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The RG flow between neighboring minimal CFT models Aép ) and Aép D with W3 symmetry is
explored. Although in perturbed theory dilatation current is no longer conserved it is still possible
to get an exact operator expression for its divergence. Exploring this anomalous conservation
law one can express the leading order anomalous dimensions of local fields in terms of structure
constants of OPE in the original CFT. We generalize these line of argument for the case when
a higher spin W current is present. We introduce the notion of anomalous W zero mode matrix
which again can be expressed in terms of OPE coeflicients of the original CFT. Diagonalization
of this matrix provides an additional independent confirmation that indeed Agp ) flows to A;P -,
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1. Introduction

In [1] A. Zamolodchikov investigated the RG flow from minimal model M, to M,_; initiated
by the relevant field ¢, 3. Using leading order perturbation theory valid for p >> 1 he calculated
the mixing coefficients specifying the UV - IR map for several classes of local fields. The next
to leading order perturbation was analyzed in [2]. A similar RG trajectory connecting N' = 1
super-minimal models SM,, to SM,,_, was found in [3] (see also [4-6]).

The mixing coefficients for several classes of fields were computed with the help of a RG
domain wall [7] (see also [8, 9]) for both minimal CFT and N = 1 SCFT [10-13]. That the results
agree with those of the perturbative analysis were shown [1, 2, 14, 15].

Our focus will be the RG flow for minimal A, CFTs. Namely here the minimal model Aép )
flows to Agp 1 and the slightly relevant perturbation field is ¢ [13] [16]. To find the matrices of
anomalous dimensions we need several classes of OPE structure constants. Some of them were
already derived for Toda CFTs in [17]. Still even in these cases the analytic continuation to the
minimal models is quite subtle. This is why in [18] we preferred to derive these structure constants
from very basics among many other previously unknown ones. Then we computed the matrices
of anomalous dimensions for three RG invariant sets. The first set contains a single primary, the
second one three primaries and the third includes six primaries and four level one secondary fields.
We diagonalized the matrices of anomalous dimensions and found the explicit maps between UV
and IR fields.

The perturbation under consideration preserves a subgroup of W transformations. The cor-
responding conserved current is derived explicitly. This was used to define the the W analog of
anomalous dimensions.

In [18] we also constructed the RG domain wall using the coset construction [5, 19-21] of
minimal models in terms of SU(3);, WZNW models [22, 23].

In this proceedings a systematic approach for calculation of the anomalous dimensions matrix
I in perturbed CFT is demonstrated. This approach is also applied to define an operator 2 which
extends the notion of W-current zero mode to the case with perturbation. We calculate this quantity
in leading order for certain local fields.

2. Review on W3 minimal CFTs and RG flow

In any CFT the energy-momentum tensor has two nonzero components: the holomorphic field
T(z) with conformal dimension (2, 0) and its anti-holomorphic counterpart 7'(z) with dimensions
(0,2). In W3 CFTs one has in addition the currents W(z) and W(Z) with dimensions (3,0) and
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(0, 3) respectively. These fields satisfy the OPE rules!

T(2)T(0) = ‘Z/z 27;(20) T'§0)+..., )

Two =250+ 0 @
c/3 27(0) T’(O) L (15466 .,
WE@WO) = —&+ =% T2 (10(22 597 O mA(O)) ©)
1 177 16 ’
o (5T O+ g N O+
Here A(z) is a quasi primary field defined as

3 24

A(z) =TT: (z) - I_OT (2) 4

where :: is regularization by means of subtraction of all OPE singular terms. We can expand these
fields as Laurent series
+00 +00 +00

T)= % 75, W@= 3% a5, A@= I 34, 5)

n=—0oo n=—oo ~ n=—oo

The OPE’s (1), (2) and (3) are equivalent to the W3 algebra relations

.

