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In this talk, we present the results of the complete one-loop matching of the seesaw model onto
its low-energy effective theory by integrating out three right-handed neutrinos at the one-loop
level. We find that there are 31 independent dimension-six operators (barring flavor structures
and Hermitian conjugates) in the Warsaw basis, and the standard-model couplings and the Wilson
coefficient of the Weinberg operator acquire threshold corrections at the one-loop level. The
complete Lagrangian up to dimension-six at the one-loop level is derived, which is indispensable
for consistent explorations of the impact of heavy right-handed neutrinos at low energies.
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One-loop Matching for the Seesaw Model Di Zhang

1. Introduction

The canonical seesaw model with three right-handed neutrinos [1] is one of the most natural
and the simplest extensions of the Standard Model (SM) to account for tiny but nonzero neutrino
masses. As a bonus, the seesaw model also provides an elegant explanation for the matter-antimatter
asymmetry of the Universe via the leptogenesis mechanism [2]. Since the mass scale of right-handed
neutrinos is typically much higher than the electroweak scale, i.e., 𝑀 ≫ ΛEW ∼ O

(
102) GeV, one

can integrate out heavy right-handed neutrinos and work in the corresponding effective field theory
(EFT), i.e., the so-called seesaw EFT (SEFT) to explore low-energy consequences of heavy right-
handed neutrinos. In this way, one can easily perform large logarithm resummations by means of
the renormalization group equations (RGEs) in the EFT. The tree-level structure of SEFT derived by
integrating out right-handed neutrinos at the tree level has been obtained in Ref. [3], and contains
the unique Weinberg operator [4] and two dimension-six (dim-6) operators in the Warsaw basis.
The former one generates tiny neutrino masses, whereas the latter two modify the couplings of
neutrinos with weak gauge bosons after gauge symmetry is spontaneously broken. However, if one
wants to take into account one-loop effects in the seesaw model, the tree-level SEFT is not enough.
In this case, the one-loop SEFT achieved by integrating out heavy right-handed neutrinos at the
one-loop level is indispensable for consistently exploring one-loop consequences of right-handed
neutrinos, e.g., radiative decays of charged leptons in the SEFT [5]. In this talk, we summarize the
results of one-loop matching of the seesaw model, i.e., integrate out heavy right-handed neutrinos
at the one-loop level, and achieve the complete one-loop structure of the SEFT [6]. Then, we show
self-consistent calculations of radiative decays of charged leptons.

2. Matching between ultraviolet theory and effective field theory

The idea to match a given ultraviolet (UV) theory to the corresponding low-energy EFT is to
equate the one-light-particle-irreducible (1LPI) effective action (i.e., ΓL,UV) in the UV theory with
the one-particle-irreducible (1PI) effective action (i.e., ΓEFT) in the EFT at the matching scale 𝜇,
i.e.,

ΓL,UV
[
𝜙B

]
= ΓEFT

[
𝜙B

]
, (1)

in which 𝜙B denotes the light background field and both effective actions can be calculated by
means of the background field method [7]. By making use of the functional approach, one can
easily derive the tree-level Lagrangian of the EFT, namely

Ltree
EFT

[
𝜙B

]
= LUV

[
Φ̂c

[
𝜙B

]
, 𝜙B

]
, (2)

where Φ̂c
[
𝜙B

]
is the localized solution of the classical equation of motion for the heavy field ΦB,

𝛿LUV [Φ, 𝜙]
𝛿Φ

����
Φ=Φc [𝜙B] ,𝜙=𝜙B

= 0 . (3)

