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Towards the finite-volume spectrum of the Roper resonance Daniel Severt

1. Introduction

Over the last years a lot of effort has been made to deepen our understanding of the hadron
spectrum from QCD (for a current state of the art review see [1]). Especially, the excited baryon
spectrum remains puzzling up to this day. One of the most prominent and challenging systems is the
Roper resonance. Discovered in 1964 via partial wave analysis of Nr-scattering data [2], the Roper,
or N(1440), posseses some interesting features. The resonance has identical quantum numbers as
the nucleon, I(JF) = 1/2(1/2*), but a larger mass (pole mass: mr = 1.365GeV [3]). The most
remarkable characteristic of the Roper lies in its decays: It can decay into a nucleon and a pion,
as well as into a nucleon and two pions (via Ar and No intermediate states), where the branching
ratios of these two decay modes are of the same magnitude. This makes two- and three-particle
final states equally likely and complicates the Roper system significantly.

There are several options to explore the spectrum of the Roper resonance. One method is Lattice
QCD (LQCD), a non-perturbative approach to QCD, where numerical calculations of correlation
functions are performed on a discretized Euclidean space-time in a finite volume. There are already
some preliminary studies of the Roper system in LQCD (see [4, 5]), which indicate that both two-
particle N and three-particle Nrw dynamics might be important to generate the Roper resonance.
Another method is an effective field theory (EFT) approach for the Roper, which has already been
established within the framework of baryon chiral perturbation theory (BChPT), see Refs. [6—10].
Here, the Roper resonance is included in BChPT as an explicit degree of freedom and one can
calculate various observables, like decay widths, within this framework. However, difficulties arise
in general when comparing results from EFT with results from LQCD. For example, the fact that
LQCD calculations are always performed in a box of finite size, causes a shift in the energy levels
of the system. In order to improve the investigation of the Roper resonance and to simplify the
comparison between LQCD and infinite volume EFT, one can use an EFT approach in a finite
volume (see e.g. [11]). When a narrow resonance is present, the energy levels show a particular
behaviour near the resonance’s energy: The levels shift when the box size L is changed, but they
do not cross each other. This behaviour is known as “avoided level crossing” [12] and it has been
discovered in other resonance systems, such as the delta resonance [13].

For the Roper resonance, such a study has been done in Ref. [14], where the two-particle
final states N7 and Az have been considered, but not yet three-particle final states. The two-body
sector in a finite volume is already well established from Liischer’s method [15, 16], whereas
the three-body sector remains challenging. A lot of work has been done and different methods
have been introduced to tackle the three-particle dynamics. These methods usually require the
formulation of a so-called three-body quantization condition (for some examples, see Refs. [17-26]).
A very promising approach to describe three-particle scattering in a finite box is the particle-dimer
framework (see [27-31]), which reformulates the three-body problem as a two-body problem and,
therefore, significantly simplifies the three-particle dynamics. This particle-dimer picture might
also be a suitable approach to investigate the Roper resonance.

In this talk, the main results of Ref. [14] are summarized and a perspective is given how
these findings can be improved. After that, a non-relativistic particle-dimer approach for the Roper
resonance is introduced to include explicitely three-particle Nz dynamics.
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Figure 1: One-loop diagrams contributing to the Roper mass at third chiral order. Thick solid, dashed, solid,
and solid double lines refer to the Roper resonance, pions, nucleons, and delta baryon states, respectively.
The vertices denoted by a filled dot refer to insertions from the first order chiral Lagrangian.

2. The Roper resonance in BChPT

First of all, let us consider how the Roper resonance can be treated in BChPT and how its
energy levels can be obtained in a finite volume. The effective Lagrangian for the Roper system is
given by

-Eeff. = -£7r7r + 'Lﬂ'N + Ln’R + LnA + 'LnNA + LnNR + Ln’AR s (1)

where the dynamical degrees of freedom are pions (), nucleons (), the delta (A) and the Roper
resonance (R). The Lagrangian is restricted to flavor SU(2) and the isospin limit (m,, = mg = )
is used throughout [14]. Additionally, the calculations are limited to third chiral order, O(p3),
where p denotes a momentum or mass much smaller than A, , the chiral-symmetry breaking scale
(A, = 1GeV). The chiral power counting is discussed detailetly in Refs. [6, 14]. The different
particles can interact among themselves and induce self-energy corrections. This is also the case for
the Roper resonance and the leading one-loop diagrams are given in Fig. 1. There are also contact
interactions contributing to the self-energy, which are not shown here. The three loop diagrams
differ by the internal baryon state, which can be either a Roper, a nucleon, or a delta baryon. All
these self-energy contributions generate a correction to the Roper resonance propagator and “dress”
it, i.e.
i