[Ln, L] = (n—m)Lpsm + E(”3 - n)6n+m,0 s [Ln, W] = (2n—m) Wnam , (6)
16(n—m

(W W] = @, m) Lo + 2o N 4202 )2~ DS @)

where

a(n,m) = (n - m) (%(n+m+2)(n+m+3) - %(n+2)(m+2))
An = dnLn + th :Lan—m: (8)

here :: means normal ordering (i.e operators with smaller index come first) and

1 1
dom =< (1=m) . dopr = 5 (14m) 2= m) ©)
The central charge of Virasoro algebra in A-Toda CFT conventionally is parameterized as

c=2+120-0, where Q:(b+g)(w1+w2), (10)

with b being the (dimensionless) Toda coupling and in what follows it would be convenient to
represent the roots, weights and Cartan elements of A, as 3-component vectors with the usual
Kronecker scalar product, subject to the condition that sum of components is zero. Of course this
is equivalent to more conventional representation of these quantities as diagonal traceless 3 x 3
matrices with the pairing given by trace. So

w = [2/3,-1/3,-1/3]" , wy =[1/3,1/3,-2/3]" (11)

1The corresponding expressions for the anti-chiral fields look exactly the same: one simply substitutes z by z. This
is why we’ll mainly concentrate on the holomorphic part.
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are the highest weights of two fundamental representations of su(3). The weights of the fundamental
representation are

2/3 -1/3 -1/3
=l =13 |; m=| 2/3|: m=| -1/3 (12)
~1/3 -1/3 2/3

Conformal (Virasoro) dimensions and w-weights of the exponential fields V,, with charge a are
given by

_ a-(20-a) __ Nebi 3
A(a') S W( W Hl 1 ((a/ Q) h; ) (13)

The conjugate charge a* is defined as (i = 1,2): @ - w; = @" - w3_; . If represented as a three
component vector, the conjugation amounts to reversing the direction and permuting the first and
third components.

To pass from the Toda theory to the minimal models, one specifies the parameter b as:
b=1i

% , where integers p = 4,5, 6, - - - enumerate the infinite series of unitary models denoted

as Aép ). From (10) for the central charge we get

_ 24
cp=2- ey - (14)

Furthermore, all primary fields of the minimal models are doubly-degenerated, a condition that is
satisfied only for the following finite set of allowed charges

a1 m] = i(((n=D(p+ D)+ -mp)wi+ (0 = D(p+1)+ (1 -m’")p)w))
o Vp(p+1)

where, n, n’, m, m’ are positive integers subject to the additional constraints n + n’ < p — 1,

15)

m+m’ < p. We can see from the definition of conjugate that the charge of a conjugate field is
given by

m

[y =alrm™ (16)
In view of (13) the conformal and w dimensions are given explicitly by

nmy_ ((p+D=n")=—pm=-m))?+3((p+D(n+n’) - p(m+m))>*-12
Al ] = 350 D (17)
W[:f/::,l']=\/g((P+1)(n'—")—P(m'—m))>< (18)

» (p+)(n+2n")—pm+2m"))((p+1)(2n+n’) — p2m +m’))

9p(p+1)y(2p +5)(2p - 3)
One can check that both dimensions and W5 weights of fields ¢ [,/ ,» ] and ¢ [ " ]

p- n n p+l-m-m’
are the same so one identifies them. In what follows a special role is played by the field ¢(x) with

the charge parameter o [ ! %] = —b(w; + wy) and conformal dimension
-2
A(=b(w + wy)) = =1l-e, e=3/(p+1) 19)
p+1

Notice also that the field ¢ is w-neutral: w(—b(w; +w2)) = 0. Consider the family generated from
this field by multiple application of OPE. It is important that ¢ is the only member of this family
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(besides the identity operator) which is relevant. This fact allows one to construct a consistent
perturbed CFT with a single coupling:

A=Acrr+2 [ ¢(x)d*x (20)

