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1. Introduction

Invariant differential operators play very important role in the description of physical sym-
metries. In recent papers [1], [2] (to which we refer for extensive list of literature on the subject)
we started the systematic explicit construction of invariant differential operators. We gave an ex-
plicit description of the building blocks, namely, the parabolic subgroups and subalgebras from
which the necessary representations are induced. Thus we have set the stage for study of different
non-compact groups.

In the present paper we focus on the algebra so*(8). The algebras so*(2n) (for n > 4) form a
class of Lie algebras which have maximal Heisenberg parabolic subalgebras. The latter are given
as: P =MPA DN, where M =s0"(2n—4)Dso(3).

We note that there are low rank level coincidences: so*(4) = so(3) @ so(2,1), so*(6) =
su(3,1), which are well studied or with different parabolics, cf. e.g., [3]. Thus, the first non-trivial
case of this class is so*(8).

2. Preliminaries

Let G be a semisimple non-compact Lie group, and K a maximal compact subgroup of G.
Then we have an Iwasawa decomposition G = KAgNy, where Ay is abelian simply connected
vector subgroup of G, Ny is a nilpotent simply connected subgroup of G preserved by the action
of Ap. Further, let M be the centralizer of Ag in K. Then the subgroup Py = MpAgNy is a minimal
parabolic subgroup of G. A parabolic subgroup P = MAN is any subgroup of G which contains
a minimal parabolic subgroup.

The importance of the parabolic subgroups comes from the fact that the representations in-
duced from them generate all (admissible) irreducible representations of G [4-6].

Let v be a (non-unitary) character of A, v € &/*, let u fix an irreducible representation
D* of M on a vector space V.

We call the induced representation x = Ind§(u® v ®1) an elementary representation of
G [7]. Their spaces of functions are:

€ = {F €C°(G,Vy) | F(gman) = ¢ .DF(m™").F(g)} 2.1

where a =exp(H) €A, He€ o/, me M, n € N. The representation action is the lefr regular
action:
(7*(e) 7)) = Z(g7'd). 84 €G. (22)

For our purposes we need to restrict to maximal parabolic subgroups P, so that rankA = 1.
Thus, for our representations the character v is parameterized by a real number d, called the
conformal weight or energy.

An important ingredient in our considerations are the highest/lowest weight representations of
<. These can be realized as (factor-modules of) Verma modules V* over ¢4C, where A € (),
T is a Cartan subalgebra of ¥C, weight A = A()) is determined uniquely from y [8,9].

Actually, since our ERs will be induced from finite-dimensional representations of .# (or
their limits) the Verma modules are always reducible. Thus, it is more convenient to use general-
ized Verma modules V™ such that the role of the highest/lowest weight vector vy is taken by the
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space Vy vo. For the generalized Verma modules (GVMs) the reducibility is controlled only by
the value of the conformal weight d. Relatedly, for the intertwining differential operators only the
reducibility w.r.t. non-compact roots is essential.

One main ingredient of our approach is as follows. We group the (reducible) ERs with the
same Casimirs in sets called multiplets [9,10]. The multiplet corresponding to fixed values of
the Casimirs may be depicted as a connected graph, the vertices of which correspond to the re-
ducible ERs and the lines between the vertices correspond to intertwining operators. The explicit
parametrization of the multiplets and of their ERs is important for understanding of the situation.

In fact, the multiplets contain explicitly all the data necessary to construct the intertwining
differential operators. Actually, the data for each intertwining differential operator consists of the
pair (B,m), where B is a (non-compact) positive root of ¥, m € IN, such that the BGG [11]
Verma module reducibility condition (for highest weight modules) is fulfilled:

(Atp,BY) =m, B'=2B/(B.B). (23)

When (Z3) holds then the Verma module with shifted weight yA-mp (or yA-mB - for GVM and
B non-compact) is embedded in the Verma module V* (or V). This embedding is realized by a
singular vector vs determined by a polynomial &7, g(%~) in the universal enveloping algebra
(U(%-)) vo, 9~ is the subalgebra of %C generated by the negative root generators [12]. More
explicitly, [9], vfm p= ﬂg’ vo (or v, 5= Wl’;“ Vi vo for GVMs). Then there exists [9] an intertwining
differential operator

.@;;1 : ng(/\) — ng(A—mﬁ) 2.4)

given explicitly by:
;3" = g@gl(%*) (2.95)

where &~ denotes the right action on the functions %, cf. (Z).