P~ mro=2r (p)

where mpgo denotes the bare mass of the Roper and Xy is the self-energy. From this equation,

iSr (p) = ; 2

the mass of the Roper can be calculated by evaluating the self-energy and finding the pole of the
propagator. In the infinite volume, the self-energy can be calculated by standard methods in BChPT
(see e.g. [32]). In the finite volume, on the other hand, the loop integral over the spatial momenta is
replaced by an infinite sum of quantized momenta while the integration over the (Euclidean) time
component remains unchanged

d4k +00 dk 1 . N 27T_, R
—(2,0}3 (.0 / 27: 5 > (), with k= Zii, e 73 3)
—00 ]z

This change obviously influences the self-energy and propagator of the Roper resonance, whose
poles are now given by

P—mro—2k(p) =0, 4)

where Ellg (1/?) denotes the self-energy of the Roper in the finite box. Choosing the rest frame of
the Roper, i.e. p = (E, 6), and using the on-shell condition p = E, one obtains a relation for the
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Figure 2: Left: Energy levels of the Roper resonance for different box sizes L considering only pion and
nucleon as intermediate states. Red solid lines display the numerical results for the interacting levels and
blue dashed lines the free (non-interacting) energy levels of the pion and nucleon. Right: Energy levels
of the Roper resonance for different box sizes L considering only pion and delta baryon as intermediate
states. Red solid lines display the numerical results for the interacting levels and gray dashed lines the free
(non-interacting) energy levels of the pion and delta.

finite-volume energy levels from Eq. (4)
E-mg—-SL(E)=0. ©)

Here, mgr = mgy + Re {2 g (E )} denotes the physical Roper mass and 2115 (E) is the so-called finite-
volume correction of the Roper self-energy, i.e. the difference between the finite volume and infinite
volume self-energy contribution, illi (E) := 21% (E)—Re {2 r(E )} Now, to obtain the energy levels
one has to evaluate the different loop diagrams from Fig. 1 in the finite and infinite volume and
subtract them from each other. After neglecting all exponentially suppressed contributions the
equation for the energy levels reads [14]

382 R 2 2 2| BL (2 .2 a2
mR—E=1287:—2F3E(E+mN) [(E—mN) _Mﬂ] BO (E,mN,Mn)
h2
R 2 2 2 2 2\ pL 2 2 2
+—[m +E —M]/I(E,m,M)B (E,m,M), 6
967r2F,%mZE ( A ) 7r N ] 20 N (6)

with the nucleon mass my, the delta mass m,, the pion mass M, the pion decay constant F,; and
the Roper-pion-nucleon and Roper-pion-delta coupling constants g,ng and kg, respectively. The
function EOL (EZ, mg(, M,%) contains the finite volume sums, similar to the Liischer function [16].
One can observe that the loop functions with internal nucleons and internal delta baryons contribute
to the energy levels, whereas the loop diagram with internal Roper generates only exponentially
suppressed contributions, which are neglected.

Now, Eq. (6) can be evaluated numerically to obtain the energy levels for different box sizes L.
To simplify the matter, it is useful to look at the different contributions isolated: First, only the loop
with internal nucleon is considered (kg = 0), then, only the loop with internal delta (g,ng = 0).
The obtained energy levels for both cases are displayed in Fig. 2. In the Nr case (Fig. 2, left) one
can observe a clear sign of avoided level crossing around the Roper mass 1.365 GeV/my =~ 1.45,
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Figure 3: Left: Energy levels of the coupled system Nrx and Ar for different box sizes L. Red solid lines
display the numerical results, blue dashed lines display the free energy levels of the pion and nucleon, and
gray dashed lines display the free energy levels of the pion and delta baryon. Right: Energy levels of the
coupled system for different box sizes L without displaying the non-interacting levels.

which is from here on called the “critical value”. For larger box sizes (M, L =~ 6), the energy levels
asymptotically approach the non-interacting (free) pion-nucleon energy levels, as one would expect.
In the Ar case (Fig. 2, right) there are no signs of avoided level crossing. One reason for this might
be that the energy levels lie well above the critical value, in fact only the two lowest levels come
close to it. Additionally, the value of hg is quite large [14], which tends to “wash out” the typical
avoided level crossing signature (see e.g. [13]).

Next, both possible interactions are turned on and the energy levels of the coupled-channel
system are calculated. The obtained spectrum is shown in Fig. 3. One observes again signs of
avoided level crossing around the critical value 1.45, where also many energy levels lie very close
to each other. The signs fade out for energies further away from the critical value and for box sizes
larger than M, L = 6. For a better display of the energy level curves, see the right plot in Fig. 3,
which does not depict the non-interacting levels.

This calculation demonstrates how the Roper resonance can be treated with BChPT in a finite
volume. The two possible final states Nz and An, where the delta baryon is considered to be stable,
are the most important decay channels in this framework. However, the delta resonance is of course
not a stable particle and decays most likely into a nucleon and a pion, which results in the typical
Nrr final state for the Roper. To explicitely include three particle dynamics into the system, a
different approach needs to be considered.