At large values of p, € < 1 and the perturbing field is only slightly relevant and the conformal
perturbation theory becomes applicable along a large portion of RG flow. The case of positive
values of the coupling 4 > 0 has been investigated in [16] and it was shown that in infrared our
initial theory Aép ) flows to A;p Y. Our aim here is to investigate this RG trajectory in more details.
In particular we investigate the mixing matrices of some families of fields. The technique is well
established by now, and the most non-trivial part of our work was computation of some structure
constants of OPE, which where not available in literature until now. First let us identify the IR fixed
point. The three point function of the field ¢ according to [16] is

Ct, o 2r Y(2- 3”)x/y(4 4p)y (2=2p)

21
~ (3p-2)(4p-3) )’(1 P)y(?) )7(3 3p) ( )
In the limit when p > 1 we get (remind that p = p/(p+ 1) and e =3/(p + 1))
C‘P 3( 3;/2 4\/> 62 + 0(63) (22)
,B(g) =eg-5CL o8 +0(8%) (23)

Thus at g = g = 2\65 +0 (e ) the beta-function vanishes and we get an infrared fixed point. The
shift of the central charge is given by

cp—co=1277 [ B(g)dg =L € +0(e*). (24)
On the other hand
Cp=Cp1= ooty =g e +0(e), (25)

which strongly supports the identification of the IR fixed point with Aép D as proposed in [16].
Furthermore it is well known that the slope of the beta function at a fixed point is directly related to
the dimension of the perturbing field. In our case
Av=1- jj{; =l+e+0(e?) (26)
=g+
As expected the perturbing slightly relevant field ¢ at UV becomes slightly irrelevant at IR. Remind
that the W weight of ¢ is zero. It is possible to show that this weight should not get perturbative
corrections at the IR point so that w/® = 0. Examining (17) and (18) we see that the only primary

field of Aép ! with required properties is the field with charge @ [21] indeed

ABH g =B =1+e+0(h), wl}l]] =0 Q27

so that it can be identified with the perturbing field at the IR fixed point.
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3. Matrix of anomalous dimensions
In perturbed theory 7' = T, is no longer holomorphic, indeed
T2 (2. = (T (2)e ) W%m - (28)

Z( ) / HT () () ... o)y

A 1 9 2 2
— i)... d o.d
( - xi)? ¥ (z —x;) 0x; i) plan))dx 2

Where in the last step we have used the standard Ward identity. Now we can use
d(z—x)"'=n16P(z=x;), hence d(z-x;)"2=-n8(z—xi) (29)
and evaluate the integral. The result can be represented as
AT (2)e™ [ 198 = —ra(1 - M) (¢ (e[ 20 (30)
Thus energy momentum conservation in the perturbed theory takes the form
0T, . (2,7) + nAedyp(z,7) =0 31
Using this we immediately get
A(zT) + medd(zp) = mAep (32)

The left hand side is the divergence of the unconserved current corresponding to dilatation. By
definition the charge

Or=/, A( ﬂe/lzgozﬂl) 33)

where A is a region of IR?. Consider
med f]Rz pdzdz = med fA pdzdz + med f]Rz\A pdzdz = neﬂf/\ pdzdz + (34)
+f]R2\A (8(2T) + med(zp)) dzdz = med fA dZdz - fé,A (zTdz — meAzpdz)

the initial integral was independent of A thus the final expression is independent too. So we
can consider the ultraviolet limit taking A very small, notice also that due to the irrelevance of
perturbation the effective coupling nearly vanishes, leading to the equality

/M (ZT¢B(0) o — nedztpqﬁﬁ(O)d—Z.) +med fA o (0) %l = (35)
== Jon T9p(0) 5% = ~App(0)

From (33)

O1(¢p(0)) = Apdp(0) + med [, pgp(0) S (36)

which simply implies that

O1(dp) = Agdp — €10, 03 (37
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Let us change the basis of fields to such where the new fields satisfy (¢% ( l)qbg(O)) A=0gp. It
is not difficult to see that
nxng y

