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1. Introduction

The notion of coherence [1, 2] is among the basic ones in Quantum Mechanics. A state is said
to be coherent provided that there are nonzero elements in the non-diagonal positions of its density
matrix representation. Coherence can be considered as a resource [3] and thus, much effort has
been focused on its quantitative characterization, expressing the level of quantumness of a given
system. In this context, the concept of non-local advantage of quantum coherence (NAQC) has been
introduced [4]: it characterizes the most valuable, non—local, portion of the quantum coherence,
and is therefore object of active investigation.

Recently, these concepts, originally developed in quantum optics and in quantum information,
have been applied to particle physics, with special emphasis to neutrinos and Kaons [5-15]: various
kinds of quantum correlations have been explored and violation of Bell [16] and Leggett-Garg
[17, 18] inequalities has been verified. In particular, neutrinos represent an ideal playground for
these investigations due to their very weak interactions and small decoherence effects.

In Ref. [19] we investigated the /;-norm based NAQC in the context of neutrino oscillations
by extending the work of Ming et al. [20] in which several quantum correlations are studied in
connection with Daya—Bay and MINOS neutrino experiments. In our analysis we used a wave
packet description whereas in Ref. [20] a plane wave approximation has been adopted.

Here, we review the main results of the above work. In addition, we extend our study by using
another measure of quantum coherence, namely the relative entropy of coherence.

In Section 2, we briefly recall the notions of quantum coherence and NAQC. In Section 3
we compute NAQC for two flavor neutrino oscillations, with specific reference to Daya-Bay and
MINOS experiments. Section 4 is devoted to conclusions and perspectives of future work.

2. Quantum coherence

There are various ways to quantify the coherence of a state. However, there is a set of conditions
any proper measure of coherence should satisfy. First of all, given a basis {]i}}, the set of incoherent
states I is the set of quantum states whose density matrices are diagonal with respect to this basis.
So, a measure of quantum coherence C must satisfy the following conditions [21]:

1. C(p) = 0 for all quantum states. C(p) = 0 if and only if p € I, i.e. it belongs to the set of
incoherent states.

2. Monotonicity under completely positive trace preserving incoherent maps (ICPTP) @, i.e.
C(p) = C(®(p)) and monotonicity under selective measurement on average: C(p) >
Zn PnC(Pn) where p, = Anple;[/pn and p, = Tr[knpk;i] for all {Ien} with Zn I%an =1
and K, ]II%,TI c L

3. Convexity: Y, pnC(pn) = C(2,, pnpn) for any set of states {p,} and any p, > 0 with
YubPn=1

If p is a state in the reference basis {|i)}, a typical measure of coherence takes the form:
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i.e. the minimum distance between p and the set of incoherent states. D(p, §) represents any
distance measure between two quantum states. One can consider D(p,d) = ||p — 6|, with ||.]]
any matrix norm — in particular the /{-norm — or D(p, §) = S(p||d), that is the quantum relative
entropy. The first one can be written as ||p — 6|, = 2; j |pi,j — 6i,j|- By minimizing over the set
of incoherent states, one can obtain a measure of coherence that satisfies the previous conditions,
called [i-norm of coherence:
Ci(p) = ) I(ilpl)] @)
i#]
where the sum is extended to the absolute values of the off diagonal elements.
By considering the second distance measure, we can write S(p||0) = S(paiag) — S(p) +
S(pdiag
Tr(pdl-ag Inpgiag = Pdiag In 6), the minimization procedure leads to 6 = pg;ag, S0 We can define

0), where pg;qg is the matrix of the diagonal elements of p. Remembering that S(pgiag||0) =

the relative entropy of coherence as:

Cre(p) = S(pdiag) - S(p)’ 3)

where S(p) is the von Neumann entropy of p.

A further important distinction can be done between local and non-local coherence. We can
introduce the total coherence C(p 4p) of a bipartite state with respect to local reference bases {|i)4},
{lj)8}, and we can interpret C(p4) and C(pp) as the local coherences of the subsystem A and B,
respectively, where p4 and pp are the reduced density matrices.

The interesting thing is that the sum of the local coherences is not necessarily equal to the total
coherence [22]. Hence, it is possible that there is a portion of quantum coherence related to the
correlations between subsystems, which is called correlated or non-local coherence:

Cu(pas) =C(pap) —C(pa) — C(pp). “4)

Non-local coherence arises if in a system made by two subsystems A and B, A(B) cannot be
considered to have a own individuality that is separated by B(A). It has a crucial role in the definition
of a resource suitable for quantum protocols.

