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We go beyond the state-of-the-art by combining first principal lattice results and effective field
theory approaches as Polyakov Loop model to explore the non-perturbative dark deconfinement-
confinement phase transition and the generation of gravitational-waves in a dark Yang-Mills
theory. We further include fermions with different representations in the dark sector. Employing
the Polyakov-Nambu-Jona-Lasinio (PNJL) model, we discover that the relevant gravitational wave
signatures are highly dependent on the various representations. We also find a remarkable interplay
between the deconfinement-confinement and chiral phase transitions. In both scenarios, the future
Big Bang Observer experiment has a higher chance to detect the gravitational wave signals.
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1. Introduction

Dark composite dynamics is particularly interesting since it connects several deep concepts
in particle physics such as: non-perturbative physics, dynamical symmetry breaking, UV comple-
tion and naturalness. However, (Dark) composite dynamics face challenges to be explored both
theoretically and via experiments and thus any extra test is important. In this contribution, we
review the results from [1, 2] where we unify first principle lattice simulations and gravitational
wave astronomy to constrain the dark sector and provide an alternative test for the dark composite
theories. For very recent review, see e.g. [3].

2. Foundation

2.1 What composes the strongly coupled sector?

We construct the strongly coupled sector by using the Dark Yang-Mills theories. We consider
two kinds of system in this work: 1. pure gluons 2. gluons with fermions. For pure gluons, it
will lead to confinement-deconfinement phase transition. In the case involving fermions, it will
lead to either chiral phase transition or confinement-deconfinement phase transition depends on the
corresponding fermion representations. In the future work, it might also be interesting to involve
scalars as well.

2.2 How to describe the strongly coupled sector?

For pure gluons, there are three well-established effective field theories: 1. Polyakov loop
model (PLM) [1, 4, 5]; 2. Matrix Model [6] 3. Holographic QCD model [7].

For system with gluons and fermions, there are also three known effective field theories:
1. Polyakov loop improved Nambu-Jona-Lasinio model (PNJL) [2]; 2. linear sigma model [8];
3. Polyakov quark meson model [9]. In this work, we will focus on PLM and PNJL.

2.3 Polyakov Loop Model for Pure Gluons

Pisarski first proposed the Polyakov-loop Model as an effective field theory to describe the
confinement-deconfinement phase transition of SU(N) gauge theory [10]. In a local SU(N) gauge
theory, a global center symmetry Z(N) is used to distinguish confinement phase (unbroken phase)
and deconfinement phase (broken phase). An order parameter for the Z(N) symmetry is constructed
using the Polyakov Loop (thermal Wilson line) [11]

L(®x) = P exp
[
i
∫ 1/T

0
A4(®x, τ) dτ

]
. (1)

The symbolP denotes path ordering and A4 is the Euclidean temporal component of the gauge field.
Here, the Polyakov Loop transforms like an adjoint field under local SU(N) gauge transformations.

It is convenient to define the trace of the Polyakov loop as an order parameter for the Z(N)
symmetry

` (®x) =
1
N

Trc[L] , (2)
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where Trc denotes the trace in the colour space. Under a global Z(N) transformation, the Polyakov
loop ` transforms as a field with charge one

` → eiφ`, φ =
2π j
N
, j = 0,1, · · · , (N − 1) . (3)

The expectation value of ` i.e. < ` > has the important property:

〈`〉 = 0 (T < Tc, Confined) ; 〈`〉 > 0 (T > Tc, Deconfined) . (4)

At very high temperature, the vacua exhibit a N−fold degeneracy:

〈`〉 = exp
(
i
2π j
N

)
`0, j = 0,1, · · · , (N − 1) . (5)

where `0 is defined to be real and `0 → 1 as T →∞.

2.4 Effective Potential of the Polyakov Loop Model

The simplest effective potential preserving the ZN symmetry in the polynomial form is [10]

V (poly)
PLM = T4

(
−

b2(T)
2
|` |2 + b4 |` |

4 + · · · − b3

(
`N + `∗N

))
where b2(T) = a0 + a1

(
T0
T

)
+ a2

(
T0
T

)2
+ a3

(
T0
T

)3
+ a4

(
T0
T

)4
, (6)

where “· · · " represent any required lower dimension operator than `N and the ai, bi coefficients in
V (poly)
PLM are determined by fitting the lattice results.

2.5 Including Fermions

The Polyakov-loop-Nambu-Jona-Lasinio (PNJL) model is used to describe phase-transition
dynamics in dark gauge-fermion sectors [12]. The finite-temperature grand potential of the PNJL
models can be generically written as

VPNJL = VPLM[`, `
∗] + Vcond

[
〈ψ̄ψ〉

]
+ Vzero

[
〈ψ̄ψ〉

]
+ Vmedium

[
〈ψ̄ψ〉, `, `∗

]
, (7)

where VPLM[`, `
∗], Vcond

[
〈ψ̄ψ〉

]
and Vzero

[
〈ψ̄ψ〉

]
denotes respectively the Polyakov loop model

potential (discussed above), the condensate energy and the fermion zero-point energy. The medium
potential Vmedium

[
〈ψ̄ψ〉, `, `∗

]
encodes the interactions between the chiral and gauge sector which

arises from an integration over the quark fields coupled to a background gauge field.