¢ = Bpydy, where Bpy =gy + 752 + 0 (%) (38)
more details can be found in appendix A. From here by straightforward computation we get
Or(#) = (BandnBrh — ABpadaBib) 67, — e1ad (39)
The matrix of anomalous dimensions is defined as
["= BAB™' — €AB(8;B7}) (40)

inserting here B from (38) we get I'og = A0 op + ﬂ/lcg, st 0(A?). At this order A can be replaced
by renormalized coupling constant g since g(1) = A + O(1?) (notice that the normalization scale
was chosen to be 1). So, finally we get Zamolodchikov’s formula

Tap = AaOap +78Co 5 +0(g%) (41)

Let us derive the matrix of anomalous dimension I for the first two sets. The firs set contains only
the field ¢ = ¢ [, ,]. Its Virasoro dimension (17) for small € is given by

Al 1= 35 (0 +nn’ +n% =3) + gr€ (n” +nn’ +n" = 3) + 0 () 42)

We will use (41) to find I'. In [18] we got

¢ ez(n2+nn’+n’2—3) 3
Cpp = —w 1 0 (€) (43)
1 * (2\/56) 2
At fixed point for small € we have g = g* = “5—~ + O(€”) so
Ty =56 (n*+nn' +n'* =3) + € (n® +nn’ +n'> = 3) + O (¢*) (44)

From (17) it is straightforward to see that this just coincides with the conformal dimension
Al w1 1,-1. Thus we conclude that ¢ in the A;p) theory flows to ¢ in Aép_l).
The second set contains tree fields:

pr=¢ [t da=¢lr 1] ds=0|n )] (45)

Their conformal dimensions (17) are

a1 S bro(d)
A[,’ll,n,"_l]:%+§(n+2n'—1)+0(62) 47)
Mg =g e 5w -neo(e) @

To derive the anomalous dimensions with (41) we will need the appropriate structure constants.
The structure constants for small € are [our work]:

_2n(n+n’ +3)+3(n’ +1) 2 _n(2n’ =3)+2n"% —6n’ +3

Coy= , = (49)
a 6V2n(n +n’) ¢:2 6V2n' (n+n’)

2nn’ +3n-3n" -3 1 m+ D’ =1 ((n+n)2 -1

3 I \/ (, ) (50)
’ 6\2nn’ L n+n 8nn

1 [(n2=1), +D(n+n’+1) 1 [n=D@?=1)(n+n’-1)

C31=_ ( ) ’ ’ C32=_r ( )/ (51)
¢ n 8n’(n+n’) ®> n 8n(n+n’)
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Thus we have all ingredients to derive the I" from (41). The result is

1 € 2n(n+n’+3)+3(n’+l)

F11_3 9(1+2n+ n(n+n’) )9 (52)
1 € , n(2n’ =3)+2(n’ =3)n" +3

RN (1 n-2n L ) , (53)

r33=1 f(1+n ’ 3("_+1)+2) (54)

39 nn’ n’

3 B € (n+l)(n’—1)((n+n’)2—l)

T2 =Ta = 3(n+ n’)\/ nn’ ’ ©5)
B € m2=1) (W +D(n+n +1)

I3 =031 = 3—n\/ W) 5 (56)

(n=-1)@2-1)(n+n - 1)
23 =132 = 3n’ \] n(n+n’) 7
The eigenvalues of this matrix are:
Tiiag ={§(3+e(n—n"+1)),§(3-€2n+n' - 1)), (3 +e(n+2n" +1))} (58)

Using (17) we see that the fields ¢, ¢> and ¢3 1nA(p) flow to the fields ¢ [ %L 7] g ["21 ] o [ 74 ] 1nA£p_l).

