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We investigate a doubly-bottomed tetraquark state Tbb (bbūd̄) with quantum number I (JP) =
0(1+) in (2 + 1)-flavor lattice QCD. Using the Non-Relativistic QCD (NRQCD) quark action for
b quarks, we have extracted the coupled channel potential between B̄B̄∗ and B̄∗ B̄∗ in the HAL
QCD method at a ≈ 0.09 fm on 323 × 64 lattices. The potential predicts an existence of a bound
Tbb below the B̄B̄∗ threshold. At the physical pion mass mπ ≈ 140 MeV extrapolated from
mπ ≈ 410, 570, 700 MeV, a binding energy with its statistical error is given by E (coupled)

binding = 83(10)
MeV from a coupled channel analysis where effects due to virtual B̄∗ B̄∗ states are included through
the coupled channel potential, while we obtain E (single)

binding = 155(17) MeV only from a potential for a
single B̄B̄∗ channel. This difference indicates that the effect from virtual B̄∗ B̄∗ states is sizable to
the binding energy of Tbb . Adding ±20 MeV as empirical systematic error caused by the NRQCD
approximation for b quarks, our estimate of the Tbb binding energy becomes 83(10)(20) MeV.
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1. Introduction

A tetraquark state is one of exotic states in QCD other than mesons and baryons and is made
of two quarks and two antiquarks. Recently heavy tetraquark states, made of two heavy quarks and
two light antiquarks, attract much attentions, probably because they are genuine tetraquark states
as QQq̄q̄ or qqQ̄Q̄, where Q and q are a heavy and a light quarks respectively. We denote such a
heavy tetraquark state as TQQ. Indeed, an observation of Tcc (ccūd̄) state just below the D∗+D0

threshold was reported by the LHCb collaboration[1]. While results from previous lattice QCD
calculations[2, 3] were inconclusive, the latest lattice QCD study[4] suggests a virtual state for Tcc .

Another candidate for heavy tetraquark states is Tbb (bbūd̄ or b̄b̄ud), which has not been
observed yet but is more likely to exist as a bound state than Tcc, since a force between two b̄ is
probably described by a screened Coulomb potential, generated as a mixture of one-gluon-exchange
at short distance and a screening due to light quarks at long distance.

There are several lattice studies on Tbb. The single channel potential between B̄ and B̄∗,
calculated using the static quark action to treat b quarks on the lattice, predicted an existence of
one bound state in the I (JP) = 0(1+) channel, whose binding energy is extrapolated to the physical
pion mass as EB = 90+43

−36[5]. The coupled channel potential between B̄B̄∗ and B̄∗ B̄∗ reduces the
binding energy to EB = 59+30

−38[6]. Direct spectrum calculations in lattice QCD using NRQCD for b
quarks to include their moving in space increase the binding energy significantly to EB ' 120 ∼ 165
MeV[7–9].

Aims of our study are to confirm an existence of a bound Tbb and to investigate its properties,
employing the HAL QCD potential method[10–12], which is different from methods in previous
studies. In particular, we have performed a coupled channel analysis with moving b quarks by
NRQCD, in order to see how competing effects, the reduction by the coupled channel and the
enhancement by the moving b quarks, finally determines the binding energy of Tbb.

2. Methodology

2.1 HAL QCD method

Since a threshold of the B∗ := B̄∗ B̄∗ channel is only about 45 MeV above the B := B̄B̄∗

threshold, we have carried out a coupled channel analysis in our study. Namely, we employ
the time-dependent coupled channel HAL QCD method[13, 14] at the leading order (LO) in the
derivative expansion, which is summarized as follows. The time-dependent 2 × 2 coupled channel
equation reads(

∇

2µα
−
∂

∂t
+

1 + δ2α
8µα

∂2

∂t2

)
Rαξ (r, t)︸                                          ︷︷                                          ︸

:=K α
ξ

'
∑
β

∆̃
αβ (t)

∫
d3r ′Uαβ (r, r′)Rβξ (r′, t) (1)

where α, β = 0(B), 1(B∗), µα is a reduced mass of the channel α, and

δα :=
|mα1 − mα2 |

mα1 + mα2

, ∆̃αβ (t) =

√
Zβ1 Zβ2

Zα1 Zα2

e−(mβ1+mβ2 )t

e−(mα1+mα2 )t , (2)
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with mαi and Zαi being mass and Z-factor of the i-th particle in the channel α. Here the normalized
correlation function for the source operator J †ξ with ξ = 0, 1 and hadron operators Hαi is given by