3. The non-compact Lie algebra so*(8)

3.1 The general case of so*(2n)

The group G = SO*(2n) (n > 2) consists of all matrices in SO(2n,C) which commute with a real
skew-symmetric matrix times the complex conjugation operator C :

SO*(2n) ={ g€ S0(2n,C) | J,Cg = gJ,C} (3.1)

The Lie algebra ¢ = so*(2n) is given by:

so*(2n) = { X € s0(2n,C) | J,CX =XJ,C} = (3.2)
={X= ( a[; ?) | a,bcgl(n,C), 'a=—a, b'=b}.
—ba

dimg 4 =n(2n—1), rank¥ = n.
The Cartan involution is given by: ®X = —X'. Thus, .# = u(n):

a
—b

JZ/:{X:< b) | a,bcgl(n,C), 'a=—-a=—-a, b"=b=>b}. (3.3)
a
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The complimentary space & is given by:

a b

P={X= (b ) | a,bcgl(n,C), 'a=—a=a, b'=b=—b }. (3.4)
—a

dimg & =n(n—1).
We need also the root system of ¢ = so(2n,C) . The positive roots are given standardly as:

Qij = &—¢€j, l<i<j<n, (3.5a)
Bij = &+eg, 1<i<j<n (3.5b)

where & are standard orthonormal basis: (g, €j) = 0;;. We shall need the scalar products of the

roots:
(tij, Oke) = Sy — Oy — Oj + ji (3.6a)
(Qij; Bre) = O+ 60 — Sjx — 0; (3.6b)
(Bijs Bre) = Oix+ Gie+ Ojx+ 6je (3.6¢)

Note that the highest root is fi5.
The simple roots are:

T={y=011,1<i<n—1, %=PB1.} 3.7

The compact roots w.r.t. the real form SO*(2n) are 0;; - they form (by restriction) the root
system of the semisimple part of .#C, namely, #,C = su(n)® = si(n,C), while the roots f3;; are
J¢ -noncompact.

The split rank is r = [n/2]. The minimal parabolics of SO*(2n) depend on whether 7 is even
or odd and are:

My = 50(3)®---@so0(3), rfactors, forn=2r (3.8a)
= 50(2)®s0(3)®---Dso(3), rfactors, forn=2r+1 (3.8b)

The subalgebras Ji()i which form the root spaces of the root system (¢, <) are of real dimension

nin—1)—[n/2].

The maximal parabolic subalgebras have .# -factors as follows [1]:
MP = 50" (2n—4j)Dsut(2)), j=1,...,r. 3.9

The .#* factors in the maximal parabolic subalgebras have dimensions: dim (%i)max = j(4n—
6j—1).
The case j =1 is special. In this case we have a maximal Heisenberg parabolic with .Z -

factor:
'//Il-}:eai)s(enberg = so" (21’1 - 4) ® SO(3) (3 10a)
rank%}rﬁ?:enberg =n—1 (3.10b)

which we use in this paper.
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3.2 The case so*(8)

Further we restrict to our case of study ¥ = s0*(8) = 50(6,2) with minimal parabolic:
My = s0(3)®so(3) (3.11)

The Satake-Dynkin diagram of ¥ is:

O3
1 | 4
.'(2)'. (3.12)

where by standard convention the black dots represent the so(3) subalgebras of .#.
We shall use the Heisenberg maximal parabolic with ./ -subalgebra (B10):

M = 50" (4)Dso(3) Zso(2,1)Dso(3) Dso(3) (3.13)

The Satake-Dynkin diagram of .# is a subdiagram of (B12):