4. Matrix of anomalous w-weights
In perturbed theory W is no longer holomorphic. Indeed consider
W (e[ Aed) — g v LAl (59)

/6_<go(x1)...((z_lxi)2 (A+l)(z x)ax')W_l(p(x,) (p(xn))dle,..dzxz

where the Ward identities together with w, = 0 and W_s¢(z;) = ﬁazi W_1¢(z;) were used. From (29) with simple
manipulations we get

W ()e™ 04y = an LR (W p(0))e™ [ oL (60)
so we obtain the conservation low
Wz (2,2) + A SR 0W_19(2,2) = 0 (61)
Using this it is straightforward to see that
I(Z2W) + 7 =20 (2W_1p) = 2mA R W _1 (62)

The left hand side is the definition of the conserved current (in perturbation theory no longer conserved) connected to W
zero mode. So the corresponding (unconserved) charge is

Ow = fyu (2W@4E - A 2W 1 0(0) 45 ) (63)
Similar to (34) by using (62) we can show that the following combination of integrals do not depend on the choice of A
= Jor (W @80 4E: — AR 2W 1005045 ) + (64)

27558 [y Wo10(2)8p(0) 2 = —wpdp(0)

where we have used the fact that for small A only the first term in the first integral contributes. But again the initial right
hand side of this equation is independent of A so this equality holds for arbitrary A. Finally we obtain

Ow(¢p) = wpdp(0) +2rd55 [} TW_10(2)¢p(0) Fdz (65)
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From general arguments for the anomalous w-weight matrix up to 0(g?) we may write
Wap = wpdap +78bapCly + 0(g%) (66)

with some unknown coefficients b 5. For the case of second set of fields already discussed we can say more. Interestingly
the first order in € terms of A, and w, are proportional to each other

: Wi~ g 1 :

]lme_,()ﬁ = \/—6, for i= ],2,3 (67)
For self consistency at IR fixed g = g« I' and 20 should commute to be simultaneously diagonalizable. It is easily seen
that this is possible only if b o5 = \/LE fora,=1,2,3.

Thus the second set of fields (45) the matrix elements of 20 we get (cf. (52))

V23 e [ 6 3(+1) ,
Wi = +9\/_(n+n, n(n+n,)—2n—n+1), (68)
m e(nzn’+n(3n’2+n'—3)+n' (2n'2+n’—6)+3)
Wy, = + , (69)
9 9vVén’ (n+n’)
D)L 23 -+ 1) +3) =3+ 1)) (70)
=— n(n'(n-n -3(n ,
. 9 9v6nn’
m+ D@ -1 ((n+n)2 -1
Wiy =Wy = < \/ (, ) ’ 7h
3V6(n +n) nn
€ (P2=1) (W +D(n+n +1)
W3 =Ws3 = s 72
13 31 3\/611\/ n’(n+n’) (72)
€ n-1)(?%-1)(n+n -1)
D)L =920 = 73
23 32 3\@1,\/ nn s ) (73)
The eigenvalues of it are
2+€e(n—-n"+1) 2—e(2n+n’—1) 2+e(n+2n’+1)
Wyiqy = {ZEUpel) 2menan)) 2rcnn’sl)} (74)

These coincides with the w dimension of the fields ¢ rf&tll ,'l’,] o) ["n’,l ,'l’,] ¢ % ] in A(p D as expected.

A. How to pass to ¢* basis

Consider a basis of primary fields satisfying the condition (qﬁé(])(pg(O))A = 0qp. Letus try to find the matrix

which connects our initial fields to this new bases ¢. So ¢g, = Bgnpn where Bgy, = ogn + /lB[(;n). To derive B! let us
first consider

($a(1)gp(0)1 = ($a(1)9p(0) = A [($a(1)p(x)pp(0))dx = (75)
= Gap — AnCO YRt _ 5 o AnCE 2o o

where in the last line we have used the fact that A 5 g is small (of order €). Now let us consider

(Ga(D)dp(0)1 = ($583) - ABG) (Giaop) - ABY) (6 m) = 6ap - AB)) - ABL) (76)

By compering this (75) we obtain

(1) (1) a 2 0 _ @ (= L
B, st B - ﬂC<P/3 (e+hap)(e+hpa) — nC ».B ((6+Aﬁa) + (€+Aaﬁ)) 77

[e2
Dy _ "Cop

o = Tevdga)” So we recovered the result of (38).

Since Cg 8 is symmetric the natural solution B s B¢
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