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Relating 8¢k and 6p s Francisco J. Botella

1. Introduction

Our purpose in this work is to analyse the possibility of having a relation between CP
violation in the quark and in the lepton sectors, parametrized by the corresponding complex
phases: the Cabibbo-Kobayashi-Maskawa (CKM) phase 8.k in the quark sector [1,2] and the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) phase &ppys, in the lepton sector [3,4].
We have a very solid experimental evidence that 6.xy # 0, corresponding to a complex CKM
mixing matrix in the quark sector, even if one allows for the presence of New Physics contributing
to CP violation [5,6]. Nevertheless, a complex CKM does not imply necessarily CP violation at
the Lagrangian level through complex Yukawa couplings. Indeed, one may have a vacuum
induced CP violation, from the Higgs potential, generating a complex CKM matrix in agreement
with experiment [7,8].
In any extension of the Standard Model (SM) with non-vanishing neutrino masses and assuming
that the origin of CP violation, in the lepton sector, is the presence of complex Yukawa couplings,
then there is no relation between 8¢k and dppns-
To obtain a relation between CKM and PMNS phases, an interesting possibility is to assume that
the CP symmetry is spontaneously broken, with the irremovable vacuum phase generating both
the phase in the quark and in the lepton sectors. We will follow this avenue

2. Spontaneous CP violation and the 2HDM

It was T.D. Lee, in 1973, that he proposed the first model of spontaneous CP violation
(SCPV) in order to put the breaking of CP symmetry on the same footing as the breaking of the
gauge symmetry [9]. It was achieved through the introduction of the two Higgs doublets model
(2HDM), with vacuum expectation values having a relative phase which violates both, T and CP
invariance. It is very important to realize that the general 2HDM [10,11] has Scalar Flavour
Changing Neutral Couplings (SFCNC) at tree level which of course can be highly dangerous and
therefore we need to put them under control.

One way of eliminating right away SFCNC is by imposing Natural Flavour Conservation
(NFC) a la Glashow-Weinberg [12] through a Z, symmetry. A way of putting SFCNC - not
eliminating completely- under control is by using Minimal Flavour Violation (MFV) models,
obtained from a symmetry, like is the case of the Branco-Grimus-Lavoura (BGL) models [13-
18]—in particular with a Z, symmetry-.

But it was proven long time ago by Branco that, quite generally, SCPV and NFC generates
a real CKM [19,20]. By different reasons, BGL models cannot present SCPV because the Z4
symmetry is too constraining in the Higgs potential.

Therefore, in the framework of 2HDM we need to keep the possibility of having SCPV,
avoid NFC and maintain SFCNC under control. All these ingredients appear in the so called
generalized BGL models (gBGL) [21] with a softly broken Z, symmetry, realized in the Yukawa
sector in a flavor dependent way, therefore not meeting NFC criteria and at the same time with
SFCN with a limited intensity.

3. The gBGL model with SCPV
In general, the gBGL model is defined by
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D> D;; Dy > —Dy
Qu,, = Qr,, ; O, = =0y, (D
Ug = up; dg = dp
With the introduction of right handed neutrino [22] —just considering the Dirac case for simplicity-
we have for the Yukawa sector

= _QL ( (d)q)l + F(d)q)z) dR QL ( (u)(bl + F(u)q)z) uR
-1, (rl(e)cb1 + 1590, ) I = L (1@ + T3V, ) vg + hc.
The couplings of the gBGL model are fixed by the Z, symmetry (1) in the following way

X X X
OrrOr~ (< x x) @

0 0 0
IO~~~ ~ (0 0) ®
X X X

with real matrix elements. So in general we have the relations

0 0 O
rz‘f>=P3F§”;Ff”=(1—P3)F1‘”:Ps=<0 0 0) ®)

