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1. Introduction

To further our understanding of strong interactions in the standard model, it is of interest to look
at particle resonances at low energy, such as kaon-pion scattering. While this can be formulated
using an effective-theory approach such as chiral perturbation theory [1], simulations of lattice
QCD can provide both qualitative and quantitative insight from first principles. This is one of
the cleanest scattering processes with regard to systematics and is a stepping stone towards high
precision calculations that are particulary sensitive to certain systematic effects, such as in [2] and
[3].

In this project, we compute the s-wave 𝐾𝜋 scattering length in the two isospin channels:
𝐼 = 1/2 and 3/2. There are previous determinations for these two quantities [4–6] at unphysically
heavy pion and/or kaon masses which use chiral perturbation theory to extrapolate the results to the
physical pion and kaon mass. In our work, we calculate the scattering length directly at physical
masses, using 23 configurations on a 483 × 96 lattice with inverse spacing 𝑎−1 = 1.730(4) GeV [7].
We use the Möbius domain wall fermion action and an all-to-all setup with meson-field contractions
for computing propagators. We compute a number of low modes of the Dirac operator exactly, and
the high modes are stochastically sampled by inverting the Dirac operator on 𝑍2×𝑍2 noise sources.

2. Methodology

We are interested in the s-wave scattering length, 𝑎0, described by Lüscher’s formula [8] for
interactions in a Euclidean volume of spatial extent 𝐿 as

Δ𝐸𝐾 𝜋 = − 2𝜋𝑎0

`𝐾 𝜋𝐿
3

(
1 + 𝑐1

𝑎0
𝐿

+ 𝑐2
𝑎2

0
𝐿2

)
+ O

( 1
𝐿6

)
, (1)

where 𝑐1 = −2.837297, 𝑐2 = 6.375183 and `𝐾 𝜋 = 𝑚𝜋𝑚𝐾/(𝑚𝜋 + 𝑚𝐾 ) is the reduced mass. Eqn.
(1) relates the scattering length to Δ𝐸𝐾 𝜋 , the binding energy of the 𝐾𝜋 composite state. This in
turn can be extracted by studying the ground state of the 2-point function of some 𝐾𝜋 operator. In
our study, we choose the following 𝐾𝜋 operator

𝑂𝐾 𝜋 (𝑡) = 𝐾 (𝑡 + 𝛿)𝜋(𝑡), (2)

where the kaon and pion are separated in time by 𝛿 = 𝑎 in order to avoid unwanted contributions
from additional Wick contractions of the correlated 𝑍2 noise sources. The corresponding 2-point
function

𝐶𝐾 𝜋 (𝑡) =⟨𝑂snk
𝐾 𝜋 (𝑡)𝑂

†src
𝐾 𝜋

(0)⟩ = ⟨𝐾 (𝑡 + 𝛿)𝜋(𝑡) (𝐾 (𝛿)𝜋(0))†⟩, (3)

has a straightforward spectral decomposition in infinite volume with ground state energy 𝐸𝐾 𝜋 =

𝑚𝐾 + 𝑚𝜋 + Δ𝐸𝐾 𝜋 . However, periodic boundary conditions introduce ‘around-the-world’ effects,
giving rise to additional terms

𝐶𝐾 𝜋 (𝑡) =|⟨𝐾𝜋 |𝐾 (𝛿)𝜋(0) |0⟩|2
(
𝑒−𝐸𝐾𝜋 𝑡 + 𝑒−𝐸𝐾𝜋 (𝑇−𝑡 )

)
(4)

+ |⟨𝜋 |𝐾 (𝛿)𝜋(0) |𝐾⟩|2𝑒−𝑚𝐾 𝑡𝑒−𝑚𝜋 (𝑇−𝑡 ) (5)
+ |⟨𝐾 |𝐾 (𝛿)𝜋(0) |𝜋⟩|2𝑒−𝑚𝜋 𝑡𝑒−𝑚𝐾 (𝑇−𝑡 ) (6)
+ · · ·
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where 𝑇 is the time extent of the lattice, and further terms are suppressed by multiples of pion and
kaon masses. The 2-point function has a cosh-like term (4) and two around-the-world (ATW) terms
(5) and (6) corresponding to single meson states going around the periodic boundary. The binding
energy, Δ𝐸𝐾 𝜋 , appears in the cosh-like term and to extract it precisely from 𝐶𝐾 𝜋 , we must account
for the two ATW terms. Note that this is the case even with the modest statistical precision of our
study.

