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A dispersive representation based on unitarity and analyticity is used to study the low energy
W# → c# and W∗# → c# partial wave amplitudes. Final state interactions of the c# system
are critical to this analysis. The left-hand cut contribution is estimated by invoking baryon
chiral perturbation theory results, while the right-hand cut contribution responsible for final state
interaction effects is taken into account via an Omnès formalism with elastic phase shifts as input.
It is found that a good numerical fit can be achieved with only one subtraction parameter, and the
experimental data of the multipole amplitudes �0+, (0+ in the energy region below the Δ(1232) are
well describedwhen the photon virtuality&2 ≤ 0.1GeV2. Furthermore, we extend the partial wave
amplitudes to the second Riemann sheet to extract the couplings of the subthreshold resonance
#∗ (890). Its couplings extracted from the multipole amplitudes �0+, (0+ are comparable to those
of the #∗ (1535) resonance.
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1. Introduction

An important challenge in low energy QCD is to understand the nature of nucleons and
nucleon resonances. The electromagnetic couplings of these states have long been recognized as
an probe of information for understanding hadron physics. In recent decades there have been many
measurements of single pion photo- and electroproduction off nucleons, accumulating a wealth of
extensive data (for a review, see [1]). Based on the recent low energy experiments, partial wave
(PW) analyses have been performed to study the underlying structure of the nucleon resonances,
which can help us exploring the properties of QCD in the non-perturbative region.

Along with previous work in the literature [2], W# → c# and W∗# → c# processes are
helpful to determine the basic properties of nucleon resonances, such as pole structures, anomalous
magnetic and electromagnetic couplings. Furthermore, these studies will serve as the basis for
further photon nucleus investigation which can reveal the structure and electromagnetic properties
of nucleus, for instance, the investigation of light meson photoproduction off deuteron based on
scattering on nucleon [3].

At low energies, baryon chiral perturbation theory (BjPT) has become a successful tool to
explore the relevant processes, with regard to the near threshold region and the low partial wave,
which usually gives the precise accord [4–7]. However, BjPT only works well near the threshold
and fails at slightly higher energies. So some unitarity methods are necessarily adopted in order to
suppress the contributions from high energy region and recast unitarity of the amplitude.

The #/� method is widely used to unitarize the photoproduction amplitude and to fit the
experimental data in couple channel W# → c# and c# → c# reactions [8]. Meanwhile,
dynamical couple channel models, such as unitarity isobar model, Dubna–Mainz–Taipei (DMT)
model [9] and Jülich-Bonn-Washington (JBW) model [10], are proposed to give a comprehensive
understanding about plenty of partial waves with energy up to 2 GeV.

Based on BjPT calculations of pion photo- and electroproduction, we have performed a
dispersive analysis on these processes [11, 12]. Final state interaction is estimated by Omnès
solution [13] in single channel approximation. In order to achieve such a dispersive analysis,
efforts have been made in understanding the complicated analytic structure of the amplitudes. The
Omnès formalism is used in the study of scattering off nucleon in this talk, which have recently been
successfully applied to other processes, like WW → cc [14], [→ 3c [15], heavy meson decays [16],
and even the study of XYZ states [17].

Single pion electroproduction off the nucleon is described by 4 (;1)+# (?1) → 4 (;2)+# (?2)+
c(@). We only consider the lowest contribution, i.e., one-photon-exchange approximation, which
means the sub-process W∗(:) + # (?1) → # (?2) + c(@) in this talk. In this approximation, the
invariant amplitudeM = n`M`, takes the following form:

M` = −84 〈#c |�` (0) | #〉 = D̄ (?2)
( 6∑
8=1

�8"
`

8

)
D (?1) , n` = 4

D̄ (;1) W`D (;2)
:2 . (1)

Six independent structures are considered here taking advantage of electromagnetic current conser-
vation.

For PW amplitudes, the CGLN amplitudes F (F8) are conveniently usedM` =
4c
√
B

<#
j
†
2Fj1.