2.1 Non-local Advantage of Quantum Coherence

Mondal et al. [4] refers to Non-Local Advantage of Quantum Coherence (NAQC) as an
interesting effect: it occurs in a bipartite system when the average coherence of the conditional state
of a subsystem B — after a local measurements on subsystem A — exceeds the coherence limit of
the single subsystem measured on mutually unbiased bases. In Refs. [20, 23] it is shown as NAQC
captures a kind of quantum correlation which is stronger than Bell non-locality. Therefore, in the
already known hierarchy manifested by the inclusion relations Discord D Entanglement O Steering
D Bell non-locality [24], a further step towards understanding the quantum world has been taken,
by including the NAQC as a quantum correlation stronger than the others — see Fig. 1.

Mondal et al. formulated more than one definition of NAQC. In Ref. [19] we considered in
particular the one based on the /;-norm of coherence. If Cf' (i = x,y, z) is the coherence in i-basis,
it is proven that for a general state of a single system the upper bound of C' = C,lcl + C;l +C él is
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Bell non-locality

Quantum Steering

Entanglement

Quantum Discord

Figure 1: Hierarchy of quantum correlations (Figure adapted from Ref.[24]).

state independent and is given by:
D, Clp) < Ve 5)
=x,y,2

where the equality sign holds for a pure state. Therefore, Eq. (5) can be considered as a coherence
complementarity relation implying that C"* has to be lower than V6 for a single system description.
A state acquires a NAQC if this inequality is violated.

Let us consider [4] a bipartite system shared by Alice and Bob, described by the following
decomposition:
(I4+7'5'®Ig+12®§'5'+Zlij0'i®0'j), (6)

L.Jj

PAB =

SN

where 7 = (ry,ry,rz), § = (Sx,Sy,5;) and t;; are the correlation matrix elements. The de-
composition coeflicients can be found as: r; = Tr[pag(o; ® b)], s; = Tr[pap(I ® 07)] and
tij = Tr[pAB(O',- ® O'j)] , (i, J = x,y,2), where o; are the Pauli matrices.

Suppose that Alice performs a local measurement on subsystem A in the eigenbasis of Pauli
matrix oy with outcome b = 0, 1. The conditional state of Bob is Peine = [(H,’Z ® Iz)pAB(H,}(’ ®
L)]/p(p BlH}IZ) with probability p(p BIHZ) = Tr[(Hi’ ®h)p AB] due to the Alice measurement.

Then, Alice tells Bob her measurement choice and the corresponding result: then he measures
the coherence of his side (B) randomly in the eigenbasis of either o or o, (i, j # k).

The coherence of the conditional state of Bob, p Bl in the basis of o7 is given by:

(7

where @;j, = s; + (=1)"tji, yi, = 1+ (=1)Pri, i, j k € {x, y,2}.
Since there are six local measurement settings Alice can choose from, the criterion for achieving
NAQC can be obtained via all possible probabilistic averagings:

1
Ni(pag) =5 ) p(opme, )G (ogme, ) > V6. ®)
i,j,b ’ ’

where p(pBlnl’?) = ”Tb
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3. NAQC in neutrino oscillations

Recently, several authors have dealt with the study of the NAQC in various physical contexts
[20, 25-27]. In Ref. [19] we have explored the NAQC associated to neutrino oscillations in the
wave packet approach, thus extending the work of Ming et al. [20] based on plane waves.

Neutrino oscillations (NOs) is a quantum mechanical phenomenon, suggested for the first time
by Bruno Pontecorvo [28], which has found numerous experimental confirmations. For simplicity,
we limit ourselves to the case of two-flavor oscillations and to the relativistic approximation of the
full field theoretical description [29, 30]. We suppose to have a neutrino of flavor « at the initial
time ¢ = 0. The time evolution of the state gives us:

Va(?) = aaa(t) |Vaf>+aa,3(t) |V,B>’ @, pB=e . )

It’s convenient to introduce the occupation number states of neutrinos by establishing the following
correspondence! [5, 6]:

Va) = 1) ®0)5 = [10)

10
lvg) = 10)q ® 135 = 01) (10)

Hence, Eq.(9) can be written as:

[Va (1)) = aaa (1) [10) + aap(r) |01) . an

The survival probability to find a neutrino of flavor @ after a time t is given by P, (?) =
|a e (t)]?, and the transition probability is Pop(t) = |aaﬁ(t)|2, with P, (1) + Pop(t) = 1. The
survival probability for relativistic neutrinos, in the plane-wave approximation, is given by:

2
Pyo(L) = 1 —sin® 26 sin® (%%) (12)
where 6 is the mixing angle, Am? is the mass-squared difference, L = ct is the distance between
the production and the detection points after a time t and E is the neutrino energy.