Using all-to-all propagators should allow for low statistical error per configuration in 𝐶𝐾 𝜋 (𝑡)
by averaging multiple source planes. However, it is possible to have further noise cancellations on
each configuration by instead studying the ratio

𝑅𝐾 𝜋 (𝑡) =
𝐶𝐾 𝜋 (𝑡)

𝐶𝐾 (𝑡)𝐶𝜋 (𝑡)
=

⟨𝐾 (𝑡 + 𝛿)𝜋(𝑡) (𝐾 (𝛿)𝜋(0))†⟩
⟨𝜋(𝑡)𝜋(0)†⟩⟨𝐾 (𝑡 + 𝛿)𝐾 (𝛿)†⟩

, (7)

which also separates into a cosh-like piece, 𝑅cosh
𝐾 𝜋

(𝑡), and an ATW piece 𝑅ATW
𝐾 𝜋

(𝑡). Here we use the
pion and kaon 2-point functions, which we separately fit to also extract the values of the pion and
kaon masses and their amplitudes.

The ATW part of this ratio is given by

𝑅ATW
𝐾 𝜋 (𝑡) =

���� ⟨𝜋 |𝐾 (𝛿)𝜋(0) |𝐾⟩
⟨0|𝐾 |𝐾⟩⟨𝜋 |𝜋 |0⟩

����2 𝑒−𝑚𝐾 𝑡𝑒−𝑚𝜋 (𝑇−𝑡 )(
𝑒−𝑚𝜋 𝑡 + 𝑒−𝑚𝜋 (𝑇−𝑡 )

) (
𝑒−𝑚𝐾 𝑡 + 𝑒−𝑚𝐾 (𝑇−𝑡 ) ) (8)

+
���� ⟨𝐾 |𝐾 (𝛿)𝜋(0) |𝜋⟩
⟨0|𝐾 |𝐾⟩⟨𝜋 |𝜋 |0⟩

����2 𝑒−𝑚𝜋 𝑡𝑒−𝑚𝐾 (𝑇−𝑡 )(
𝑒−𝑚𝜋 𝑡 + 𝑒−𝑚𝜋 (𝑇−𝑡 )

) (
𝑒−𝑚𝐾 𝑡 + 𝑒−𝑚𝐾 (𝑇−𝑡 ) ) . (9)

All terms in this equation are fully determined by the information from the pion and kaon
2-point functions except for the matrix elements ⟨𝜋 |𝐾 (𝛿)𝜋(0) |𝐾⟩ and ⟨𝐾 |𝐾 (𝛿)𝜋(0) |𝜋⟩. In order
to compute them, we separately construct correlation functions — called 𝐶𝜋𝐾 𝜋𝐾 and 𝐶𝐾𝐾 𝜋𝜋
respectively — that carry these matrix elements in their ground state contributions. In particular,
we use the following 3-point functions

𝐶𝜋𝐾 𝜋𝐾 = ⟨𝜋(Δ)𝐾 (𝑡 + 𝛿)𝜋(𝑡)𝐾 (0)⟩ (10)
= ⟨0|𝜋 |𝜋⟩⟨𝜋 |𝐾 (𝛿)𝜋(0) |𝐾⟩⟨𝐾 |𝐾 |0⟩𝑒−𝑚𝜋 (Δ−𝑡 )𝑒−𝑚𝐾 𝑡 + · · · ,

𝐶𝐾𝐾 𝜋𝜋 = ⟨𝐾 (Δ)𝐾 (𝑡 + 𝛿)𝜋(𝑡)𝜋(0)⟩ (11)
= ⟨0|𝐾 |𝐾⟩⟨𝐾 |𝐾 (𝛿)𝜋(0) |𝜋⟩⟨𝜋 |𝜋 |0⟩𝑒−𝑚𝜋 𝑡𝑒−𝑚𝐾 (Δ−𝑡 ) + · · · .