The one-loop Lagrangian of the EFT can be calculated via [8]∫
d𝑑𝑥L1−loop

EFT
[
𝜙B

]
=

i
2

STr ln (−𝑲)
����
hard

− i
2

∞∑︁
𝑛=1

1
𝑛

STr
[(
𝑲−1𝑿

)𝑛] �����
hard

, (4)
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𝑋2𝐻2 𝜓2𝐷𝐻2 Four-quark

O
𝐻𝐵

𝐵𝜇𝜈𝐵
𝜇𝜈𝐻†𝐻 O (1)𝛼𝛽

𝐻𝑄

(
𝑄

𝛼L𝛾
𝜇𝑄

𝛽L

) (
𝐻†i

↔

𝐷𝜇𝐻

)
O (1)𝛼𝛽𝛾𝜆
𝑞𝑢

(
𝑄

𝛼L𝛾
𝜇𝑄

𝛽L

) (
𝑈

𝛾R𝛾𝜇𝑈𝜆R

)
O
𝐻𝑊

𝑊 𝐼
𝜇𝜈𝑊

𝐼𝜇𝜈𝐻†𝐻 O (3)𝛼𝛽
𝐻𝑞

(
𝑄

𝛼L𝛾
𝜇𝜏𝐼𝑄

𝛽L

) (
𝐻†i

↔

𝐷 𝐼
𝜇𝐻

)
O (8)𝛼𝛽𝛾𝜆
𝑞𝑢

(
𝑄

𝛼L𝛾
𝜇𝑇 𝐴𝑄

𝛽L

) (
𝑈

𝛾R𝛾𝜇𝑇
𝐴𝑈

𝜆R

)
O
𝐻𝑊𝐵

𝑊 𝐼
𝜇𝜈𝐵

𝜇𝜈
(
𝐻†𝜏𝐼𝐻

)
O𝛼𝛽

𝐻𝑢

(
𝑈

𝛼R𝛾
𝜇𝑈

𝛽R

) (
𝐻†i

↔

𝐷𝜇𝐻

)
O (1)𝛼𝛽𝛾𝜆
𝑞𝑑

(
𝑄

𝛼L𝛾
𝜇𝑄

𝛽L

) (
𝐷

𝛾R𝛾𝜇𝐷𝜆R

)
𝐻4𝐷2 O𝛼𝛽

𝐻𝑑

(
𝐷

𝛼R𝛾
𝜇𝐷

𝛽R

) (
𝐻†i

↔

𝐷𝜇𝐻

)
O (8)𝛼𝛽𝛾𝜆
𝑞𝑑

(
𝑄

𝛼L𝛾
𝜇𝑇 𝐴𝑄

𝛽L

) (
𝐷

𝛾R𝛾𝜇𝑇
𝐴𝐷

𝜆R

)
O
𝐻□

(
𝐻†𝐻

)
□
(
𝐻†𝐻

)
O (1)𝛼𝛽
𝐻ℓ

(
ℓ
𝛼L𝛾

𝜇ℓ
𝛽L

) (
𝐻†i

↔

𝐷𝜇𝐻

)
O (1)𝛼𝛽𝛾𝜆
𝑞𝑢𝑞𝑑

(
𝑄𝑎

𝛼L𝑈𝛽R

)
𝜖𝑎𝑏

(
𝑄𝑏

𝛾L𝐷𝜆R

)
O
𝐻𝐷

(
𝐻†𝐷𝜇𝐻

)∗ (
𝐻†𝐷𝜇𝐻

)
O (3)𝛼𝛽
𝐻ℓ

(
ℓ
𝛼L𝛾

𝜇𝜏𝐼ℓ
𝛽L

) (
𝐻†i

↔

𝐷 𝐼
𝜇𝐻

)
Four-lepton

𝐻6 O𝛼𝛽

𝐻𝑒

(
𝐸
𝛼R𝛾

𝜇𝐸
𝛽R

) (
𝐻†i

↔

𝐷𝜇𝐻

)
O𝛼𝛽𝛾𝜆

ℓℓ

(
ℓ
𝛼L𝛾

𝜇ℓ
𝛽L

) (
ℓ
𝛾L𝛾𝜇ℓ𝜆L

)
O
𝐻

(
𝐻†𝐻

)3
𝜓2𝐻3 O𝛼𝛽𝛾𝜆

ℓ𝑒

(
ℓ
𝛼L𝛾

𝜇ℓ
𝛽L

) (
𝐸
𝛾R𝛾𝜇𝐸𝜆R

)
𝜓2𝑋𝐻 O𝛼𝛽

𝑢𝐻

(
𝑄

𝛼L𝐻𝑈𝛽R

) (
𝐻†𝐻

)
O𝛼𝛽

𝑒𝐵

(
ℓ
𝛼L𝜎

𝜇𝜈𝐸
𝛽R

)
𝐻𝐵𝜇𝜈 O𝛼𝛽

𝑑𝐻

(
𝑄

𝛼L𝐻𝐷
𝛽R

) (
𝐻†𝐻

)
O𝛼𝛽

𝑒𝑊

(
ℓ
𝛼L𝜎

𝜇𝜈𝐸
𝛽R

)
𝜏𝐼𝐻𝑊 𝐼

𝜇𝜈 O𝛼𝛽

𝑒𝐻

(
ℓ
𝛼L𝐻𝐸

𝛽R

) (
𝐻†𝐻

)
Semi-leptonic

O (1)𝛼𝛽𝛾𝜆
ℓ𝑞

(
ℓ
𝛼L𝛾

𝜇ℓ
𝛽L

) (
𝑄

𝛾L𝛾𝜇𝑄𝜆L

)
O𝛼𝛽𝛾𝜆

ℓ𝑢

(
ℓ
𝛼L𝛾

𝜇ℓ
𝛽L

) (
𝑈

𝛾R𝛾𝜇𝑈𝜆R

)
O𝛼𝛽𝛾𝜆

ℓ𝑒𝑑𝑞

(
ℓ
𝛼L𝐸𝛽R

) (
𝐷

𝛾R𝑄𝜆L

)
O (3)𝛼𝛽𝛾𝜆
ℓ𝑞

(
ℓ
𝛼L𝛾

𝜇𝜏𝐼ℓ
𝛽L

) (
𝑄

𝛾L𝛾𝜇𝜏
𝐼𝑄

𝜆L

)
O𝛼𝛽𝛾𝜆

ℓ𝑑

(
ℓ
𝛼L𝛾

𝜇ℓ
𝛽L

) (
𝐷

𝛾R𝛾𝜇𝐷𝜆R

)
O (1)𝛼𝛽𝛾𝜆
ℓ𝑒𝑞𝑢

(
ℓ𝑎
𝛼L𝐸𝛽R

)
𝜖𝑎𝑏

(
𝑄𝑏

𝛾L𝑈𝜆R

)
Table 1: Dim-6 operators in the seesaw model at the one-loop level in the Warsaw basis, where the Hermitian
conjugates of the operators in classes 𝜓2𝑋𝐻 and 𝜓2𝐻3 and four-fermion operators are not listed explicitly.