Rαξ (r, t − t0) =
1

e−(mα1+mα2 )(t−t0)

∑
x
〈0|Hα1 (x + r, t)Hα2 (x, t)J †ξ (t0) |0〉. (3)

A potential matrix at the LO in the derivative expansion of Uαβ (r, r′) = Vαβ (r)δ(3) (r − r′) is
extracted from the above equation as

*
,

V 00(r) ∆̃(01) (t)V 01(r)
∆̃(10) (t)V 10(r) V 11(r)

+
-
= *

,

K 0
0(r) K 0

1(r)
K 1

0(r) K 1
1(r)

+
-

*
,

R0
0(r) R0

1(r)
R1

0(r) R1
1(r)

+
-

−1

. (4)

A mild t dependence of the LO potential matrix extracted in the above procedure indicates that
inelastic contributions as well as truncation errors in the LO approximation are small.

2.2 NRQCD action for heavy quarks

Since b quarks are too heavy to treat relativistically at lattice spacings in currently available
gauge configurations, we have employed the NonRelativistic QCD (NRQCD) formulation[15] for
b quarks, where a time evolution of the two-spinor NRQCD propagator Gψ is controlled by the
HamiltonianHψ := H0 + δH as

G(x, t + 1|s0) =
(
1 −
H0
2n

) n (
1 −
δH

2

)
U†4 (x)

(
1 −
δH

2

) (
1 −
H0
2n

) n

G(x, t |s0) + s0(x)δt,−1,(5)

whereH0 = −
1

2M∆
(2) is the leading Hamiltonian at O(v2) with M and v being a mass and a velocity

of a b quark, respectively, s0 is a source vector, and n = 2 is a stabilized parameter. In our study,
we take O(v4) terms for δH =

∑6
i=1 ciδH (i) with

δH (1) = −
1

2M
σ · B, δH (2) =

i
8M2 (∇ · E − E · ∇) , δH (3) = −

1
8M
σ · (∇ × E − E × ∇) ,

δH (4) = −
1

8M3

(
∆

(2)
) 2
, δH (5) =

1
24M

∆
(4), δH (6) = −

1
16nM2

(
∆

(2)
) 2
, (6)

where all ci’s are taken to be tree level values (ci = 1) with the tadpole improvement that Uµ →

Uµ/u0[16], ∇, ∆(2), ∆(2) are 1st, 2nd and 4th order symmetric covariant difference in space,
respectively, and the chromo-electromagnetic fields E and B are given by the standard clover-leaf
definition. Correspondingly, the FWT transformation matrix at O(v4)[17] is employed in our study.

A mass of heavy-light meson X with the NRQCD b quark is extracted as

MX =
p2 − (EX (p) − EX (0))2

2 (EX (p) − EX (0))
, (7)

where EX (p) =
√

p2 + M2
X − δ is an energy of the X meson with a momentum p, and δ is an

additive mass renormalization for the b quark. We do not have to know δ in the above formula.

3
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2.3 Operators

For the coupled channel analysis(α = 0, 1), we employ 2 types of meson-meson local sink
operators given by

Bj (r) :=
∑

x

{
Bu (x + r)B∗d, j (x) − [u ↔ d]

}
, Bq (x) := q̄(x)γ5b(x), B∗q, j (x) := q̄(x)γjb(x),

B∗j (r) := ε jk`
∑

x

{
B∗u,k (x + r)B∗d,` (x) − [u ↔ d]

}
. (8)

Since both B†j and (B∗j )† source operators create similar combinations of two independent states,
we introduce a diquark operator made of heavy and light diquarks as

J
D
†

j
=

(
εabc b̄bγjCb̄c

) (
εade d̄dCγ5ūe

)
− [u ↔ d] , (9)

where C = γ4γ2 is a charge-conjugation matrix. To create two different Rαξ ’s (ξ = 0, 1) with wall
quark sources in the Coulomb gauge fixing, we take a meson-meson operator J

B
†

j
made of the

creation operator of Bj for ξ = 0 and a diquark operator J
D
†

j
for ξ = 1.