The unknown matrix elements ⟨𝜋 |𝐾 (𝛿)𝜋(0) |𝐾⟩ and ⟨𝐾 |𝐾 (𝛿)𝜋(0) |𝜋⟩ can then be extracted by
fitting these 3-point functions to their analytical forms. In this way we can now completely account
for the ATW contributions and what remains is to extract the signal. As before, the signal lies in
the cosh-like term

𝑅cosh
𝐾 𝜋 (𝑡) = 𝐴

(
𝑒−(𝑚𝜋+𝑚𝐾+Δ𝐸𝐾𝜋 )𝑡 + 𝑒−(𝑚𝜋+𝑚𝐾+Δ𝐸𝐾𝜋 ) (𝑇−𝑡 ) )(
𝑒−𝑚𝜋 𝑡 + 𝑒−𝑚𝜋 (𝑇−𝑡 )

) (
𝑒−𝑚𝐾 𝑡 + 𝑒−𝑚𝐾 (𝑇−𝑡 ) ) , (12)

where all the terms are known except the amplitude, 𝐴, and Δ𝐸𝐾 𝜋 which we fit for. Using the
fit value of Δ𝐸𝐾 𝜋 in Lüscher’s formula (1), we are able to determine the value of the scattering
length. The lattice quantities required for this analysis are the pion and kaon 2-point functions,
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K1(δ) K2(t+ δ)

π1(0) π2(t)

a) D

K1 K2

π1 π2

b) C

K1 K2

π1 π2

c) R

Figure 1: Diagrams corresponding to various Wick contractions that contribute to 𝐶𝐾 𝜋 . Operators with
subscripts 1 and 2 correspond to the source and sink operators respectively.

the 𝐾𝜋 2-point function, and the two 3-point functions for determining the unknown ATW matrix
elements.

Now that the procedure for calculating the scattering length is well defined, recall that we must
do this for the two isospin channels 𝐼 = 1/2 and 3/2. The above described procedure remains
the same for the two isospin channels, however, in each case a given correlator is made up of
weighted diagrammatic contributions corresponding to the isospin-dependent Wick contractions
for that channel. The source operator in eqn. (3) is fixed to

𝑂src
𝐾 𝜋 (𝑡) = 𝑇 [(𝑢𝛾5𝑠) (𝑡 + 𝛿) (𝑢𝛾5𝑑) (𝑡)] , (13)

while different sink operators are used to project onto the isospin 1/2 or 3/2 channels

𝑂
snk 𝐼=1/2
𝐾 𝜋

(𝑡) = 𝑇
[
(𝑑𝛾5𝑠) (𝑡 + 𝛿) (𝑢𝛾5𝑑) (𝑡) − 1

2 (𝑢𝛾5𝑠) (𝑡 + 𝛿) (𝑑𝛾5𝑑) (𝑡)

+ 1
2 (𝑢𝛾5𝑠) (𝑡 + 𝛿) (𝑢𝛾5𝑢) (𝑡)

]
, (14)

𝑂
snk 𝐼=3/2
𝐾 𝜋

(𝑡) = 𝑇 [(𝑢𝛾5𝑠) (𝑡 + 𝛿) (𝑢𝛾5𝑑) (𝑡)] . (15)

The 𝐶𝐾 𝜋 correlation function is thus constructed from the combinations

𝐶
𝐼=1/2
𝐾 𝜋

= 𝐷 + 1
2
𝐶 − 3

2
𝑅, 𝐶

𝐼=3/2
𝐾 𝜋

= 𝐷 − 𝐶, (16)

where 𝐷, 𝐶, and 𝑅 are the direct, crossed and rectangular contractions, as illustrated in figure 1.
The same distinction is made when constructing the 3-point functions (10) and (11) for the two
isospin channels.