(2)

o oo X

0 0 1
the Yukawa sector in the Higgs basis [23-25], with - v? = vf+v3, cg = V1 /v,, S5 = V1/y, -
6_%91(1)1 _ (Cﬁ Sﬁ )(Hl) (6)
e, Sg —C¢/\H,
can be written as
V2 V2 .
Ly = _TQL(Mng + NgHZ)dR - TQL(Mng + Nzi)Hz)uR -
7
\/E_ 0 0 \/E_ 0 o1y
—?LL(MI Hy + N2H,)l; — ?LL(MVHl + NJH,))vg + hec.
where
v . v .
MO = — (T P¢, + TDs,e0) ; MO = — (T W¢, + TWs, 00
d \/E(l BT 1 5B ) u \/E(l BT °B ) ®
0o_"Y (e ©¢ ,i0) . 0 — 2 (r W -i6
M; _\/E(Fl cg + I} "sge ) ; My _\/E(Fl cg + I} 'sge )

here 8 = 6, — 6, is the irremovable and CP violating relative phase among (®,) and (®,). For
the NJP couplings we get the simple and important result
— -1 0
NP= [tgl — (tg + tz ') P3| M} 9
Note that even if N}9 are proportional to Mf0 this proportionality involves a diagonal matrix
different from the identity. This means that in general it will not be possible to bi-diagonalize both
matrices simultaneously. The matrices N}9 control the scalar mediated flavour changing neutral
couplings SFCNC that in general will be present in all sectors.
The Higgs potential is the standard for 2HDM with a Z, symmetry, including a soft breaking
term. This way the possibility of having CP violation from the vacuum is open
V = b1 &Py + 15,8] 0, — iy (6] &, + ] )
2
+[2s(@f @,)" + hoc.| + 225 (0] 0,) (@] @,) (10)

2 2
+204(0 @,) (0] 01) + A1 (@] 01)" + 2, (2] D,)
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the relative phase 6 is fixed by the relation
2
H12
2A5v10,

cos@ =

(11)

and it signals CP violation from the vacuum provided 6 # 0, + % .

4. Generation of CP violating CKM and PMNS matrices
CP invariance of the Lagrangian imposes

From the structure of equations (5,8) it becomes evident that
1 0 0
Mp = (o 1 0 )1\71;’ = O3(op ) M7 (13)
0 0 e'r
with 1\7I)9 an arbitrary real mass matrix and with o taking the values +6 for f = d, e and - 6 for
f=uv.
Obviously

0ps01T _ 170 70T
MPM" = ©3(op )Mp M7 ®3(—of)
0F3s0 _ 70T [0
Mg "Myp = Mg Mg
therefore MfOJerO will be diagonalized by a real orthogonal matrix O,

(14)

m%l 0 0
T a0t a0 _ 2
of M)*MP0;, = O mf 0 (15)
0 0 mf23
and in a similar way we get
m}% 0 0
1
T 00ty 2 ) -
Uf MPMTU, = 0 mE 0 | Uy, = D3(05)0y, (16)
0 0 mf23
where Of, will be a real orthogonal matrix, in such a way that the bi-diagonalization becomes
mf1 0 0
— 77t ymo N ) 0
My = U; M0y, = my, 17)
0 0 mf3

Therefore, because de CKM and PMNS matrices are defined by Viegy = U,IL Ug, and Upyys =
Ul u,, respectively we will have
V=Vegm = OEL‘Ds(ZQ)OdL
U = Upuns = 04, @3(-26)0,,
Since Oy, are arbitrary real rotations, it is evident that there is enough freedom to obtain arbitrary

V and U, except for the fact that any CP violating observable in the quark sector and any CP
violating observable in the lepton sector, must vanish with 8 — 0.

It is thus interesting to scrutinize in detail the relation that must exist among the CP violating
phases in V and U, 6.k and &ppyns respectively. Where ¢k and 8ppsns Will simply correspond
to the CP phases in a standard parametrization.

(18)

5. CP violation in the Charged Currents and the presence of SFCNC

To present the relation among &qxy and dppns the simplest approach would be to impose that
SFCNC are absent, since there is no evidence yet of the existence of SFCNC beyond the SM. But
this, as we will see, leads to a real CKM, contrary to evidence, and thus SFCNC are necessary.