They are defined in the center of mass (CM) frame using Coulomb gauge. The matrix element F8
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reads [18]

F =8f · bF1 + f · q̂f · ( k̂ × b)F2 + 8f · k̂ q̂ · bF3 + 8f · q̂ q̂ · bF4

− 8f · q̂10F7 − 8f · k̂10F8, 1` = n` −
& · k̂
|k | :` . (2)

It is convenient to work with CGLN amplitudes giving simple representations in terms of electric,
magnetic and scalar (longitudinal) multipoles and derivatives of Legendre polynomials [19]

F1 =

∞∑
;=0

{
[;";+ + �;+] %′;+1(G) + [(; + 1)";− + �;−] %′;−1(G)

}
,

F2 =

∞∑
;=1
{(; + 1)";+ + ;";−} %′; (G) ,

F3 =

∞∑
;=1

{
[�;+ − ";+] %′′;+1(G) + [�;− + ";−] %

′′
;−1(G)

}
,

F4 =

∞∑
;=2
{";+ − �;+ − ";− − �;−} %′′; (G) ,

F7 =

∞∑
;=1
[;(;− − (; + 1)(;+] %′; (G) =

|:∗ |
:∗0
F6 ,

F8 =

∞∑
;=0

[
(; + 1)(;+%′;+1(G) − ;(;−%

′
;−1(G)

]
=
|:∗ |
:∗0
F5 ,

(3)

where G = cos \ = q̂ · k̂. The multipoles �;±, ";±, and(;± are functions of the CM total energy
, and the photon virtuality &2 = −@2, and refer to transversal electric, magnetic, and scalar
(longitudinal) transitions (!;± = (:0/|k |) (;±), respectively. Another common set of amplitudes
are helicity amplitudes, linearly related to the CGLN amplitudes. The relation between the two can
be found, e.g., in Ref. [1].

The isospin structure of the scattering amplitude can be written as

M (W∗ + # → c0 + #) = j†2
{
X03M (+) + 8n031g1M (−) + g0M (0)

}
j1 , (4)

where g0 (0 = 1, 2, 3) are Pauli matrices. We can define the isospin transition amplitudes by
" � ,�3

(
"

3
2 ,±

1
2 , "

1
2 ,±

1
2

)
, where {�, �3} denote isospin of the final c# system. The isospin transition

amplitudes can be obtained from �(±) and �(0) via

"
3
2 ,

1
2 = "

3
2 ,−

1
2 =

√
2
3

(
" (+) − " (−)

)
, (5)

"
1
2 ,

1
2 = −

√
1
3

(
" (+) + 2" (−) + 3" (0)

)
, (6)

"
1
2 ,−

1
2 =

√
1
3

(
" (+) + 2" (−) − 3" (0)

)
. (7)
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2. A dispersive analysis on pion electroproduction off nucleons

We only consider the lowest PW �0+, (0+ in (11 (!2� 2� ) channel in this talk. The treatment of
the chiral interaction using SU(2) BjPT up to O(?2) is described in detail in Ref. [11]. Considering
the Watson‘s final state theorem and using the dispersion relation, the multipoles �0+, (0+ (herewith
abbreviated asM ) in (11 channel are related to the O(?2) chiral amplitudesM! [20]:

M(B) =M! (B) +Ω(B)
(
B=

c

∫ ∞

B'

sin X(B′)M! (B′)
|Ω(B′) |B′= (B′ − B) dB

′ + P=−1(B)
)
, (8)

where the subscript ‘!’ means it only contains left-hand cut contribution; B',! = (<c ± <# )2 is
c# threshold (pseduthreshold); P= (B) is a =’s-order subtraction polynomial. In the case of single
channel problem, auxiliary function Ω(B) has a well-known analytic representation—the Omnès
solution [13]:

Ω(B) = exp
(
B

c

∫ ∞

B'

X (B′)
B′ (B′ − B) dB

′
)
, (9)

where X(B) is the c# (11 phase shift, in accordance with the Watson’s final state theorem.
Applicability of the Omnès formalism (8) relies on the ability to separate the amplitude into

two pieces, the one having only left-hand cuts and the other having only a right-hand one. This, a
priori, is not the case if the left-hand cuts overlapped with the unitary cut. Therefore, we review our
calculations and used the method in Ref. [21] to analyze the singularity structure of the amplitudes.
This method relies on the feasibility of double spectral representation. To be specific, the dynamical
singularities of amplitudes can be obtained by investagating the dispersion integral. As shown in
Fig. 1, all cuts are classified in the case of &2 = 0 as follows:

I) Unitarity cut, B ∈ [B',∞) on account of B-channel continuous spectrum;

II) C-channel cut, 1. arc stems from 4<2
c ≤ C ≤ 4<2

#
; 2. B ∈ (−∞, 0] corresponds to C ≥ 4<2

#
;

III) D-channel cut, B ∈
(
−∞, BD =

<# (<2
#
−<2

c−<c<# )
<c+<#

]
due to D ≥ B';

IV) Pole, B = <2
#
, due to C-channel pion exchange and D-channel nucleon exchange.