3. Results

Previous results for the 𝐾𝜋 scattering length in the two isospin channels are listed in table
1. We find sensible fits to 𝑅𝐾 𝜋 (𝑡) in both channels, as shown in figure 2. However, we find a
systematic drift in the fit results upon varying the 𝑡𝑚𝑖𝑛 and 𝑡𝑚𝑎𝑥 of the fit interval, shown in figure
3. Thus the fit result is not stable. To explain this trend in the fit value of Δ𝐸𝐾 𝜋 we consider the
following possible explanations: effect of ATW contributions, contamination by excited states and
availability of statistics.

4
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𝑚𝜋/MeV 𝑚𝜋𝑎
𝐼=1/2
0 𝑚𝜋𝑎

𝐼=3/2
0

Sasaki (2014) [4]
extrap 0.142(14)(27) -0.0469(24)(20)
166 0.158(36) -0.108(12)

ETMC (2018) [5] extrap𝐼=𝐼/2/𝜒𝐼=3/2
𝑃𝑇

0.163(3) -0.059(2)

hadspec (2019) [6]
239 0.46(3)
284 0.79(13)

Table 1: Previous computations of 𝐾𝜋 scattering length. The first error is statistical and the second is
systematic error due to chiral extrapolation.
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1.000

1.005

1.010

1.015

1.020

R
I=

1/
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fit
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Figure 2: Fits to 𝑅𝐾 𝜋 (𝑡) data in the two isospin channels while accounting for ATW contributions (the
orange points correspond to the fit interval). Fit values of Δ𝐸𝐾 𝜋 correspond to scattering lengths𝑚𝜋𝑎𝐼=1/2

0 =

0.160(3) and 𝑚𝜋𝑎𝐼=3/2
0 = −0.0377(2) using Lüscher’s formula in eqn. (1).
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Figure 3: Variation in fit value of Δ𝐸𝐾 𝜋 with fit intervals, extracted from 𝑅𝐾 𝜋 (𝑡) for each isospin channel.
This shows a strong systematic dependence of the results on the choice of both 𝑡𝑚𝑖𝑛 (𝑥-axis) and 𝑡𝑚𝑎𝑥 (color
in legend).

3.1 ‘Around-the-world’ effects

By looking at the functional form of 𝑅ATW
𝐾 𝜋

(𝑡), eqns. (10) and (11), it is evident that ATW terms
have time-dependent contributions. As the systematic trend we see in the fits to 𝑅𝐾 𝜋 (𝑡) is also
time-dependent, it is worthwhile to study the effect of these ATW terms in the overall determination
of Δ𝐸𝐾 𝜋 . We investigate this effect by studying the cosh-like component of fits done with and

5
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I = 3/2

Figure 4: Effect of the ATW terms in fitting 𝑅𝐾 𝜋 (𝑡). These plots show the time-dependence of the ratio of the
cosh-like component of fits using two different ansatz: 𝑅𝐾 𝜋 (𝑡) = 𝑅𝑐𝑜𝑠ℎ𝐾 𝜋

(𝑡) and 𝑅𝐾 𝜋 (𝑡) = 𝑅𝑐𝑜𝑠ℎ𝐾 𝜋
(𝑡)+𝑅𝐴𝑇𝑊

𝐾𝜋
(𝑡).
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8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5 12.0
tmin/a

0.0002

0.0000

0.0002

0.0004

0.0006
a

E
I=

3/
2

K

with ATW
without ATW

Figure 5: Variation in fit value of Δ𝐸𝐾 𝜋 with fit intervals, extracted from 𝑅𝐾 𝜋 (𝑡) from two ansatz, one
accounting for ATW contributions, and the other not. It can be seen here that the ATW terms have a constant
additive contribution to the value of Δ𝐸𝐾 𝜋 .