O3
1 4
o o (3.14)
Note the symmetry
X 1+—4 (3.15)

of the above diagrams. It will play a role in the representation theory.
From the above follows that the .#-compact roots of %¥C are (given in terms of the simple
roots):
=M, Ga="9, Pu="n (3.16)

By definition the above are the positive roots of ..
The positive ./ -noncompact roots of ¢ in terms of the simple roots are:

Yo=N+Pr YB3=n+r+t9rB % =r+%h (3.17a)
Bo=n+2p+v+m B3=n+r+vn+u
Bu=n+r+nm Bs=r+B+n Pu=r+n (3.17b)

where for convenience we use the notation ¥; = @; ;.1 The above set is invariant under the sym-
metry Z: Y2 <— B4, Y13 «— Bo3, the rest are invariant themselves.
To characterize the Verma modules we shall use first the Dynkin labels:

m = (A+p,y), i=1,....4, (3.18)
where p is half the sum of the positive roots of ¢*. Thus, we shall use :
xXn = {mi,mo,m3,my} (3.19)

Note that when all m; € IN then y, characterizes the finite-dimensional irreps of ¥C and its
real forms, in particular, so*(8). Furthermore, m;,m3,m4 € IN characterizes the finite-dimensional
irreps of the .# subalgebra.
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The eigenvalue of 2nd order Casimir is given in terms of the Dynkin labels as:
6 = %(m% +2mymy +myms +mymg + 2m% + 2moms + 2moymy + m% +mzmy + mﬁ) —7 (3.20)

where the normalization is chosen so that the Casimir is zero for the trivial one-dimensional irrep
when all m; = 1.
We shall use also the Harish-Chandra parameters:

mij = (A+p,%)), (3.21a)
mij = (A+p,B;)) (3.21b)

For the .# -noncompact roots of ¥C the HC parameters in terms of the Dynkin labels are (compare
(E1)):

NHCP = {mu:ml—i—mz, miz = my+my+ms,
my, mpy3 = my +ms3,
My = my +2my +m3 + my,
Az = my +my +ms +my,
Mg = my +my +my,

1Mp3 = mo +m3 +my, Mg =my+my } (3.22)

The above set is also invariant under Z : my +— my.
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4. Main multiplets of SO*(8)

The main multiplets are in 1-to-1 correspondence with the finite-dimensional irreps of so*(8),
i.e., they are labelled by the four positive Dynkin labels m; € IN.

We take Yo = xa, cf. (BI9). It has one embedded Verma module with HW A, = Ag —mo .
The number of ERs/GVMs in a main multiplet is 24. We give the whole multiplet as follows:

X0 = {mi,my,m3,my} 4.1
Xa = {miz,—my,moz,mas}, Ag=Ag—mp
X = {ma,—miz,miz,mi4}, Ap=A~As—miy2
Xe = {miz,—mo3,my,mu}, Ae=As—m3Y3
Xa = {mioa,—moa,mos,mr}, Ag=As—msPos
Xe = {mp3,—miz,mp,mus}, Ae=Ac—mio
xr = {mag,—ming,mig,mi},  Ap=Ap—mafoy
Xg = {mi4, —maq,ma 4,mp3}, Ag=Ac— myPog = Ag — m3Yr3
X = {moa,—mia,mipa,miz}, Ap=A.—maPoy
Xi = {m3,—mz,my,mu2}, A=A, —my3
Xj = {ma,—mippa,muap,mi}, Aj=Ar—myfy
Xk = {miap,—mos,ma,m3}, A =Ag—myB3
X = {map, —mis,ma,mz}, AT =Ac—miPi 4.2)
Xf = {mg,—mig,mian,m}, A7:Aj—m3ﬁ12
X = {mz,—mua,mi,muan}, A=A —miPio
X = {moa,—misp,mipa,miz}t, AS =Ly,—mpin
xS = {maz,—musa,mp,mua}, A=A —mafos
Xf = {mo4,—mis2,mis,mp}, /\}LZA,;L—m3[314
Xe = {mia,—muo,maa,mn}, A7 = A5 —mif = A —mano
Xj = {mio4,—msp,mag,ms}, Aj:Af—m1ﬁ23
Xe = {miz,—muo,ma,mou}, AL =AT —myys
X;j = {m27_m14727m137m12,4}u AIJ; :A:—m3ﬁ14:1\}r—m4')/13
X; = {mp, —miap,my3,my4}, AZ:A;—mlﬁB
o = {mi,—mu,mz,ms}, Ay =A;] —myfi3

