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1. Introduction

Double Field Theory (DFT) was introduced to obtain a T-duality covariant formulation of the
string effective theory [2-5]. Its relation to the Courant algebroid has been noted already in the very
early stage. See [6, 7] for a review and references therein. This relation is very natural since the
generalized geometry [8, 9] offers a description of supergravity which formulates diffeomorphism
and B-field transformation in a unified way using a Courant algebroid [10, 11]. In generalized
geomerty, the unification of the gauge transformation is performed by considering an extended
fiber,i.e., TM & T*M. In the DFT, on the other hand, the base manifold is extended to the doubled
space as M = M x M, therefore TM corresponds to the fiber TM @ T*M. The origin of the second
space is the winding modes, which is natural from the string view point. However, of course,
since supergravity is defined on M and not on M, the space of DFT must be somehow reduced
which is done by the so-called section condition or closure constraint. The gauge symmetry of the
theory is realized up to the section condition, and this makes the covariance of the theory unclear.
Furthermore, the section condition is frame dependent and thus it is troublesome when one analyzes
the generalized T-duality like Poisson-Lie T-duality [12, 13] using DFT.

We apply the metric algebroid [14] as a basic structure of the DFT and construct the invariant
action without referring to the section condition. The metric algebroid is a generalization of the
Courant algebroid, where the Jacobi identity is relaxed. Using the differential graded manifold
(Q P-manifold) formulation for the Courant algebroid [15—17], we consider the graded symplectic
manifold T[2]T[1]M, then the operations in the Courant algebroid are defined by the derived
bracket using the holomorphic function (Hamiltonian) ® and the graded Poisson bracket {—, —}.
Then, we can understand the algebraic structure as

{6,0} =0 ---  Courant algebroid
{6,0} #0 ---  Metric algebroid €Y
{6,060} ~0 --- DFT

The graded symplectic manifold is a convenient tool to analyze the algebroid structure e.g. the
Bianchi identities of DFT. One drawback is that there is no natural way to accommodate the dilaton
in the theory. The geometric aspects with algebroid structure in DFT were also investigated in
[18, 19].

It is known that there is another way to realize the derived bracket formulation of the Courant
algebroid by using the Dirac operator and a Clifford module [20]. Then, this Dirac operator, which
is called Dirac generating operator (DGO), and the graded commutator on the Clifford module play
the same roles as the holomorphic function and the graded Poisson bracket in the graded manifold
formulation, respectively. We have a similar classification for the algebroids, and the Bianchi
identities can be formulated using this DGO.

The merit of using the DGO is that there is an ambiguity in its definition and it is this ambiguity
which gives place for the dilaton. The use of the Dirac operator is also very natural for the physicists
since, anyway, in supergravity we have fermions. In the graded manifold formulation, there is a
natural method to define an action for a topological theory. However, for supergravity or DFT,
such a construction is not known. On the other hand, once one introduces a Dirac operator, we
have a Lichnerowicz formula to obtain a scalar curvature which gives an Einstein-Hilbert action.
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A formulation of supergravity using the Lichnerowicz formula is also known [21]. Our second
result is that we formulate the DFT action by a generalization of Lichnerowicz formula to the metric
algebroid. We see that the Lichnerowicz formula is not automatic in the metric algebroid approach.
Some conditions are needed to make it possible and these correspond to the pre-Bianchi identities
which define the class of metric algebroid for DFT. So, the effect of using a formulation with the
Lichnerowicz formula is twofold: First, its existence selects a class of metric algebroid on which
the DFT should be formulated. Second, it gives the action of DFT.