The appearance of SFCNC is encoded in the Nf0 matrices which control the Yukawa couplings to

H,. In the fermion mass basis, where one can fully appreciate SFCNC, Nf0 becomes N:
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N = U} MPOy, = [tg] — (tg + tz )P My

= [tﬁl - (tﬁ + tﬁ_l)ng] 0 mfz 0
0 0 mf3
where we have introduced the projector operators
P/ = Ul P, Uy, = 0] POy, (20)

therefore SFCNC are controlled by the real projectors P/ in particular by the off-diagonal entries

of ng, which are controlled by the O, matrices, which also give the CKM and PMNS mixing
matrices.
It is important to notice, that by construction
p¥ =vprdvt; p¢ =uprPyvut ’1

[OJLP30uL] = [05L¢3 (ZB)OdL][OgLP30dL] [0£L¢3 (_26)0111,] 1)
that means that SFCNC in the up and down quark sectors are not independent, they are related
through the CKM matrix. This fact will be particularly relevant in order to address appropriately
the counting and the election of the independent parameters.
The elements of the matrices ng are

N =(oT — (0T — & A
(P3 )ij = (OfLP3OfL)ij = (OfL)ig(OfL)3j = TIrhT[rl) (22)
where #¢); = (OJTL)Bare the components of real, unit vectors in three dimensions 7. the third
rows of the orthogonal matrices Oy,

X X X
OfL:<AX AX AX ) (23)
Tif1lr Tifl2 T3

In principle each 7¢ would require two independent parameters but because the relations in
equation (21) we only need two parameters to control SFCNC in the quark sector in addition to
VCKM: these make a total of six parameters. Similar should be in the lepton sector.

Coming back to our objective of relating SFCNC and CP violation in the mixing matrix we can
ask for the consequences of eliminating SFCNC in some sector [26]. It is clear from equations

(19) and (22) that to have Ny diagonal we need to have P3f diagonal and this can only be achieved
by imposing one of its components equal to 1 and therefore vanishing the others:
(ng)l-j =6l = (P)y;  (24)
Under this condition we will show that the corresponding mixing matrix does not violate CP. For
definiteness we work in the lepton sector:
U =05 ®;(-260)0,, = 07 [I + (e ?%)P;]0,,

L

=0} 0,00 [+ (e"#9)P;]0,, = 0% 0, [I + (e72*¢)PY] (25)
and from this result it is clear that if Py = P, it turns out that the matrix [I + (e "")P}] is a
diagonal of phases and therefore in this case equation 25 represents an orthogonal matrix times a
real of phases that can be reabsorbed in the neutrino field phases and therefore Uppys Can be
chosen as a real orthogonal matrix conserving CP. The argument in equation (25) can be extended
to the charged lepton sector or to both quark sectors concluding that in the 2HDM with SCPV of
the type gBGL:
1) To have CP violation in the CKM matrix, there must be tree level SFCNC both in the up and
in the down quark sectors.
2) To have a non-vanishing CP violating phase in the PMNS matrix, there must be tree level
SFCNC both in the neutrino and in the charged lepton sectors.

6. The general relation between 8cxy and dpyns
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Before arriving to the relation among 8-k and 8ppns We need to clarify the parameter counting
in these models. Let us introduce the usual rotations (s, = sinx, ¢, = cosx)

¢ S¢ O & 0 sy
Ri,(x) = (—sx Cy 0) ; Ris(x) = ( 0 1 0)
0 0 1 —s, 0 ¢,
1 0 0
Ri3(x) = (0 Cx Sx)
0 —s, cCy
If for definiteness we analyse the quark sector, we can choose as a completely general
parametrization

(26)

V =0y, @3(20)0q4,
Oy, = Ri2(P1)R23(p)R13(p3) (27)
Oq, = R12(Pfl = 0)R23(P5)R13(P§1)

Note that V will depend on RI,(p¥)Ry,(pf) = RT,(pY — pf) therefore, without loss of
generality, we can chose p¢ = 0 in such a way that the number of independent parameters in the
quark sector are six {p¥,p¥, p¥, p$,p$,6} matching the four standard CKM {6y, 6., 67.,5,}
and two from SFCNC {# ()1, f.,52} OF equivalently, two independent #p,,);, Aaji-

The same happens in the lepton sector, six independent parameters in our PMNS matrix U,
{ps, s, s, p¥, p¥, 6} should match the four standard PMNS parameters {6,, 615, 643, 6;} and two
from the SFCNC {#(¢]1, P[]z} for example.