without accounting for the ATW terms. This is to quantify how the ATW terms are absorbed into
the cosh only ansatz when the ATW terms are unaccounted for, as shown in figure 4. This tells
us that the ATW terms have a time-dependent linear contribution at all times. To understand their
effect on the value of Δ𝐸𝐾 𝜋 , we look at eqns. (10-12) at small 𝑡, where

𝑅𝐾 𝜋 (𝑡) ≈ 𝐴 + 𝐵Δ𝐸𝐾 𝜋 𝑡 + 𝐶𝐴𝑇𝑊 𝑡 + O(𝑡2) (17)

which implies that the ATW terms shift the value of Δ𝐸𝐾 𝜋 when they are not accounted for. This
shift is shown in figure 5 for both isospin channels. The effect of the ATW terms is particularly
important in the 𝐼 = 3/2 channel where the shift is comparable in magnitude to Δ𝐸𝐾 𝜋 .

ATW terms are substantial and present at all times, which is a particular feature of our study
owing to the (low) physical pion mass which allows the ATW terms to be more dominant. It is
therefore important to account for these terms in any further studies made at the physical point for
a reliable determination of Δ𝐸𝐾 𝜋 . However, as shown in figure 5, they lead to a constant shift and
do not account for the time-dependence.
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Figure 6: Effective mass plots for 𝑅𝐾 𝜋 (𝑡) in the two isospin channels, comparing the contamination of
excited states in the all-to-all data compared to data generated via distillation. The grey region corresponds
to the region where fits are made. 𝑁𝑐 refers to the number of configurations used.

3.2 Excited states

To investigate further the source of the time-dependent trend in the fit values of Δ𝐸𝐾 𝜋 , we next
study the effect of excited states in our 𝑅𝐾 𝜋 data. We do this by looking at the effective mass plot for
𝑅𝐾 𝜋 using our data, generated using all-to-all propagators, and data generated using a distillation
procedure [2] where the ground state of a 𝐾𝜋 operator is determined to a greater accuracy. This is
shown in figure 6, which reveals excited state contamination at low times. However these effects die
out at larger times, and are negligible in the range where we perform fits (the grey area in the plots).
While the distillation data has greater precision in comparison to the all-to-all data, this comparison
shows us that the systematic trend we see in the fit value of Δ𝐸𝐾 𝜋 is unlikely a consequence of
excited state effects.

3.3 Statistics

Δ𝐸𝐾 𝜋 is an extremely delicate quantity in comparison to the other observables we compute
in this analysis. For example, the pion and kaon masses on the lattice are 𝑎𝑚𝜋 = 0.0803(2) and
𝑎𝑚𝐾 = 0.2887(2), and therefore 𝑎Δ𝐸𝐾 𝜋 is of the order of magnitude of the error in these masses.
In our study we attempt to extract this using 23 configurations. While the all-to-all setup allows us
to compute propagators with relatively low statistical error due to availability of a large number of
source planes per configuration, the overall number of configurations is a limiting factor. Figure
6 also indicates this effect of statistics as the distillation study has more configurations (𝑁𝑐 = 35).
However, comparison of the effective masses suggests it to be unlikely that the time-dependent
trend in the fit for Δ𝐸𝐾 𝜋 is a direct effect of statistics, especially in the 𝐼 = 3/2 channel where the
all-to-all data is in good agreement with the distillation data. We are therefore in need of larger
statistics to pin down the systematics effects we see.

4. Conclusion

In this study we have attempted to calculate the 𝐾𝜋 scattering length at physical pion mass.
As this is one of the first calculations done directly at the physical point for both isospin channels,

7
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we encounter new features and new issues. The most interesting feature of our study is the effect of
around-the-world contributions, which are substantial due to the light pion. This effect is significant
at all times on the lattice especially when extracting a small and sensitive quantity such as the
binding energy, Δ𝐸𝐾 𝜋 . The time-dependent trend in the value of this quantity remains unexplained
and may be a combination of effects considered above or an indicator of physics that has not been
taken into account. We look forward with interest towards other analyses carried out at the physical
point, where we expect around-the-world effects to play an important role in the study of scattering
lengths.
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