2. Maetric algebroid

The metric algebroid [14] A = (E, [-, -], (-, =), p) is a vector bundle E — M, with a bracket
[-,—]:T(E) XxI'(E) — I'(E), an inner product (—,—) : I'(E) XI'(E) — C*(M), a bundle map
(anchor) p : E — TM, and a differential 9 : C*(M) — I'(E) s.t. (3f,a) = p(a)f, satisfying

(a)  p(a)(b,c)={la,b],c)+(b,[a,c]) , 2

(b) [a.a] = 30(a.a) 3)

where a, b, c € I'(E) are sections. Compared to the Courant algebroid, the Jacobi identity of the
bracket is dropped. From the above axioms, the following relation can be derived:

() la,b] ==[b,a] +0d(a,b) “4)
(d) la, fb] = (p(a)f)b+ fla,b], ®)
(e) [fa,b] =—(p(b)f)a+(df)(a.b)+ fla,D], (6)

For example, (d) can be proven by evaluating p(e){fa, b) = p(e)(f{a, b)) in two ways as

([e. fal.b) +(fa.[e,b]) = (p(e) f)(a. D) + fp(e)(a. D), (M

and using axiom (a) on the Lh.s.
The deviation from the Courant algebroid is characterized by the following maps £ : I['(E) X
I'NE)XT'(E) > T(E)and £ :T(E) XT'(E) - I'(TM):

L(a,b,c)
£ (a,b)

[Cl, [b,c]]—[[a,b],c]—[b, [G,C]], (8)
p(la,b]) = [p(a), p(D)lTm » €]

where [—, —]7a denotes the standard Lie bracket on TM. The map £ in (8) is a Jacobiator in
Leibniz like form. We added here £’ which does not vanish in general. If we restrict the algebroid
A by the conditions £ = 0, £’ = 0 then the metric algebroid reduces to the Courant algebroid.

£=0 —» £=0 — Courantalgebroid
£+0 £ =0 — pre-Courant algebroid 10)
£+0 £ #0 — metric algebroid

Thus, CA c pre-CA c MA, and the DFT structure is somewhere between the pre-CA and MA.
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3. DFT condition and pre-Bianchi identity

To formulate the DFT action using the algebroid structure, we take here the following assump-
tion on the metric algebroid which we call DFT condition.

1. dim(E) = dim(TM) and the anchor is invertible.
2. We identify the inner product on E and on TM as {p(a), p(b))rm = {a, b).

This means that we consider the minimum case, i.e. the dimension of E is 2D, where D is the
dimension of M and of M, and E has an O(D, D) structure.
To describe DFT we first introduce a local basis E 4 on the bundle E, s.t.

(Ea,EB) =naB , (11)

where 145 is a symmetric constant O (D, D) metric. We introduce 748 by napn8¢ = 6§ and the
raising and lowering of indices by 1. Using a local coordinate, the anchor map is defined by a
vielbein as

P(EA) = EAM0u. (12)

Note that the metric on the base manifold 773,y = (Japs, On ) is not necessarily a constant in general.
In this basis we can write the differential operator as

Of = ) (p(EA) HE* . (13)
A

We then define a structure function F4g€ € C®(M) of the bracket by
[E.Ep] = Fag“Ec . (14)
Using this basis, we can show that
Fasc =([Ea, Ep). Ec) = Fas"npc (15)

is totally antisymmetric.
We also introduce the structure functions corresponding to maps £, £’ by using the action on
the local frame E 4:

dasc”Ep , (16)
¢z P(Ec), (17)

L£(Ea,E,EC)
£ (Ea.EB)

where the structure functions ¢ and ¢’ are represented by the above maps as

¢ABCD = <£(EA’ EB’EC)’ED> > ¢/ABC = <2/(EA’EB)’ p(EC)> . (18)

A metric algebroid gives a wider class than necessary for DFT even with the above DFT conditions.
We want to restrict this class by conditions on the structure functions. It is easy to see that the
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structure function ¢ spcp is totally antisymmetric and represented by the structure function Fapc

as:
dascp = ([Ea,[Ep.Ecll—[[Ea,EBl.Ec] - [Eg,[Ea,Ec]].Ep)
1 ’
= 47(4/)(E[A)FBCD] - 3F[ABA FCD]A,) . (19)