2.4 Lattice QCD configurations

In our study, we have employed 2 + 1 flavor full QCD configurations generated by the CP-
PACS Collaboration[18] with the Iwasaki gauge action and the Wilson-Clover light quark action
at a ' 0.09 fm, and 400 configurations are used at each pion mass, mπ = 701, 571, 461 MeV.
We tune the b quark mass Mb to reproduce the spin-averaged bb̄ mass, Mspin−avg.

bb̄
' 9450 MeV,

leading to Mspin−avg
B̄

:= (MB̄ +3MB∗ )/4 = 5440(174), 5382(269), and 5332(220) MeV at each pion
mass, which agree with an experimental value, 5313 MeV within 5% statistical errors, while the
spin-splitting ∆EB̄B̄∗ := MB̄∗ − MB̄ decreases as 49.4(2.6), 44.9(1.6) and 42.7(3.9) MeV.

3. Numerical results

3.1 Leading order potentials

0.0 0.5 1.0 1.5 2.0
r [fm]

−500

−400

−300

−200

−100

0

V
(r
)
[M

eV
]

3-Gauss fit

t = 13

0.0 0.5 1.0 1.5 2.0
r [fm]

−500

−400

−300

−200

−100

0

V
3
G
(r
)
[M

eV
]

t = 12

t = 13

t = 14

Figure 1: (Left) A single channel potential (blue circles) extracted at t = 13, together with the 3 Gaussian
fit by a red line. (Right) A comparison among fits at t = 12, 13, 14.
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Fig. 1 (Left) shows that a potential for a single B channel is attractive at all distances smaller
than 1.0 fm and is well described by a sum of 3 Gaussians (red line). A small t dependence of the
potential in Fig. 1 (Right) suggests that contributions from inelastic states as well as higher order
terms in the derivative expansion are well under control.
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Figure 2: 2 × 2 coupled-channel potentials (blue circles) extracted at t = 13, together with 3 Gaussian fits
by red lines.

Fig. 2 shows a LO coupled channel potential at mπ = 701 MeV, extracted at t = 13. A diagonal
potential V BB is attractive at all distances smaller than 0.8 fm but the range of attraction is shorter
than 1.0 fm in the single channel, while V B

∗B∗ has a repulsive core surrounded by an attractive
pocket at r ' 0.4 fm. We have surprisingly found that off-diagonal parts are not symmetric leading
to a large violation of the Hermiticity. In addition, off-diagonal interaction between B and B∗ are
comparable to diagonal ones in magnitudes. Therefore, such strong off-diagonal interactions should
be taken into account in the scattering analysis even for the single channel scattering below the B∗

threshold, as will be seen in the next subsection.
The coupled channel potential is also well fitted by a sum of 3 Gaussian functions (red lines in

Fig. 2) at each pion mass. As the pion mass decreases, both diagonal and off-diagonal potentials
become stronger and more long-ranged. Thus a mixing effect due to off-diagonal potentials remains
relevant even at the physical pion mass.

3.2 Scattering analysis

Since the Hermiticity of the coupled channel potential is badly violated, probably due to the
LO approximation, we consider a single channel scattering in the B channel below the B∗ threshold
while employing 2 × 2 coupled channel potential VXY to include virtual B∗ states. Integrating

5
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out virtual B∗ contributions, an effective single channel potential becomes non-local and energy-
dependent as

UBBeff,E (x, y) = V BB (x)δ(3) (x − y) + V BB
∗

(x)GB
∗B∗

E (x, y)V B
∗B (y), (10)

where GB
∗B∗

E is a propagator of B∗ in the presence of the diagonal potential V B
∗B∗ at energy E.
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Figure 3: Results of p cot δ(p) in the B channel as a function of the energy measured from the B threshold,
W −MB̄−MB̄∗ , at mπ = 701 (pink), 571 (orange), and 416 (red) MeV, together with the bound state condition,
−
√
−p2, by a blue solid curve. A think band along −

√
−p2 curve shows a binding energy calculated by the

GEM, which agrees well with an intersection between the p cot δ(W ) and the bound state condition.