Obviously, the plane wave approach is only an approximation. Since the production and
detection processes in neutrino oscillation experiments are localized in space-time, a more realistic
description requires a wave packet approach [32, 33]. In Ref. [34] the conditions under which a plane
wave approximation is sufficient to adequately describe the phenomenon of neutrino oscillations
are studied.

By using a wave packet approach, Eq. (9) becomes:

Valx,0) = Y Us it (x.0)|v;) (13
J

where U, are the PMNS mixing matrix elements and ¢ (x, t) is the wave function of the mass
eigenstate fv j> of mass m;. By assuming a Gaussian distribution for the momentum of the massive

IThe proper mathematical structure for the representation space of mixed neutrinos is that of tensor product of Hilbert
spaces. Indeed, in Quantum Field Theory, the Hilbert spaces associated to fields with different masses are unitarily
inequivalent to each other [31].
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neutrino v;, following Refs. [32, 33], the transition probability, in the wave packet approach, is

o 2

) ] (14)
L

Jjk

given by:

2
L L
P,y (L) = E U(”UakUBJUﬁk exp[ szosc - (_Lcoh) —27%(1 —6)2(
ik

where L?IS{C is the oscillation length and L;Zh the coherence length, defined by:

L195¢ = 4nE coh _ 4\/_E2 (15)
T Am T Am 2|
J
P2 2

+0'D2 and £2072 :§%, P2+§% b=,
Here, ol is the spatlal width of the wave packet, i.e. the position uncertainty determined by

with 0'2 =0

the production process oD is the uncertainty of the detection process. E is the neutrino energy
2

and Amj g =mi— m? « 1s the mass-squared difference. £p and §p are dimensionless quantities that
depend on the characteristics of the production and detection process, respectively. For simplicity,
in our ananlysis, we neglect these corrections, setting & = 0.

We note that the wave packet description confirms the standard value of the oscillation length.
The coherence length is the distance beyond which the interference of the massive neutrinos v; and
vy is suppressed. The last term in the exponential of Eq. (14) implies that the interference of the
neutrinos is observable only if the localization of the production and detection processes is smaller
than the oscillation length.

From Eq. (11), the neutrino density matrix in the orthonormal basis {|00), |01),[10),|11)},
is given by:

0 0 0
laap(OP  aap(D)ata (D) O
daa(Dals(r)  laga®* 0

0 0 0

0
0

Pl =, (16)
0

3.1 [{-norm NAQC

From Eq. (16), we evaluate NAQC in NOs, using the prescription showed in Subsection 2.1:

N (pap(1) =2+ 2aqa(t)aap(t). (17)

From this, remembering that |a 4 (7)|* and |aaﬁ(t)|2 are nothing more than the survival and
transition probabilities, NAQC is expressed in terms of oscillation probabilities as:

Ny (psp(1) =2+ 24/Paa(1)Pap(t). (18)

In Ref. [19] we studied the different behavior of the NAQC obtained in the plane—wave and
wave—packet approaches, referring to two different experiments: the Daya Bay reactor neutrino
experiment [35-37] and the Main Injector Neutrino Oscillation Search (MINOS) experiment [38,
39]. The neutrino parameters are sin® 26013 = 0.084 + 0.005, Am2 = 2.4240-10 5 1073¢V?2 for

-0.11

Daya-Bay and sin” 26,3 = 0.95*003%  Am3, = 2.32*0:12 x 1073¢V? for MINOS.
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Figure 2: NAQC inequality as a function of the distance using the /;-norm as a measure of coherence.
On the left side the plot is made using the data from Daya Bay experiment with oy = 1.25 x 107%m and
E = 4MeV. On the right side the plot is made using the data from MINOS experiment with £ = 0.5GeV
and o = 7 X 10™°m. The darker magenta horizontal line is the bound of the NAQC inequality. The solid
and dot-dashed lines stand for wave packet and plane wave approach, respectively.

Referring to the Daya Bay experiment, where an electron neutrino is given at the initial time,
on the left side of the Fig. 2 it is shown a comparison between the plot of the NAQC inequality
obtained with the plane-wave approximation and the one obtained with the wave-packet approach.
It is evident the difference at long distances between the two approaches. We note that, in the wave
packet case, a non-local advantage of quantum coherence is reached only up to a certain distance,
beyond which the plot remains below the threshold value V6.

In the MINOS case, we start to consider a muon neutrino at time ¢t = 0. We note that there
is a large difference between the two approaches: on the right side of Fig. 2 we see that for the
wave-packet treatment NAQC is always reached beyond some distance. This doesn’t occur in the
plane wave treatment.