However, ¢ spcp = 0 is not the right restriction, since it is not a tensor and it depends on the choice
of the local basis. We see that ¢ also depends on the choice of the local basis E 4, but we can prove

that gagcp
g _ ’ r ’ r C’ ’ r  C’
¢ABCD - ¢ABCD + ¢ABC’¢CD + ¢ADC’¢BC - ¢ACC’¢BD . (20)

is a covariant totally antisymmetric tensor. Thus, the condition ¢ = 0 gives the relation on the
structure functions which is independent of the choice of the local basis E 4:

~ 1 ’ 7’
daBCD daBcp + §¢[ABE¢CD]E

| | 1 e
= gP(E[A)FBCD] - §F[ABEFCD]E + §¢[ABE¢CDJE =0. (21)

We call this condition the pre-Bianchi identity [22]. The pre-Bianchi identity defines a class of
metric algebroid which includes the standard DFT.

There is another condition on the structure functions obtained from the Jacobi identity of the
Lie bracket [—, =]y on TM. From (9) it is clear that the structure function ¢’, , . can be written as

¢:ABC = Fapc - F;«BC’ (22)

where F, ;- is the so-called geometric flux defined by [p(Ea), p(Eg)]|Tm = F;‘Bcp(Ec). The

Jacobi identity of the Lie bracket gives the condition on F), , - as

JaBcp = p(E[A)F;gc]D + F[,BCC/FA]C/D =0 (23)

which shows that F ;‘ BC

on the structure functions Fagc and ¢’ as

is a Lie algebroid structure function on TM. This gives another condition

Jasc® = p(Ec)Fa® = p(Ec)pyp = p(E(a)$5cC
—FaS ¢S + 90 5C b C =0 (24)

This condition is related to the pre-Bianchi identity including the dilaton as we shall see below.

4. Geometry on metric algebroid

The geometry on the metric algebroid can be introduced as in the generalized geometry. On
the metric algebroid E we define an E-connection compatible with the inner product (—, —). The
E-connection V¥ is a map I'(E) x I'(E) — T'(E) satisfying for a, b,c € I'(E) and f € C®(M)

VEfb = (p@)f)b+[fVED, (25)
Vfab = fvEp. (26)
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and the compatibility with the inner product is
p(a)(b,c) =(Vgb,c)+(b,Vec). @7
Using the basis E 4, the connection V¥ is defined by a gauge field W4 pc as
VE Es=Wag“Ec . (28)

In the following, we also use the abbreviation Vf = VEA as long as it does not cause confusion.
Compatibility with the fiber metric yields that Wapc is antisymmetric in the last two indices.

We can also define E-torsion [20, 23]. The same torsion was also introduced in DFT context
in [24],

1
Tapc = EW[ABC] — Fapc » (29)

which is independent of the choice of the local basis [25]. We impose the torsionless condition and
thus the totally antisymmetric part of the spin connection is defined by a metric algebroid structure
function.

For a generalized curvature on the metric algebroid, the independence of the choice of the basis
requires a modification to the generalized curvature introduced in DFT as

Rapcp = RXBCD + RZ‘DAB + ¢:ABE¢/CDE , (30)
where
ascp = PEA)Wsicp = Wiaic™ Wisle'p — Fap” WEecep + EWEABW cp.- (31

The first two terms in (30) are the curvature given in [24], and the last term is a modification to
recover the tensorial property.

