PROCEEDINGS

OF SCIENCE

Three-loop four-particle QCD amplitudes

Piotr Bargieta®*
“Rudolf Peierls Centre for Theoretical Physics, University of Oxford,
Clarendon Laboratory, Parks Road, Oxford OX1 3PU, U.K.

E-mail: piotr.bargiela@physics.ox.ac.uk

We present recent advancements in the computation of three-loop four-particle helicity amplitudes
in full-color massless QCD. In this contribution, we focus on the gg — yy process. We show
how to obtain compact analytic formulae for the three-loop scattering amplitude. Our results
can be expressed in terms of harmonic polylogarithms, which allows for an efficient numerical
evaluation. The results presented here can be used for improving theoretical predictions relevant
for Higgs physics at hadron colliders.
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1. Introduction

This year, we are celebrating the 10™ anniversary of the Higgs boson discovery at the Large
Hadron Collider (LHC) [1, 2]. With this achievement, the particle content of the Standard Model
has been confirmed. Nonetheless, further efforts are still necessary in order to well establish
all properties of fundamental interactions. Experimentally, it requires performing high-precision
measurements of physical observables. Theoretically, this precision needs to be matched by Standard
Model predictions. At the LHC, most of the real and virtual radiation is due to strong interactions,
described by Quantum Chromodynamics (QCD). Accurate theoretical predictions require higher-
order perturbative calculations. For virtual corrections, this in turn requires the knowledge of
multi-loop scattering amplitudes. Only recently, the three-loop precision has been reached in
the full-color QCD for the following processes: g4 — vy [3], ¢¢ — qq [4], gg — yvy [5],
gg — gg 6], qq — gg [7] (listed here chronologically). Here we will focus on the computation of
the amplitude for gg — yy [5].

2. Computation

Let us consider the three-loop amplitude for the g(p1) + g(p2) — y(—p3) + y(—p4) process.
At this order, there are 3299 Feynman diagrams, one of which is depicted in Fig. 1. This number
is almost 24 times larger than at the two-loop level, but still about 15 times smaller than for the
gg — gg process. When all Feynman diagrams are summed up to obtain the three-loop amplitude,
the result contains three structures: color, Lorentz tensors, and Feynman integrals. The color
structure can be extracted either formally, following SU(3) Lie algebra, or diagrammatically, using
"t Hooft’s double line formalism [8]. For this process, the color algebra does not pose any challenge.
In particular, color factors can be expressed in terms of quadratic Casimir invariants. Therefore,
from now on we will focus on the much more involved tensor and integral structures.

Before computing the required Feynman integrals, we transformed the integrand into a Lorentz
scalar form. In general, there are non-trivial Lorentz vector indices arising from external polarization
vectors and y matrices originating from the §y*q vertex structures. Given the large number of
Feynman diagrams involved, these quickly lead to a lot of different Lorentz tensor structures. From
now on, we will refer to these structures simply as fensors. If one were to enumerate the independent
tensors in d dimensions for this process at three loops, they would find 138 inequivalent ones. This
number can be reduced to 10 by requiring transversality and by choosing an explicit reference vector
for the external polarisation vectors. On the other hand, the number of independent helicity states
in d=4 is 2%/2=8, assuming parity invariance. Therefore, the number of 10 tensors independent
in d dimensions should be possible to further reduce to 8 in four dimensions. This is indeed
possible [9, 10]. In particular, if one works in the ’t Hooft-Veltman scheme, one can project out two
redundant tensors from the four-dimensional subspace with a standard orthogonalization procedure
and only deal with 8 independent structures. This approach is loop-universal and it provides a
1-to-1 correspondence between helicity amplitudes and Lorentz scalar coefficients in the tensor
basis, called form factors.

After expressing the amplitude in terms of form factors, one is left with a large number of
three-loop Feynman integrals to evaluate. In our case, we obtained about 4 - 10° different Feynman
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Figure 1: Example Feynman diagram and the three corresponding structures in the amplitude.
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integrals. In order to compute them in an efficient way, we reduced them to a minimal basis, and
then evaluated only this set. They reduced the number of integrals by O(20). The most involved
step was to use the Integration-By-Parts (IBP) relations [11] to project all remaining integrals onto a
basis set of Master Integrals (MIs). In general, coefficients in the MI basis are rational functions of
the dimension d and kinematic invariants. IBP identities follow from the shift invariance of scalar
Feynman integrals, and together with Lorentz invariance identities generate a linear system [12].
In order to solve such a complicated system, we made use of some modern mathematical methods.
We exploited IF), finite-field arithmetic [13] to numerically reconstruct analytic expressions for the
rational coefficient functions. In addition, we used syzygy-based techniques [14] from algebraic
geometry to constrain the number of redundant integrals generated by IBP relations. Moreover, we
partial fractioned the rational coefficient functions in both the dimension d and kinematic invariants.
It exposed the analytic structure of the amplitude, which consists of poles and branch cuts in the
kinematic invariants coming from the rational functions and Mls. In this manner, we obtained a
fully analytic decomposition of all 4 - 10° integrals in a basis of 486 M.