Also for &2 ≠ 0 case (&2 � <2
#
):

I) Unitarity cut, B ∈ [B',∞) on account of B-channel continuous spectrum;

II) C-channel cut, 1. arc stems from 4<2
c ≤ C ≤ 4<2

#
; 2. B ∈ (−∞, 0] corresponds to C ≥ 4<2

#
;

III) D-channel cut, B ∈
(
−∞, BD =

<3
#
−<2

c<#−<c (<2
#
+&2)

<c+<#

]
due to D ≥ B';

IV) Cut due to C-channel pion exchange, with branch points located at 0, �C , �†C ;

V) Cut due to D-channel nucleon exchange, with branch points located at 0, �D , �†D .
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&2 = 0

C channel

B = B2

BD

D channel

B'

B channel

<2
#

0

'

Im(B)

Re(B)

&2 = 0.1GeV2

C channel

B = B2

•�C

•�
†
C

BD

D channel

•�D

•�
†
D

B'

B channel

0

'

Im(B)

Re(B)

Figure 1: Singularities in the complex B plane. The left panel is real photon case, and the right is the case
of virtual photon.

In the following we only give the positions and parameters in Fig. 1 related to the virtual photon-
production and the real photon case is obtained easily by setting &2 = 0. The positions of the two
pairs of branch point and the parameters of the arc are written as

�C , �
†
C = "

2 − &
2

2
± 8

√
4"2&2 − <2&2 − &

4

4
+ "

2

<2 &
4 , (10)

�D , �
†
D = "

2 − 1
2
<2

"2&
2 ± 8

√
4<2&2 − <

2

"2<
2&2 + <

2

"2&
4 − 1

4

(
<2

"2

)2
&4 , (11)

'2 = (<2
# +&2) (<2

# − <2
c) , (12)

B2 = <
2
# −

&2

2
− 3<2

c

2
. (13)

Compared to real photon case, the singularities of virtual photon case include some additional
branch cuts in the complex B plane, rather than on the real axis. A more detailed study of real
and virtual photoproduction is discussed in Refs. [11, 12], where it is pointed out that there are
additional kinematical singularities from relativistic kinematics, especially in an inelastic scattering
process. The possible singularities in our PW analysis ((11 channel) are displayed in Fig. 2. It
can be concluded that all cuts do not cover the unitarity cut [12], so the whole singularities can be
divided into right-hand cuts and left-hand cuts.

<2
#

0

Im(B)

Re(B)
<2
#

<2
#
−&2
Δ

Δ†
0

Im(B)

Re(B)

Figure 2: The kinematical singularities in the B plane. The left panel describes the real photonproduction,
and the right is the case of virtual photon. The pole B = <2

#
− &2 is derived from the requirement of gauge

invariance and Δ = <2
#
−&2 + 82"&.
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Figure 3: Real and imaginary parts of the �0+ multipole within ? and = targets. Fit I is the case of once
subtraction, and fit II is the case of twice subtraction.

By virtue of Eq. (8), the B-wave multipoles ((11 channel) are obtained by fitting �0+((0+)
of proton (?) and neutron (=) targets simultaneously to data, derived from SAID PW analysis
group [22] for photoproduction and DMT2001 and MAID2007 for electroproduction. The phase
shifts are extracted from the c# (-matrix given in the Roy-Steiner analysis [23]. The fit results of
photoproduction for both targets are displayed in Fig. 3. It is found that a once subtraction P0 = 0

is enough. Since we notice that the effects of twice subtractions (P1 = 0B + 1) does not get a
improved physical outputs and the fit parameters 0 and 1 of fit II are highly negative correlated,
with a correlation coefficient that is nearly −1. Thus, fit I is more advisable.

As for electroproduction, the fit procedure is similar as before. The only subtle thing worth
noting is the fact that the subtraction constant 0(&2) is &2 dependent in principle. However,
we further assume 0(&2) to be independent of &2, since it mainly depends on the couplings
between photon and light vector mesons such as d and l due to vector meson dominance. Similar
discussions on this issue in the mesonic sector (WW → cc) can be found in Ref. [24]. The fit results
with &2 = 0.06GeV2 are plotted in Fig. 4 both for MAID and DMT models.

It is convincing that no matter what data are used, the fit results of multipoles are similar. The
results can illustrate that Omnès-like method is very powerful and effective in low energy regions
and low &2 regions. The method is superior to pure O(?2) perturbation calculations in the sense
that the dispersive representation can generate the corresponding imaginary parts. Further, it is
hard to compare the O(?4) jPT results [5–7] and our calculations. In our calculation, we only
use the left-hand part contribution extracted from the O(?2) amplitude. In principle, an O(?4)
calculation is advantageous compared with an O(?2) calculation. But in a perturbation calculation,
unitarization effects are not taken into account, which are automatically fulfilled in our scheme.