Using these quantities, the pre-Bianchi identity #(a, b, ¢, d) = 0 can be represented in curvature
and torsion as

3RaBcp] =4V (aTgcp) +3 Z T[AB\A’TCD]A’ . (32)
A/

4.1 Divergence

We define a divergence on the metric algebroid following the definition on a Courant algebroid
[20, 25, 26] as amap div : T(E) —» C®(M), fora e I'(E) and f € C*(M) s.t.

div(fa) = p(a)f + fdiv(a) . (33)
For a given E-connection, we can define a divergence divy by using a local basis as
divya = (VEa, E*Yy , (34)
where divy satisfies the relation (33) as

divyfa = (V§fa,EY) = {(p(Ea) Pa, EY) +(fVia, EY) = p(a) f + fdivva . (35)
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However, the divergence defined by the property (33) is not unique and has an ambiguity by
U € T'(E). A general divergence for a given connection is

divy (a) = divy(a) - (U,a) . (36)
The Laplacian of the given E-connection V¥ is defined by
Aa =divY, (VFa) . (37)

Since the divergence has an ambiguity, the Laplacian has also an ambiguity of U € I'(E).

The reason to use the metric algebroid is to control the closure of the gauge transformation
generated by the generalized Lie derivative of DFT. In order to include the dilaton, we have to
consider the gauge transformation of a field with weight. And the closure of the weight term gives
an extra condition which is not related to the metric algebroid but to the Dirac generating operator
defined below. We define the generalized Lie derivative with weight p in the metric algebroid by

ox¥ = Lxy + p(div X)y (38)
The violation of the closure of the gauge transformation can be written as
([6x,0v] = oxy ¥ = ([Lx, Lyl = Lixy DY + p(p(X)divY — p(Y)divX — div[X,Y])y (39)

The first term is controlled by the above map £. To discuss the closure of the weight term we define
for a given connection

Biv(X,Y) =divy[X,Y] — p(X)divyY + p(Y)divyX. (40)

As a closure condition, we can not simply take Bivy zero, since it is not a tensor and such a condition
depends on the choice of the basis. We can show that the difference Biv(X,Y) —divy £’ (X,Y) isa

tensor. Furthermore, for a connection V¥ where the spin connection is defined as Wapc = ¢;9 CAs
we find that the following holds
Bige (X,Y) —divgs £'(X,Y) =0, 41

due to the Jacobi identity of the Lie bracket on 7M.
For a given connection V we know that the difference of the divergences divy and divy is a
C*(M)-linear function, and thus, there exists a generalized vector ey € TM satisfying

divyX —divygey X = (ev, X) . 42)
From the above considerations we conclude
Biy(X,Y) - divy &' (X,Y) = ([ev, X],Y) = (ev, £'(X.Y)) (43)

Since the difference of the two terms on the L.h.s. of (43) is a tensor, taking a basis we obtain a
relation:

P(EC)F\zC + Fig“WpcP = p(E(a)Wep € = —p(E(a)evn) +eS(Feap — dhpe)  (44)
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This can be rewritten as
P(EC)F) 5 +p(Era)(evp) — Wep ) = Fape(eg = Wp©P) =0 (45)
Subtracting the Jacobi identity (24) from (45), we obtain an equation for Up = eyp+¢/, CC ~Weg€:
P(E(a)Up) = US (Fac — $spc)) =0 (46)
We identify the dilaton flux F4 in DFT in terms of the above object as
Fa=-Wca€ +eva=Us—¢,C 47)

where U4 satisfies (46), as in [1]. Then, we obtain from (45) a DFT Bianchi identity of the dilaton
flux in the metric algebroid structure as

P(Ec)(FaBS = ¢)45S) = (Fas© — ¢33 ) Fcr + p(E[a) (Fp)) = 0 (48)
As we have shown in [1], the equation for U4 has a solution Uy = 2p(E 4)d, then
Fa=2p(Ea)d - ¢/, , (49)

and therefore, we identify the field d with the dilaton.