In summary, the experimental information constrains {6, 613, 6., 84, f[,11, P12} and could fix
the model parameters {p¥, p¥, p¥, p¢,p%,6}. A full analysis along these lines was presented in

reference [7]. The most important aspect to be emphasized here is that, ideally, one can fix 6 with
this procedure, since CP violation is well established in the quark sector. Finally with the well-

known PMNS mixing angles {6:,, 61, 035} together with the knowledge of {f()1, P[¢)2} (from
for example, h — [;1; or other processes changing flavor lepton number), and incorporating 6 we
should be able to predict §;. This is the precise way the connection between Scxy and Spyys
operates.

7. Quark sector analysis results
In the Higgs basis the components of the scalar doublets are

G* H*
= ((v + Hy + iGO)/\/E) P H2 = ((Ro + uo)/\/i> (28)
where G*, G° are the would-be Goldstone bosons, H*correspond to the charged scalars and the
neutral one mass eigenstates h, H and A, are in general combinations of H,, R, and I, fixed by
the Higgs potential in equation (10) and determined by the orthogonal matrix R:

h Hy
(H) = RT <R0> (29)
A Iy

The first important result in the quark sector is that the model is viable after surmounting flavour
constraints, Higgs constraints, electroweak constraints and overall that, as we have shown, in spite
of the fact that SFCNC cannot be eliminated to produce a correct 8¢cxp [7]-
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If we plot the allowed regions for the minimal and medium components of 7, we get

|"\‘.w-,

a . | e L s " " .
= 10 02 10 1 10 ¥ 10 ¥ Y 10

In the figure to the left it is plotted the minimum and medium components of #[4;, named as
|Fraymin| and |Flagmia| and the same for 7, to the right of the figure. The main existence of a

minimum for |f(gyuiq| and for |#paial is @ consequence of the necessity of having SFCNC in
each sector in order to reproduce Scgpy-

A much more surprising result is the one represented in the following figures

10% T

tan 3
T

== = a4
e

sin 20

| sin 26

.
10-% 0-2 10-! 1
R Rt

Here one can read out the ranges of tan 8, [R4|, |R31| and |sin 28|. A minimum value for |R3|
is a consequence of the CP violation in the Higgs potential after spontaneous CP breaking. One
also sees that we cannot have neither very large nor very small tan . The most surprising result
is the large range allowed for |sin 20| between a few per cent up to almost one. This result is
telling us that contrary to 8.k, the determination of 8 is much more poor.

Therefore, generalizing the full analysis to include the leptonic sector does not look the more
promising way to begin with, especially if we are trying to show how it works the connection
among &cxy and &ppys i this kind of models, and as we have seen we have a very poor
determination of 8 implying that we will get a very poor determination of 8p, s OF 6;.

We need more simplified models were 6 get fixed in a similar way how 6.k IS fixed by
experimental data in the Standard Model.

8. Simplified model to show the ¢y dpyns CONNEction
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Therefore, the idea to show how can work the connection among &.x and 8ppns Will be to go
to more restricted scenarios where, instead of using just the bare experimental constraints, we
will make simplifying assumptions about the SFCNC sector. It is well-known that there is not
any confirmed experimental evidence of the existence of SFCNC, therefore the idea will be to
assumes as much as possible constraints in all the SFCNC sectors.