Solving the Lippmann-Schwinger equation with the fitted coupled channel potentials, we
extract scattering phase shift δ(p) in the single channel B below the inelastic threshold of the
channel B∗, where p is a magnitude of momentum extracted from the center of mass energy
as W =

√
p2 + M2

B̄
+

√
p2 + M2

B̄∗
. Fig. 3 shows p cot δ(p) as a function of the energy from

the B threshold, W − MB̄ − MB̄∗ , at mπ = 701 (pink), 571 (orange), and 416 (red) MeV. At
0 < W − MB̄ − MB̄∗ < MB̄∗ − MB̄ ' 45 MeV, phase shifts δ(p) is physical, while an existence of
a bound state is examined by its analytic continuation at W − MB̄ − MB̄∗ < 0. Since an analytic
continuation of the on-shellT-matrix has a pole at p cot δ(p) = ip, an intersection between p cot δ(p)
(pink, orange and red bands) and −

√
−p2 in Fig. 3 corresponds to a bound states in the B channel,

showing that there exists one bound Tbb state at each pion mass. Note that the intersection at each
pion mass satisfies the physical pole condition[19] that

d2

dp2

[
p cot δ(p) − (−

√
−p2)

] �����p2=−p2
BS

< 0, (11)
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where pBS corresponds to a magnitude of the bound state momentum. We also calculate the binding
energy solving the Schrödinger equation directly by the Gaussian Expansion Method (GEM)[20],
and results represented by thick lines along the bound state condition (blue curve) agree with ones
by p cot δ(p), as seen in Fig. 3.
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Figure 4: (Left) The binding energy obtained by the GEM as a function of the pion mass squared m2
π ,

together with a linear chiral extrapolation in m2
π to mπ = 140 MeV by solid lines. Results from the single

channel analysis (magenta circles) and the coupled channel analysis (cyan circles) are shown.
(Right) The ERE at mπ = 140 MeV (green band), obtained with a0 and reff,0 by linear extrapolations in m2

π ,
together with the bound state condition, −

√
−p2 (blue solid curve). An intersection between the two satisfies

the physical pole condition and, moreover, agrees well with the binding energy by the GEM at mπ = 140
MeV (red thick curve along −

√
−p2).

Fig. 4 (Left) shows the binding energy by the GEM as a function of m2
π from the coupled

channel analysis (cyan circles), together with a chiral extrapolation linear in m2
π by a blue solid. For

a comparison, the result from the standard single channel analysis, where the potential in Fig. 1 is
used, for example, is also given by magenta circles. At the physical pion mass, mπ = 140 MeV, we
obtain

E (single,phys)
binding = −154.8 ± 17.2 MeV, E (coupled,phys)

binding = −83.0 ± 10.2 MeV, (12)

which shows roughly a 50 % reduction of the binding energy due to contributions from virtual B∗

states. Thus the coupled channel analysis is indeed important to estimate the binding energy for
Tbb more precisely.

As a cross check, we have performed the chiral extrapolation of the effective range expansion
(ERE) parameters a0 and reff,0, obtained from a linear fit in p2 as p cot δ(p) = − 1

a0
+

reff,0
2 p2 at

each pion mass. A linear extrapolation in m2
π leads to a0 = 0.43(5) fm and reff,0 = 0.18(6) fm

at mπ = 140 MeV in the coupled channel analysis. Then the binding energy at the physical point
(mπ = 140 MeV) is alternatively estimated from an intersection between the ERE with these a0
and reff,0 (green band) and the bound state condition −

√
−p2 (blue solid curve), as shown in Fig. 4

(Right). The intersection satisfies the physical pole condition and agrees well with the binding
energy by the GEM directly extrapolated to the physical point. This agreement in the binding
energy between two extrapolations to the physical point provides a validity of our analysis.
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4. Conclusion
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Figure 5: A comparison of binding energies for the tetra uark bound state Tbb among several lattice QCD
calculations, our results (blue), spectra with the NRQCD (orange, red, magenta and brown), and the static
quark potential (green), from single channel (crosses) and couple channel (circles) analyses.

We have calculated S-wave channel potentials between B̄ and B̄∗, and found one bound Tbb

state at three pion masses. The linear chiral extrapolation of the binding energy in m2
π gives (12),

and adding an empirical systematic error of ±20 MeV to each value, we compare our results with
other lattice results in Fig. 5. First of all we observe a consistency in the binding energy of Tbb

among the single channel analysis with the NRQCD for b quarks including our results. Secondly
the biding energy of Tbb increases if the treatment of the b quark on the lattice is changed from the
static quark to the NRQCD. Thirdly an inclusion of virtual B∗ effects reduce the binding energy of
Tbb. In particular, the reduction becomes 50% using the HAL QCD potential combined with the
NRQCD for b quarks.

Our numerical calculation has been performed on Yukawa-21 at YITP, Kyoto University. This
work is supported in part by the JSPS Grant-in-Aid for Scientific Research (Nos. JP16H03978,
JP18H05236).
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