We shall label the signature of the ERs of ¢ also as follows:
X = [m,m,n3;c], c=—3muy, n=my, ny=ms, n3=my, (4.3)

where the last entry labels the characters of .o, the first three entries of ) are labels of the finite-
dimensional irreps of .# when all n; > 0 or limits of the latter when some n; = 0. Note that
misp = my +2my +m3 +my is the Harish-Chandra parameter for the highest root fi5.
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Using this labelling signatures may be given in the following pair-wise manner:

Xo = [mi,ma,my;£3myg ;) (4.4)
X;t [mi2,mp3,mo 4} +1 5mi4],
%l;t [m27m137m124,2|2 maa],
Xci [m137m27m24,i mi.4),
X [m12,4,m04,m2 5 £1my3),
xS = [moz,miz,mig; £3mag),
Xp = [maa,mia,mi; £3m),
Xy [m1a,ma.4,ma3 3 £1mys),
X = [moa,mizg,miz; £imy),
X = [m3,mimign; £imy),
X = [mamian,mi; £5ms),
X = [muaz,ms,mz;+3my]

We note the symmetry of the ERs under the operation % (BE13) which involves here the change
my <— my and also the interchange of the 1st and 3rd entries in the signatures:

o “—Xg s KXo S Ae s X A 4.5)

the other signatures are self-conjugate.
The ERs in the multiplet are related also by intertwining integral operators introduced in [14].
These operators are defined for any ER, the general action being:

S - ng — cg,,
X = [7’[1,]12,]13;C], %, = [nl,nz,n3;—c]. (46)

The main multiplets are given explicitly in Fig. 1. We use the notation: A* = A(xy). Each in-
tertwining differential operator is represented by an arrow accompanied either by a symbol i en-
coding the root yj; and the number my, which is involved in the BGG criterion, or a symbol

i

i encoding the root Bjx and the number mpg, from BGG.

In addition pairs y* are symmetric w.r.t. to the dashed line in the middle the figure - this
represents the Weyl symmetry realized by the Knapp-Stein operators (B8): Gks : Gy < Cy=.

Some comments are in order.

Matters are arranged so that in every multiplet only the ER with signature " contains a finite-
dimensional nonunitary representation in a finite-dimensional subspace &. The latter corresponds
to the finite-dimensional irrep of so*(8) with signature [m;,...m4]. The subspace & is annihi-
lated by the operator G, and is the image of the operator G~ . The subspace & is annihilated
also by the intertwining differential operator .%,,> acting from y, to x, . Whenall m; =1 then
dim & =1, and in that case & is also the trivial one-dimensional UIR of the whole algebra ¢. Fur-

thermore in that case the conformal weight is zero: d = % +c= % — %(m 1+2my+m3+my) =0.

|m[-:1
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In the conjugate ER )(g' there is a unitary subrepresentation in an infinite-dimensional sub-
space & with conformal weight d = % +c= % + %(ml + 2my +m3 +my). It is annihilated by the
operator G, and is in the image of the operators G* acting from x,, and @%2 acting from .

Finally, we remind that according to [2] the above considerations are applicable also for the
algebra so(p,q) (with p+q =38, p > ¢ > 3) with maximal Heisenberg parabolic subalgebra:
P = ///695%69%’ M =s0(p—2,q—2)®sl(2,R), "= #C.

5. Reduced multiplets

5.1 Main reduced multiplets

There are four main reduced multiplets My, k = 1,2,3,4, which may be obtained by setting the
parameter my = 0.