We also observe that the different long-distance behaviour of NAQC in the two experiments
is due to the different values of the mixing angles. Indeed, NAQC equals V6 if sin?(26) = 0.106
corresponding to an angle of about 10°. Thus, for Daya Bay the value of the mixing angle is below
this one, while for MINOS is well above.

3.2 Entropy based NAQC

Let us analyze the NAQC in neutrino oscillations using the relative entropy of coherence as a
measure of quantum coherence. In this case, following Ref. [4], it is possible to show that the sum
of coherences of a single qubit system is bounded by:

> Clp) <223 (19)

I=X,y,2

To derive the criterion to reach a NAQC, we will follow a procedure similar to that described
above for the /;-norm of coherence. The relative entropy of coherence of the conditional state of
Bob, after an Alice measurement in H,l(’ is given by:

Clppme) = D, A% logy Ay = Bh, logy BT, (20)
p=t,—
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Figure 3: NAQC inequality as a function of the distance using the relative entropy as a measure of coherence.
On the left side the plot is made using the data from Daya Bay experiment with oy = 1.25 x 107%m and
E = 4MeV. On the right side the plot is made using the data from MINOS experiment with £ = 0.5GeV
and oy = 7 x 10~%m. The lighter blue horizontal line is the bound of the NAQC inequality. The solid and
dot-dashed lines stand for wave packet and plane wave approach, respectively.

,/Zj a?

where, in terms of the coefficients of Eq.(6), /l;—'b = % + leb are the eigenvalues of the conditional
b

state of B and ijb = % + (li": b are the diagonal elements of the conditional state p gne 1n the o;
J

basis.
Hence, the criterion to reach the NAQC is:

1 E
5 2 P, )CF (pgpne, ) = 2.23. @
i,j.b
Let us see what happens in this case when we consider neutrino oscillations. By starting from
the density matrix in Eq. (16), we find that is possible to express the NAQC in terms of oscillation
probability as:

Nre(pXB(t)) =2- P(zﬂ(t) 10g2 Paﬂ(t) - P(za(t) 10g2 P(ut(t)‘ (22)

Again, we do a comparison between plane-wave and wave-packet approaches, using the pa-
rameters offered by DAYA-Bay and MINOS experiments.

From Fig. 3, apart from the analogies with /;-norm treatment, we find that at long distances
NAQC is reached also for the DAYA-Bay parameters. Indeed, in both experiments the values of the
mixing angles exceed the threshold for which the NAQC saturates at bound 2.23. This corresponds
to sin?(20) = 0.075, i.e. to an angle of 7.93°.

This fact signals that NAQCs based on different coherence quantifiers can display an internal
hierarchy. Our results show that in the case of neutrino oscillations the /;-norm based NAQC is a
stronger quantifier than the one based on the relative entropy. It is an interesting question if such a
hierarchy has a more general character.

4. Conclusions

The study of quantum coherence as a physical resource is a very active area of research. In this
context, the non-local advantage of quantum coherence has emerged as an important concept on
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which quantum information protocols can be based. We have studied NAQC associated to neutrino
oscillations, in the framework of a wave-packet description, for the case of two experiments: Daya
Bay reactor neutrino experiment and MINOS. We found that NAQC is achieved for both cases,
although it is more persistent (even at long distances) for the case of MINOS experiment. We have
considered two definitions of NAQC, one based on /{-norm of coherence and the other based on
the relative entropy of coherence. When adopting the first definition (as already done in Ref. [19]),
we found that for long distances NAQC is present only in the MINOS case. On the other hand,
using the second definition, the NAQC is non-zero for both experiments, due to the different value
of the bound. This indicates the presence of an internal hierarchy between the difference coherence
measures based NAQC. In particular the relative entropy based NAQC is a weaker quantifier with
respect the /;-norm based NAQC. On the other hand, these results accurately establish different
levels of quantumness in neutrino systems.

The fact that quantum coherence persists beyond the oscillation regime, may appear surprising
at a first sight. However, this is only a manifestation of the strong non-local nature of flavor
neutrino states. In this respect, in Ref.[6] the static (time-independent) entanglement associated to
neutrino mixing was studied, with distinct features with respect to the dynamical (time-dependent)
entanglement associated to neutrino oscillations [5].

Directions for future work include both the extension to the case of three flavor oscillations and
also the study of matter effects (the celebrated MSW effect [40, 41]), as well as the conceptualization
of possible implementations of (long-range) quantum information protocols based on the quantum
correlations embodied in neutrino oscillations.

Finally, we plan to extend the study of quantum correlations in particle systems in the framework
of quantum field theory. In the case of neutrinos, this will be done by means of the QFT approach
developed in Refs. [29, 30] and in line with the results of Refs. [42, 43].
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