3. Bubble Nucleation and Gravitatioanl Wave

3.1 Bubble Nucleation

Confinement-deconfinement phase transition
The confinement-deconfinement phase transition applies to the pure gluon case. In a first-

order phase transition, the transition occurs via bubble nucleation and it is essential to compute the
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nucleation rate. The tunnelling rate due to thermal fluctuations from the metastable vacuum to the
stable one is suppressed by the three-dimensional Euclidean action S3(T)

Γ(T) = T4
(

S3(T)
2πT

)3/2
e−S3(T )/T , (8)

where the three-dimensional Euclidean action reads (for the pure gluon case)

S3(T) = 4πT
∫ ∞

0
dr ′ r ′2

[
1
2

(
d`
dr ′

)2
+ V ′eff(`,T)

]
. (9)

Note that here [`] = 0, I thus convert the radius into a dimensionless quantity r ′ = r T .
The bubble profile (instanton solution) is obtained by solving the E.O.M. of the S3(T)

d2`(r ′)
dr ′2

+
2
r ′

d`(r ′)
dr ′

−
∂V ′eff(`,T)

∂`
= 0 , (10)

where the boundary conditions (deconfinement→ confinement) are
d`(r ′ = 0,T)

dr ′
= 0 , lim

r′→0
`(r ′,T) = 0 . (11)

We used the method of overshooting/undershooting (Python package).
Chiral Phase Transition The chiral phase transition applies to the case when fermions under

the fundamental representations are involved. We use the chiral condensate σ ∝ 〈ψ̄ψ〉 as the
order parameter. In this case, the procedure to obtain the bubble profile is similar to the above
discussions. However, the boundary conditions Eq. (11) need to be changed accordingly since
chiral phase transition do not possesses the characteristics of symmetry non-restoration.

3.2 Gravitational-wave spectrum

Contributions to the gravitational wave spectrum from bubble collision and turbulence are
subleading and thus we focus on the sound wave. The GW spectrum from sound waves is given by

h2
ΩGW( f ) = h2

Ω
peak
GW

(
f

fpeak

)3
[
4
7
+

3
7

(
f

fpeak

)2
]− 7

2

, (12)

where the peak frequency writes

fpeak ' 1.9 · 10−5 Hz
( g∗

100

)1
6
(

T
100GeV

) (
β̃

vw

)
, (13)

and the peak amplitude writes

h2
Ω

peak
GW ' 2.65 · 10−6

(
vw

β̃

) ( κsw α
1 + α

)2 (
100
g∗

)1
3

Ω
2
dark , (14)

where α, β, vw and κsw denote respectively the strength parameter, the inverse duration, wall
velocity and the efficiency factor. Note that the factor Ω2

dark accounts for the dilution of the GWs by
the non-participating SM d.o.f.

Ωdark =
ρrad,dark

ρrad,tot
=

g∗,dark

g∗,dark + g∗,SM
. (15)

In Fig. 1, I present the GW spectrum for arbitrary N in the pure gluon case. It is interesting to see
that for N = 6, it provides the strongest gravitational wave signals and future gravitational wave
detectors as BBO and DECIGO have a better chance to detect the signals.
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Figure 1: The dependence of the GW spectrum on the number of dark colours is shown for the values
N = 3,4,5,6,8. All spectra are plotted with the bubble wall velocity set to the Chapman-Jouguet detonation
velocity and with Tc= 1 GeV.

Rep. flavour chiral PT conf.-deconf.
Fund. 3 1st X
adjoint 1 2nd 1st
2-index Sym. 1 2nd 1st

Table 1: Representations versus different phase transitions. X denotes no phase transition.
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Figure 2: GW spectra of the chiral/confinement phase transition of SU(3) with Nf = 3 fundamental quarks
(left), Nf = 1 adjoint quarks (middle), and Nf = 1 two-index symmetric quarks (right) for a benchmark
scenario and the best-case scenario in the parameter space. Figures taken from [2].

3.3 Representation Matters

In Tab. 1, I present for different group representations, their corresponding phase transitions
(chiral or confinement-deconfinement) and the order (first or second). Their corresponding GW
spectra are displayed in Fig. 2. We observe that the one flavour two-index symmetric representation
case provides the strongest gravitational wave signals. It is also interesting to notice that compared
to the pure gluon case, adjoint quarks suppress the GW signal while two-index symmetric quarks
enhance it. In Fig. 3, I present the signal to noise ratio (SNR) as a function of the critical temperature
for different representations. We observe that SNR varies with respect to different representations
and the one flavour two-index symmetric representation case provides the biggest SNR consistent
with the results shown in Fig. 2.
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Figure 3: Signal-to-noise ratio as a function of the critical temperature for the best-case scenarios of each
model at BBO and DECIGO with an observation time of 3 years.
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