8.1 Simplified model: the quark sector

Once we have shown that we cannot assume the absence of SFCNC, the next level of simplicity
will be to eliminate as much as possible SFCNC in the up and in the down quarks. If we remember
that we have 6 parameters in the quark flavour sector, the idea will be to assume two
experimentally guided constraints in the SFCNC sector in order to work with a parametrization
consistent with the 4 parameters of the CKM matrix. But note that the way of eliminating as much
as possible SFCNC —keeping a complex CKM- is to impose a zero in one of the components of
the vector 7, and a zero in another of the components of the vector 74;:
Plu] (0,%,%x) (x,0,%) (x,x,0)
Pla] (0,%,%) (x,0,%) (%x,%x,0)
in this way there will be just SFCNC inthe d; < d; transitions if the zero is in the 74, component
with k # i,j and also just in the u; « wu,, if the zero is in the 7,3, component with n # [, m.
Note that these models should incorporate automatically the Minimal Flavour Violation (MFV)
ansatz, because we will have as many parameters in the flavour sector as the four CKM one. In
fact the still allowed SFCNC, in each sector, will be fixed by one of the 3 mixing angles of the
Vern Matrix, what certainly will be a very strong prediction.
Because the simplified models we considered are fixed by the shape we chose for the vectors 7,
and 74 following the previous table, we have 9 models in the quark sector times 9 models in the
lepton sector. 81 simplified models in total that has been analysed. A very important result [8] is
that only one of these models survives all experimental data in the quark and in the lepton sectors.
From now one we will present this model in the quark sector.
The surviving model in the quark sector is defined by

Pr= (0, —sinpy,cospy); Tla) = (—sinp4,0,cospd ) 31)

and since 7;); = (0f, ) , , that is the third row of Oy, it is clear that

(30)

X X X
Oy, = R12(P%)R23(P%)~<X X X) (32)
0 X X
and also
X X X
00, = Ris(p)~(x % %) (33)
x 0 X
We have therefore for the CKM matrix:
V = RI;(p¥)P3(20)RT, (P1)R15(p%) (34)
And the result of the fit of V to the experimental data (to the known VCKM) gives
26 pt 123 ps

(35)

1.077%9:539 0.2269 + 0.0005 | (4.235 4+ 0.059) x 1072 | (3.77 £ 0.10) x 1073

In order to relate 5-xp and dppys it is especially relevant that the quark sector fixes 6 with an
important precision at the few per cent level. Obviously #(,; and 74 get fixed by
) = (0,7,,1) = (0,—0.0423,0.9991)
fla] = (14, 0,1) = (—0.0038,0,0.9999)
A non-trivial result is that these values are within the allowed regions of the previous figures.
Even if we have fixed the intensity of the SFCNC the precise effects in specific processes depend

(36)
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on other parameters like tg and R;; -the Higgs mixing matrix-. From the previous figures and
taking, from the obtained 6 value, |sin 26| = 0.88 we get the ranges

Ry, € (0.82,090) ; ¢z €(0.5,1.8) (37)
The most relevant prediction of this model in the SFCNC sector concerns the transition t — ch

—1\2
B,(t - ch) = 0.1306(1 — R?))(tg + tz ') 12r? (38)
2.7x107* < B.(t > ch) <43 x107*
In the down sector we get a much more less interesting prediction: Br(h - bd + dE)~10‘6.

8.2 Simplified model: the lepton sector

In this sector the most stringent constraint comes from u — e + y. If we allowed just SFCNC in

this sector the intensity of the couplings will be controlled by |Um- Upi |2 and being nonhierarchical
the PMNS matrix, we estimate [18] that to avoid the actual upper bound of B.(u = e +y) <
4.2 x 10~13[27], we need a cancellation or fine tuning at the level of 10™* — 10~> among the
neutral scalar and pseudoscalar contributions in the 2 loop Barr-Zee contribution [28-29].
Therefore, it is mandatory to eliminate these kind of transitions. This in turn means that we have
to put a zero in 7,14 oOr in 7[¢),. Still in the neutrino sector we have three possibilities of putting
the zero in each one of the components of 7[,,;. Therefore, we are left with 6 different models in
the lepton sector.
Out of these six cases the only one allowed experimentally is:

Pej= (—sinp3,0,cosp3); Fp) = (—sinpz,cosp;,0) (39)
and again, because #¢); = (OJTL)B, we must have:

X X X
O, = Ri2(p1)R13(p3)~ <>< X X) (40)
X 0 X
together with
1 0 0\/x X O
0y, = Py3R1,(p3) = <0 1 1) (X X 0) (41)
0 1 0/\0 0 1

therefore, the PMNS matrix will be
U = R{3(p})®3(—26)R; (pi)P23R1> (03) (42)

At this point we must stress that the PMNS matrix is fully fixed by three mixing angles and the
CP violating phase 6 already fixed by the quark sector. Now we can fit U to the experimental
information on PMNS encoded in {61,,615,65;}. In this fit we fix the quark fit result 26 =
1.077+5:339. Although different PMNS analyses show some sensitivity to the phase &;, we do not
include that information in the fit since we are precisely interested in its prediction. The fit gives
the following two solutions:

Solution 1 pi = 0.7496 ps = 1.3541 py = 0.8974 (43)
Solution 2 pi = 2.3889 ps = 1.3541 py = 1.0542
The relevant SFCNC are controlled by
Ple)= (7e, 0,77) = (—=0.9765,0,0.2156) (44)

and also very important is the fact that the two solutions differ in the values of the (unique) CP
violating imaginary part of an invariant quartet:

Jemns = Im(Ue1 Uy Usr Uy ) (45)
and the phase dppns = 6;-
Case Jpmns Spuns = 6 AXI%IO AXIZO
Solution1 | —0.0316 16297 (293) 5 0 26
Solution 2 0.0282 0.6797 (1267) 13 > 20 (46)
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The values of Ay, and Ax%, show the contribution that corresponds to 8pys attending to the
Ayx? profiles for §; obtained for normal and inverted neutrino mass ordering.

We stress that using the information on CP violation in the quark sector, we have been able to
predict the phase in PMNS using the connection that SCPV provides in this model; in particular,
Solution 1 has 8ppns = 1.629m, which is in good agreement with the most likely values in PMNS
analyses.

We have also the parameters that control the SFCNC in the T & e sector, r, = 0.9765 and r, =
0.2156: These figures give rise again to a definite prediction forB,(h — té + eT), through the
equation

_1n2 Tsy (h)
B.(h - et) = (1 —R})(tp + tg Yorzr? < 0] 47)
If we take into account the allowed variation of R, and tg; we end up with the sharp prediction
3x1073 < < ' )B (h—er) <5x1073 (48)
~ \Lu()) T N

Note that this result should be seen or disproved soon because the actual experimental bound [30-
33]is B, (h — et) < 4.7 x 1073 (CMS has recently [34] announced B,(h — et) < 2.2 x 1073).

9. Conclusions

We have discussed the possibility of having a framework where there is a connection between the
CP violations in the quark and in the lepton sectors. The natural place is in models with
spontaneous breaking of CP symmetry, and in particular we have worked with two Higgs doublet
models with a softly broken flavour dependent Z, symmetry realized in the way of the so-called
generalized BGL models (gBGL).

In this framework it has been shown that in order to generate a complex CKM matrix, one has to
have scalar flavour changing neutral couplings both in the up and down quark sectors. In the
lepton sector it is also needed to have SFCNC both in the charged lepton sector and in the neutrino
one.

We have shown that within those gBGL models, there is a connection between §ckp and
dpuns-The interplay among CPV and the existence of SFCNC makes these relations quite
involved implying connections or predictions for processes mediated by SFCNC in all the sectors:
up, down quarks and charged leptons and even neutrinos. To clarify all these relations, we have
worked out different models that have the minimal amount of SFCNC needed to keep SCPV
generating complex mixing matrices. These simplified models verify the Minimal Flavour
Violation ansatz. Because they are controlled by the four unit vectors #(,,, #[43, #[¢] @and 7, having
a zero in some of the three entries, there are 3* = 81 possible models of this type. There is only
one of this models surviving experimental constraints. There are two possible solutions for the
PDG CP violating phase in the lepton sector &;: either 293°or 126°. Those solutions goes together
with the following predictions in the SFCNC sector 2.7 x 10™* < B,.(t —» ch) < 4.3 x 10~* and
3% 1073 < (I'(h)/Isy(h))By(h > eT) <5 x 1073,
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