5. Dirac generating operator

In the formulation by using graded symplectic manifold, bracket and anchor in Courant alge-
broid are defined by the derived bracket [27]. The same can be done by using the Dirac operator
[20, 25, 28] on a Clifford bundle CI(E). We consider a linear map vy : I'(E) — I'(CI(E)) and
denote the image of the base £ 4 by y4 = y(E ) which satisfies a Clifford algebra:

{va,vB} =vayB +vBYA=2n48B, (50)

then y(a) = y(asE?) = asy”. By extending the Clifford product I'(CI(E)) x T'(CI(E)) >
(a,b) — ab € T'(CI(E)) in the standard way, we get a degree n element X € CI(E) as

X =Xa, 4,8,y 142 An (51)

where y41~4» is an antisymmetric product of y4, and we define a graded bracket of X,Y € CI(E)
as
{(X,Y} =Xy - (-)XWyx = —(—)XIWlgy, x} . (52)

Note that we do not write the map y explicitly for the simplicity.
We also consider the induced connection on C/(E) for a given E-connection as

(V€ b}y =VED, (33)

and Leibniz rule with respect to the Clifford product. Then we introduce a spin bundle S where a
spinor y € I'(S) is a module over the Clifford bundle.



Metric algebroid in Double Field Theory Satoshi Watamura

The Dirac operator is defined on the spinor I : I'(S) — I'(S) and we can find a Dirac
generating operator (DGO) which generates the operations by the derived bracket:

Af =2{D, [}, (54)
la,b] = {{D,a}, b}, (55)
pla)f ={{D,a}, f}. (56)

They satisfy the axiom of the metric algebroid. We can also get the expressions of £ and £’ by this
DGO as

£(a, b, ¢) = —{{{D* a}, b}, c}, (57)
£ (a,b)f = {{B* a}, b}, f} . (58)

The derived bracket construction works completely analogous as in the differential graded manifold
approach and we can derive all the relations of the metric algebroid.

The advantage of the formulation using the DGO is that we can define the action by generalizing
the Lichnerowicz formula. The original Lichnerowicz formula on a manifold is given by a Levi-
Civita connection V and corresponding Dirac operator Y as

1
y2i-v2= -3k, (59)

where R is a scalar curvature. One can also include H-flux, and a corresponding formula for the
supergravity has also been given. See [21] and reference therein.

To obtain the Lichnerowicz formula for DFT, we take a torsion free E-connection Vg, Ep =
WagC Ec. Then, a corresponding connection on the spinor is

1
V5 =04 - ZWABCYBC , (60)
where 94 = p(E 4). The DGO can be given by this connection as Ip = %y“Vi which can be written
as
1

1 1
D= E('}’AaA - EFABCYABC - EFA')’A) , (61)

where we denoted the totally antisymmetric part of the connection as %W[ ABc] = Fapc and the
trace part as W8 g4 = F4. Using this DGO, we get a metric algebroid with the structure function
Fapc. The flux F4 which appeared here is an ambiguity of the DGO, i.e., it is not determined and
is free parameter from the metric algebroid viewpoint.

As in the original Lichnerowicz formula, lDz is not a scalar function and we have to subtract a
derivative term. We subtract a Laplacian constructed by a specific connection given by the structure
function ¢’, o ~. This is possible since the structure function ¢’, , - has the same transformation
under a local O(D, D) rotation as the W 45. Thus, we have a connection on the Clifford module
I'(S) s.t.

’ 1 ,
Vh =04 2mcar’C (62)
The corresponding Laplace operator is then given by

AY = divYy, v =BV VY — (¢ P + UMV (63)
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where U4 is a vector representing the ambiguity in the divergence. The generalized Lichnerowicz
formula is given by the difference of the square of the Dirac generating operator and the Laplacian
AY

’ 1 1 ’ 1 1 ’ ’
4P —A? = _ﬂFABcFABC - i(P(EA)FA) +(=F 4+ 9" + UM 0+ ZFAFA + §¢BCA¢ pea
1 ’ ’ ’
*7 (_jBCDD +(p(E8)(=Fc1+¢'Pcip) — (=F* + ¢, *P)Fapc - UA¢BCA) e
1 ~ ’ !’
_§¢BCB’C’7’BCB ¢ (64)

We see that the second order derivative term is canceled by the Laplacian. However, it is not a