The analytic expressions for four-particle three-loop massless MlIs have been computed be-
fore [15]. Nonetheless, we have decided to recompute them independently as a check. The modern
approach to finding analytic expressions for MIs relies on two steps: constructing a Differential
Equation (DE) in the kinematics invariants, and computing the associated boundary condition.
Firstly, one can find a set of MIs for each of the 9 integral families depicted in Fig. 1 (bottom-
right). Since MIs form a basis, a derivative of a MI can be further IBP reduced in the same basis
of MlIs, thus closing the system of DEs. With an appropriate choice of MI basis, the DE has a
so-called canonical form [16], and can be easily solved perturbatively in the dimensional regulator
€ = (4—d)/2. Ateach €" order, the result can be written in terms of the well-known Harmonic
Polylogarithms (HPL) [17] with only two letters, O and 1, in correspondence with poles of the
DE. Secondly, our general solution to the DE requires fixing the associated boundary condition.
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For planar topologies, one could obtain information about the boundary terms by requiring that
the solution does not contain a particular branch cut in some physical channel, see e.g. Ref. [18].
Since for the complicated non-planar topologies this method does not work, we relied on the UV
regularity constraint [15]. It follows from an assumption that Feynman integrals should be regular
around each pole of the DE. The DE can be directly solved in a vicinity of the pole, which generates
linear relations between boundary constants. In fact, for our DE, all boundary conditions can be
related, order by order in €, to a single overall normalization factor. This is in agreement with
Ref. [15]. Therefore, in this manner, we had to compute only one simple overall normalization
integral with direct integration methods in order to reconstruct all the 4 - 10® Feynman integrals in
the problem.

3. Results

The final expression for the bare scattering amplitude is linear in HPLs with rational function
coefficients, expanded as a series in powers of €. Since the UV and IR behaviour is univer-
sal, we can predict all € poles from lower-loop results. Due to the Kinoshita-Lee-Nauenberg
theorem, these poles cancel exactly against real emission divergences when combining into the
partonic cross section. Thus, the genuinely new physical information is contained in the UV-
renormalized IR-finite part of the amplitude. Remarkably, huge expressions present at inter-
mediate stages of the calculation can be reduced with aforementioned methods into a com-
pact formula. For the simplest helicity configuration, the finite part of the amplitude reads
W = ML) P CL + Do) nYECACE + As(x) npn}2Ca + Aa(x) (1) )2Ca + As(x) N2 CF + Ao (x) (n} )2Cp + Ag(x) npn'}2Cr + Ag(x) nn 2

+H{(x) o (1-0},
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The simplicity of the result partially originates from the lack of tree-level amplitude for this process.
Moreover, the all-plus amplitude is just a constant at one-loop order, thus dropping the highest
transcendental weight by two. Still, the complexity of amplitudes in other helicity configurations
does not increase beyond O(10) with respect to the expression above. After cancelling spurious
poles in the kinematic variable x = —(p1 + p3)?/(p1 + p2)?, these compact expressions can be
efficiently evaluated numerically in O (us) per each phase-space point.

4. Outlook

Future directions of investigations are twofold, phenomenological and formal. Phenomenolog-
ically, the three-loop amplitude for gg — 77y can be used to compute a fully differential hadronic
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cross section. In particular, the three-loop amplitude computed here, together with two-loop results
for yy+jet production [19], allow one to compute theoretical predictions for gluon-induced diphoton
production at the LHC at next-to-next-to-leading order (NNLO). Although the main diphoton pro-
duction mechanism at the LHC is through quark annihilation, the gluon fusion channel is interesting
because it interferes with the Higgs boson amplitude and such an interference can be used to put
bounds on the value of lifetime of the Higgs boson [20, 21]. On the formal side, the described
methods can be used for other three-loop four-particle massless processes. Computing three-loop
QCD corrections to y+jet production and light-by-light scattering would complete the set of 2 — 2
massless scattering amplitudes at this perturbative order. In addition, it would be interesting to
understand why these processes require only one independent boundary MI. The answer to this
question may help us unveil the hidden amplitude structure.
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