where 𝑲 and 𝑿 are the inverse-propagator and interaction matrices, respectively, and can be
extracted from the UV Lagrangian via

𝛿2LUV
��
Φ=Φ̂c [𝜙B] = 2LUV [𝜑 + 𝛿𝜑]

��
Φ=Φ̂c [𝜙B] ⊃ 𝛿𝜑𝑖

(
𝑲𝑖𝛿𝑖 𝑗 − 𝑿𝑖 𝑗

)
𝛿𝜑 𝑗 (5)

with 𝜑 being field multiplet and containing fields and their conjugates. Then, one may calculate
supertraces in Eq. (4) with the help of the Mathematica package SuperTracer [10] or STrEAM [11]
based on the covariant derivative expansion (CDE) method [9].

3. Complete one-loop structure of the SEFT

With the help of Eqs. (2) and (4), and the Lagrangian of the seesaw model, i.e.,

LUV = LSM + 𝑁Ri/𝜕𝑁R −
(
1
2
𝑁𝑐

R𝑀𝑁R + ℓL𝑌𝜈𝐻𝑁R + h.c.
)

(6)

with LSM being the SM Lagrangian, one can obtain the complete Lagrangian of the SEFT up to
dim-6 at the one-loop level, namely,

LSEFT = LSM

(
𝑚2 → 𝑚2

eff , 𝜆 → 𝜆eff , 𝑌𝑙 → 𝑌 eff
𝑙 , 𝑌u → 𝑌 eff

u , 𝑌d → 𝑌 eff
d

)
+
[
1
2

(
𝐶

(5)
eff

)
𝛼𝛽

O (5)
𝛼𝛽

+ h.c.
]
+ 1

4

(
𝐶

(6)
tree

)
𝛼𝛽

[
O (1)𝛼𝛽
𝐻ℓ

− O (3)𝛼𝛽
𝐻ℓ

]
+
∑︁
𝑖

𝐶𝑖O𝑖 , (7)

where O
𝑖

denote the dim-6 operators listed in Table 1 including Hermitian conjugations of the
non-Hermitian operators, while 𝐶

𝑖
refer to the one-loop contributions to corresponding Wilson

3
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coefficients. Explicit expressions of all the effective couplings and Wilson coefficients can be found
in Ref. [6]. Here, we only show those for O

𝑒𝐵
and O

𝑒𝑊
, i.e.,

𝐶
𝛼𝛽

𝑒𝐵
=

𝑔1

24 (4𝜋)2

(
𝑌𝜈𝑀

−2𝑌†
𝜈𝑌𝑙

)
𝛼𝛽

, 𝐶
𝛼𝛽

𝑒𝑊
=

5𝑔2

24 (4𝜋)2

(
𝑌𝜈𝑀

−2𝑌†
𝜈𝑌𝑙

)
𝛼𝛽

. (8)

These two dim-6 operators directly contribute to radiative decays of charged leptons after sponta-
neous gauge symmetry breaking as follows [5]

iM
(
𝑙−𝛽 → 𝑙−𝛼 + 𝛾

)
=

i𝑒𝑔2
2

6 (4𝜋)2 𝑀2
𝑊

(
𝑅𝑅†

)
𝛼𝛽

[
𝜖∗𝜇𝑢

(
𝑝2
)

i𝜎𝜇𝜈𝑞𝜈

(
𝑚𝛼𝑃L + 𝑚𝛽𝑃R

)
𝑢
(
𝑝1
) ]

(9)

where 𝑅 ≡ 𝑣𝑌𝜈𝑀
−1/

√
2 with 𝑣 ≈ 246 GeV and 𝑚𝛼 denotes the mass of 𝑙−𝛼. Together with one-loop

contributions from the tree-level SEFT, Eq. (9) reproduces the results in the full theory [12].

4. Summary

We have carried out the complete one-loop matching of the seesaw model onto the corre-
sponding seesaw effective field theory, and obtained 31 independent dim-6 operators (barring flavor
structures and Hermitian conjugates) in the Warsaw basis up to the one-loop level. Moreover, the
standard model couplings acquire threshold corrections in the seesaw effective field theory, which
are the very matching conditions for two-loop renormalization group equations. The obtained
one-loop structure of the seesaw effective field theory is indispensable to consistent calculations of
one-loop consequences of heavy right-handed neutrinos in the seesaw model.

This work was supported by the National Natural Science Foundation of China under grants No.
12075254 and No. 11835013.
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