;+1) ·· · (=+1) / 9 · · ·; | ( 9 − 1)〉〈1| / (;+1) ·· · (=+1) / 9 · · ·; | 9〉

×
〈( 9 − 1) 9〉〈; (; + 1)〉〈1| / 2· · · ( 9−1) [F ( 9 , ;)]2 / (;+1) ·· · (=+1) |1〉
〈1| / 2· · · ( 9−1) / 9 · · ·; |;〉〈1| / 2· · · ( 9−1) / 9 · · ·; | (; + 1)〉B 9 · · ·;

,

(7)

where

F ( 9 , ;) =
;−1∑
8= 9

;∑
<=8+1

/: 8/:< . (8)

After applying the Λ prescription we find that the term with the factor
(
1 + 1

# 2
2

)
is of the order

Λ−1, whereas the other term is of order 1 and is the one contributing to the off-shell amplitude.
Eventually, we obtain the following expression for the off-shell amplitude:

A∗(1)= (6∗, 3+, · · · , (= + 1)+) =
86=B G |:) |

48c2

(
1 +

=B − = 5

#2

)
*∗1 +*

∗
2 +*

∗
3

^∗〈?3〉〈34〉 · · · 〈=?〉 , (9)
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with

*∗1 =
=∑
9=3

〈? 9〉〈?( 9 + 1)〉〈? | / 9 , 9+1 / ( 9+1) ·· · (=+1) |?〉
〈 9 ( 9 + 1)〉 ,

*∗2 =
=−1∑
9=4

=∑
;= 9+1

〈? | / 9 · · ·; / (;+1) ·· · (=+1) |?〉3

〈? | / (;+1) ·· · (=+1) / 9 · · ·; | ( 9 − 1)〉〈? | / (;+1) ·· · (=+1) / 9 · · ·; | 9〉

×
〈( 9 − 1) 9〉〈; (; + 1)〉〈? | / ′3· · · ( 9−1) [F ( 9 , ;)]2 / (;+1) ·· · (=+1) |?〉
〈? | / 3· · · ( 9−1) / 9 · · ·; |;〉〈? | / 3· · · ( 9−1) / 9 · · ·; | (; + 1)〉B 9 · · ·;

,

*∗3 =
=∑
;=4

〈? | / 3· · ·; / (;+1) ·· · (=+1) |?〉3

〈? | / (;+1) ·· · (=+1) / 3· · ·; |?〉〈? | / (;+1) ·· · (=+1) / 3· · ·; |3〉

×
〈?3〉〈; (; + 1)〉[? | [F (3, ;)]2 / (;+1) ·· · (=+1) |?〉

^∗ [? | / 3· · ·; |;〉[? | / 3· · ·; | (; + 1)〉B3· · ·;
.

(10)

4. Validating the result

Now that we have our off-shell amplitude, some properties have to be checked. First, we
want to verify that applying the Λ prescription with either an auxiliary quark line or an auxil-
iary gluon line leads to the same result. The on-shell =-point gluonic amplitude is taken from [8]
and applying theΛ-prescription to it leads to the same result as in Eq. Eq. (9) (details are given in [9].

Next, we need to verify the on-shell limit of the obtained amplitude, i.e. the limit |:) | → 0.
In this limit, we expect our off-shell amplitude to express as a sum of two on-shell amplitude where
the off-shell gluon tends to an on-shell one with either positive or negative helicity (see justification
in [9, 10]). More explicitly :

lim
|:) |→0

A∗(0)= (6∗X) = |:) |
^∗
A (0)= (6−X) +

|:) |
^
A (0)= (6+X) , (11)

We now verify that the same limit appears for the one-loop =-point all-plus amplitudes we
obtained in Section 3. One can notice that*∗1 −−−−−−→|:) |→0

)1 and*∗2 −−−−−−→|:) |→0
)2, which implies

lim
|:) |→0

A∗(1)= (6∗, 3+, · · · , (= + 1)+) = |:) |
^∗
A (1)= (G?−, 3+, · · · , (= + 1)+)

+
86=B G

48c2

lim:)→0
(
*∗3 |:) |/^

∗)
〈?3〉〈34〉 · · · 〈(= + 1)?〉 .

(12)

So we already have the contribution from the amplitude with negative helicity gluon (the first
term in the expression above). It can be demonstrated that the second term actually correspond to
the amplitude with positive helicity gluon (but this is much less trivial, see the demonstration in [9]) .

For = = 3, we also verified that our result was in agreement with Lipatov’s high energy effective
action calculations (comparing it with results presented in [11]).
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5. Conclusion

Wepresented amethod to calculate scattering amplitudeswith one off-shell gluon. Thismethod
was already proved to be effective at tree level and in the present contribution we show that it works
at one loop level for all-plus helicity gluon off-shell amplitudes. The obtained amplitude has the
correct on-shell limit. Also, we verified that the embedding method works both with auxiliary quark
and gluon line, giving the same result for the present amplitude (similarily to the tree-level case).

The generalization to one loop amplitudeswith other helicity configurations (that are non-finite)
is in progress. We have observed that applying the Λ prescription and integrating loop momenta
within dimensional regularization do not commute, which is the main obstacle towards a complete
generalization of our method at one-loop level. Also the equivalence between results obtained with
auxiliary quarks and auxiliary gluons does not hold but the difference between both approaches
seems to be universal.
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