ABCD

function and there are still non-scalar terms proportional to d4,y4? and y . We require that

these non-scalar terms should vanish then we obtain the conditions

aA : FA=¢;9AB+UA (65)
yB€ 1 p(E[a)Up) - FipSUc + Japct =0 (66)
yABEL 0 Gapcp =0 (67)

ABCD gpe represented as ¢ 4zcp and the condition (67) coincides with

The terms proportional to y
the pre-Bianchi identity. The condition from the terms proportional to d4 gives a relation between
the ambiguity of the DGO and the ambiguity of the divergence as (65). Using (65), the condition
from the terms proportional to y4# becomes (66), giving a condition on U4 which is solved by
Ua = 204d with a function d. In this way we get the ambiguity F4 of the DGO where IscpP
is the tensor defined in the identity (24). Thus, with the pre-Bianchi identity we get a generalized
Lichnerowicz formula

;1
4D - A = R (68)

5.1 Projected Lichnerowicz formula

The scalar curvature given in the generalized Lichnerowicz formula is not the scalar in the
action of DFT. This is natural since we did not introduce a Riemann structure yet. As in the
generalized geometry, we introduce the Riemann structure by splitting the bundle into positive and
negative sub-bundle as

E=V*®V~ ,where V* = {a € E|{a,a) = £|{a,a)|} . (69)

By this splitting, the O (D, D) symmetry reduces to O(D — 1,1) ® O(1, D — 1). We consider the
corresponding basis and distinguish correspondingly the indices as

E,LEzeVieV . (70)
A compatible connection is introduced by
(Vg Ep.Ec) =0 and (VL Ej Ec) =0. (71)

Thus, the non-zero components are Wa,;, and W, ;5 and the compatible spin connection is given
by
1
VST =0a = Waary™’ . (72)

10
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To obtain a projected Lichnerowicz formula, we consider a Dirac operator

1 +
D= 5y
= Lag, - Lpye - Ly (73)
) a 24 abc 4 a .
and also a connection by ¢/, , - as
o L, be
Va =0a- Z¢bcA7’ : (74)

Then, the projected Lichnerowicz formula is given by
L* = 4D + divy VS - A?" . (75)

As in the generalized Lichnerowicz formula case, the terms proportional to d4 give a relation
Fa = qﬁ}g AB + U4 and with this relation, we obtain

1 , 1. .
L* = RPFT = 2(Favc + P(E1a) Ub)) = US (Feap = 81p0) )7 = 38avear™™ . (76)
where

1 | . 1 1 1
DFT _ be be ’ rabC
R =~ abe F7¢ — §F“ “Fape — Ep(Ea)F“ + ZFaFa - §¢abc¢ @ (77)
We see that with the pre-Bianchi identity ¢agcp = 0, and taking the U, as a solution of the
condition from y“? we get the Lichnerowicz formula for DFT.

6. Discussion

We presented the projected generalized Lichnerowicz formula which gives the scalar curvature
of the DFT action. To define this action we have to introduce the integration measure. The consistent
measure is y = d*P X+/detny v e >¢. The DGO gives a way for this. There is a natural generalized
Lie derivative generated by the DGO of the spinor y € ['(S) by a € I'(E) as

Lox=1{D.,a}x . (78)

One can show that this is a generalized Lie derivative with weight % Then, we split the spinor as
X = Xo® /J% el(S) =I(s) ® F(A%) with a factor of the weight % bundle A2. We define an
inner product T'(S) X I'(S) — I'(A) which defines a section u € I'(A) which we identify with the
integration measure [26]. We introduced a dilaton d as a function defined by the section y = e~2d Ho
with a base po of I'(A). The gauge transformation of the dilaton is defined from the Lie derivative
of u as

La(epo) = (=26ad)e™ o (79)

In this formulation, using the metric algebroid, there is no need to refer to the section condition in
order to obtain the action. Just we need to restrict the class of metric algebroid by imposing the
pre-Bianchi identity on the structure functions.

11
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