The main reduced multiplet M contains 15 GVMs (ERs), see Fig. 2a. Their signatures are
given as follows:

Xoi = [0, m3,m4,:|:%m2472] 5.1
Xa [ma,mo3,ma a3 £imos] =y,

X = [moz,ma,mag; £imya) =

Xf = [maa,maa,ma; £3mas] = x7,

XiE = [moasmaa,moz; £im 2 =2

xl-i [m3,0, m242,:|: 5M4),

X = [ma,mpa2,05 +£5ma),

Xk = [maap,ma,ms; 0]

Note that some of the inducing representations, namely, x(;—L, xl.i, in are limits of .# representa-
tions, while the rest are finite-dimensional IRs (as in the main multiplets). We shall call the latter
relevant ERs.

The main reduced multiplet M, contains 15 GVMs (ERs) with signatures given as follows, see
Fig. 2b:

X = [mimz,ma;£3miza) =2y, (5.2)
X = [0,m13,my4; E3mas],
X = [mi3,0,mz4; 5myg),
x; = [mia,msa,0;: £5my 3],
X = [mz,mimiza; £img] =y,
Xf [ma,my 3a,mys £3ms] = 17,
Xy = [misa,ma,ms;£imi] =y,
X = [maa,my4,m3;0],
Note that the ER )(O =i 1s not only relevant but also contains a limit of the representation on &

with conformal weight d = § +3 (m1 +m3 +my).
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The main reduced multiplet M3 contains 15 GVMs (ERs) with signatures given as follows, see
Fig. 2c:

X = [m1707m4;:|:%m12,2,4] (5.3)
Ko = [miz,ma,mog; £impna] = x5,

X = lma,mi,mina;£imoa] =y,

Xy = [mia,mpa,my; £3mp) =27,

Xhi = [I’n2,4,mlz,4,m12;i%m2] :%;Ej

1 [0,m1,mi224; i%mzx],

Xj = [ma,mizpa,mi; 0],

Xf = [m12,2,4,m4,0;ﬂ:%m1]

The main reduced multiplet M4 contains 15 GVMs (ERs) with signatures given as follows, see
Fig. 2d:

+ ]
X() = [ml7m370a :l:jml3,2] (54)
+ o1 "

Xa [mi2,moz,ma; £5mi3] = 7,

+ . ot

Xy [ma,mi3,miz; £5mos] = ¥,

+ o1 ot

X [m13,my,ma3 5 5min] = x5,

+ T ORR R

X = [m23,m12,m13,:|:§m2] =Xe >

Xi = [m3z,my,m32;0],

+ 1

X = [0,mi32,mi; £5ma],

+ .

e = [mi32,0,m3; £5my]

Note that in all four main reduced multiplets the ER x; contains a minimal irrep with con-
formal weight d,,,—1 = 5. The .# inducing representation of the minimal irreps is of dimension
1 in the case M>, and of dimension 4 in the other three cases.

5.2 Next reduced multiplets

The reduced multiplet M1, contains 7 GVMs (ERs) with signatures given as follows, see Fig.
3a:

Xy = [0,ma,mas +3ma] = 2 = x5, (5.5)
xS = m3,0,mass £ima] = x5 =27,

X = [maymsg, 05 £3ms] = x5 =17,

Xn = [maa,ma,m3; 00 =y = K,

10
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The reduced multiplet M3 contains 10 GVMs (ERs) with signatures given as follows, see Fig.
3b:

X = [0,0,my; +1 5M22 4] (5.6)
Yo = [mamo,mogs +imoal =2 =2 = X2,

Xy = [moamoa,my;+im) =2 =%/,

x5 = [0,0,mpp45 4ma),

Xj = [ma,my24,0:0],

X = [ma24,m4,0;0]