3. Electromagnetic couplings of the subthreshold resonance

In Refs. [25–27], evidences are found on the possible existence of a subthresthod resonance
named #∗(890) in the (11 channel using the method proposed in Ref. [28–32] (for a review, see
Ref. [33]). Further, some follow-up work confirmed this discovery in different ways such as  -
matrix [34] and #/� method [35]. It could be surprising to notice that the pole position, is located
below the threshold B'. However, a subthreshold pole on the second Riemann (RS) sheet with such

6
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Figure 4: �0+ and (0+ for ? and = targets: the “data” are from MAID (two left columns) and DMT (two
right columns), respectively.

a large imaginary part is allowed and its existence does not violate the principle of QFT such as
causality, etc.. By analyzing the whole pion production process, the above estimates of amplitudes
can be utilized to obtain the electromagnetic couplings of #∗(890).

The PW electroproduction amplitude on the second RS can be deduced via

MII
; (B) =

M; (B)
S; (B)

, (14)

whereS; (B) corresponds to the (matrix of c# scattering, with the same quantumnumbers asM; (B).
In the vicinity of a second RS pole B', S(B) can be approximated by S(B) ' S′ (BR) (B − BR). For
such a pole, we can define the residues as

MII (B→ BR) '
6W# 6c#

B − BR
, (15)

6W# and 6c# denote the W# and c# couplings, respectively. Compared with Eq. (14), we obtain

6W# 6c# '
M;

(
Bp

)
S′
;

(
Bp

) , (16)

The c# coupling can also be extracted from 62
c#
' T;

(
Bp

)
/S′

;

(
Bp

)
, where T; (B) is the correspond-

ing PW c# amplitude. Using the above formulae, we can calculate the (virtual-)photon decay
amplitudes �pole

1/2 ((pole1/2 ) at the pole position of #
∗ [36]:

�
pole
1/2

(
&2

)
= 6�W#

√
3c,p

<# :
cm
p
, (

pole
1/2

(
&2

)
= 6(W#

√
3c,p

2<# :cm
p
, (17)

7
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#∗ (890) #∗ (1535)
|6c# |2 0.2GeV2 [25] 0.08GeV2 [37]
|6W# | 0.032GeV [11] 0.024GeV [38]
|?�1/2 | 0.17GeV−1/2 [11] 0.007GeV−1/2 [38]

Table 1: Results of the couplings and the modulus of p target decay amplitudes.

where :cm = (,2 − <2
#
)/(2,) is the real photon equivalent energy in CM frame.

According to Eq. (16), the residues of #∗(890), 6W# 6c# , can be extracted from multipoles
�0+, (0+. In themeantime, 62

c#
can be computed by using 62

c#
' T;

(
Bp

)
/S′

;

(
Bp

)
, whichwas already

obtained in Ref. [25]. We employed our fit of MAID data, and chose
√
B = 0.882 − 0.1908 for pole

position to extract pole residues. T
(
Bp

)
can be obtained throughS

(
Bp

)
= 1+28dc#

(
Bp

)
T

(
Bp

)
= 0,

where dc# =
√
(B − B') (B − B!)/B. The values of the residues and the decay amplitudes at the

#∗(890) and #∗(1535) pole positions are presented in Tab. 1. In the case of elecproduction, the
common &2 dependence virtual decay amplitudes �1/2(&2) and (1/2(&2) are also obtained in
Fig. 5.

Figure 5: The blue solid line and the red dashed line represent real and imaginary parts of virtual photon
decay amplitudes at pole position

√
B = 0.882 − 0.1908, respectively.

In Tab. 1, we just note that the magnitude of the coupling of #∗(890) 6c# is larger than that of
#∗(1535). One can immediately obtain the residue of photoproduction using Eq. (16). It is clear
that the magnitudes of 6W# are nearly the same. However, the magnitude of the real photon decay
amplitudes ?�1/2 of #∗(890) is also larger than that of #∗(1535) due to the kinematical factor in
Eq. (17). Similarly, it is also the reason why the values of virtual decay amplitudes in Fig. 5 are so
large. But there is a potential difficulty to be concerned. The values of the virtual decay amplitudes
are highly sensitive to the pole position of #∗(890), which is derived from fitting data of c# (11

8
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phase shift. Bearing these considerations in mind, Fig. 5 should be treated as a qualitative order
of magnitude estimation rather than a quantitative calculation. An improved result relies on the
precise location of #∗(890), in prospect of accurate calculations in the future, such as Roy-Steiner
analysis like f [39] and ^ [40].

The authors would like to thank Han-Qing Zheng for a close collaboration. This work is sup-
ported in part by National Nature Science Foundations of China (NSFC) under Contracts No.
11975028 and No. 10925522.
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