The main reduced multiplet M4 contains 10 GVMs (ERs) with signatures given as follows,

see Fig. 3c:
x5 = [0,m3,0; £1mos,)] (5.7)
Ko = [ma,maz,mas£3mp] =2, =ty = X7
X = [maz,mo,moss £3my] = 1 = %,
X = [m3,0,ma37;0],
X = [0,m32,0; £5m3],
X = [m232,0,m3:0]

The reduced multiplet M»3 contains 7 GVMs (ERs) with signatures given as follows, see Fig.
3d:

Xo = [m1,0,my; £Imy 4] = X = X3 (5.8)
xo = [0,mimias£3ma] = 1 = 7,

An = [ma,mya,my; ]ZX]- =Xf

Xe = mia,ma,05£5m] =00 = 2g,

The reduced multiplet M»4 contains 7 GVMs (ERs) with signatures given as follows, see Fig.
3e:

Xy = [mi,ms, 05 +3mis) = 0 = x5, (5.9)
X = [0omizmy£5m) =gy =27,

Xg = [mi3,0,mss+3mi] = x =%

X = [m3,mi,mi3;0]=x" = x,

The reduced multiplet M34 contains 10 GVMs (ERs) with signatures given as follows, see Fig.

11
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3f:
X5 = [m1,0,0; £imyo )] (5.10)
Xe = [mIZamZamZ;i%mIZ]:%Ci:%jc:x;,
X = [m27m12,m12§i%m2]:lei:l}t,
xi = [0,my,my22:0],
X = [0,mp2p,m;0],
X = [m22,0,0; £1my]

The minimal irreps with m; = 1 in the singlets J; in the multiplets M{,, M3, M>4 have con-
formal weight d = % .

The minimal irreps with m; = 1 in the ERs xj in the multiplets M3, M4, M34 have conformal
weight d =1 .

The .# inducing representation of the minimal irreps is of dimension 2 in all cases.

5.3 Third level reduction of multiplets

The reduced multiplet M3 contains 3 GVMs (ERs) with signatures given as follows (Fig.
4a):

xE = [0,0,my; £3my] = x5 = 25 = 1" = i, (5.11)

xr = [ma,my,0:0] = x5 =% =,
The reduced multiplet M4 contains 3 GVMs (ERs) with signatures given as follows (Fig.
4b):
Xe = [m3,0,m3:0) =35 =% =% =2, (5.12)
X? = [0,m3,0; :l:%m3] :xdi = in — X;f[a

The reduced multiplet Mj34 contains 7 GVMs (ERs) with signatures given as follows (Fig.
4c):

X5 = [0,0,0; £imy )] (5.13)
Xo = [ma,ma,my;timo) = x5 =5, = xy =X

Xxi = [0,0,mz3:0],

xi = [0,m2,0;0],

X = [m22,0,0;0]

Note that all 13 .# -noncompact roots are represented via the corresponding intertwining differen-
tial operators.
The minimal irrep with m, = 1 in the ER ), has conformal weight d =3 .
The .# inducing representation of the minimal irrep is of dimension 1.

The reduced multiplet M»34 contains 3 GVMs (ERs) with signatures given as follows (Fig.
4d):

x5 = [mi,0,0: £3mi) = x5 =22 = a7 (5.14)

%@ - [Oumlaml;o]:x['i:%bi:%ha

12
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Fig. 1.  Main multiplets for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 2a.  Main reduced multiplets M; for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 2b.  Main reduced multiplets M, for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 2c.  Main reduced multiplets Mj for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 2d.  Main reduced multiplets M, for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 3a.  Reduced multiplets M, for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 3b.  Reduced multiplets M;3 for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 3c.  Reduced multiplets M4 for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 3d. Reduced multiplets My3 for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 3e. Reduced multiplets My, for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 3f.  Reduced multiplets M3, for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 4a.  Reduced multiplets M3 for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 4b.  Reduced multiplets My for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 4c.  Reduced multiplets M3y for SO*(8)
using induction from maximal Heisenberg parabolic
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Fig. 4d. Reduced multiplets Myy3 for SO*(8)
using induction from maximal Heisenberg parabolic
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