3. Particle-dimer formalism for the Roper resonance

The particle-dimer picture was introduced to provide a convenient treatment of three-particle
dynamics (see e.g. Refs. [30, 31] for a detailed introduction). The main idea is to introduce
an auxiliary field, the so-called “dimer field”, into the theory, which incorporates two-particle
scattering information. Then, instead of calculating three-particle scattering, one calculates the
scattering of one particle with the dimer field. The obtained particle-dimer scattering amplitude
is equivallent to the original three-particle scattering amplitude [27, 29]. The goal is to use this
particle-dimer formalism also for the Roper resonance.
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To describe a three-particle Nz system, consider the following non-relativistic EFT described
by the Lagrangian L.,y containing non-relativistic nucleon fields (i) and non-relativistic pion
fields (¢)

Lann = Layn. + 10 ¢ ¢¢ + e ¢ ow + c3u ¢ (¢ + 9Ny + cav o T dpy + ... . (D)

The interaction between these non-relativistic particles is parametrized by the low-energy constants
(LECs) c1,2,3.4 and the ellipses denote terms with higher numbers of (pion) field insertions and
terms with derivatives, which are not taken into account for now. The first term in the Lagrangian,
Lgyn., describes the covariant dynamics of the fields [33, 34]

Layn. = Lo+ Ly = ¢ 2We (i0; — We) ¢+ 2Wy (10, - Wa) ¥, ®)

with the differential operators Wy, = [M2 - V2] 2 and Wy = [m2, V2 | "2 Where M, is the pion

mass and my the nucleon mass. The square root structure of these operators ensures that resulting
amplitudes will be relativistically invariant and leads to the known relativistic energy-momentum
relation in momentum space, which can be seen in the propagators for the nucleon and the pion

! . 1
on B on ) —po—icl” TP = S lon ) = po—ie]

- - 1/2 - -
where wy (5) = [|51? + m%,]"* and w, () = [|72 + M2]
Now, that the dynamics and interactions of the nucleon- and pion-fields are known, it is time

SN (Po,ﬁ) = (9)

12

to introduce the dimer fields. Since there are two different fields (nucleon and pion), a dimer
field that accounts for pion-pion scattering, as well as a dimer field that accounts for nucleon-pion
scattering, is needed. In total, three dimer fields have to be included: The first dimer field is A,
which has the quantum numbers of the spin-3/2 delta resonance (J© = 3/2%) and incorporates
intermediate nucleon-pion interactions. The second dimer field is o with the quantum numbers
of the scalar isoscalar resonance, the f5(500) (J¥ = 0%), also known as o meson, which accounts
for intermediate pion-pion interactions. Note that the quantum numbers of the delta resonance and
pion system and the f;(500) and nucleon system overlap with the quantum numbers of the Roper
resonance. Finally, the third dimer field R is for the Roper resonance itself. It has the same quantum
numbers as the nucleon (J¥ = 1/2*) but a larger mass mg. Considering all these dimer fields, one
obtains the Lagrangian

Lpimer = -Ldyn. +Lr, (10)
where Ly, is taken from Eq. (8) and L7 contains the dimer fields and their interactions

L7 = R2Wg (i6, —- WR) R+ iRT¢'6R — H[R ¢y + Re'y]
— BIRTA + AT¢'R] - fulRToy + ¢y o R]
+aymiATA + g1 AT A — g ATy + ATy
+a,Mioto + hy' ooy — nlo'¢p + oo’
— Grol[R'¢' oy +y 0" ¢R] — GralRT¢ A + AT¢TGR]
— Gar[ATd oy +yToToA] .

an
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Figure 4: Feynman diagrams contributing to the Roper resonance mass at one-loop order. The thick solid
line with arrow, the solid line with arrow and the double solid line with arrow refer to the Roper resonance,
nucleons, and A-dimer fields, respectively. The dotted line represents pions and the double solid line o--dimer
fields.

The interactions among the different fields are described by the LECs fi1 234, g1,2, h12, and
GRro,RA A For simplicity, interaction terms with more field insertions and with derivatives are not
included in this pioneering work. Also, spin and isospin projections are not considered for now.
There are some things to note from Eq. (11): First, the Roper-dimer field R has the same dynamical
Lagrangian as the pion and the nucleon, whereas the A- and o-dimer are static, i.e. the Lagrangian
does not contain time or spatial derivatives of these fields. The fact that R is dynamic should ensure
a more accurate treatment of the Roper’s properties. Second, the dimer fields can interact among
themselves. For example, the Roper-dimer can decay into a nucleon and a o-dimer, or a pion and a
A-dimer. Integrating out the o- and and a A-dimer, one obtains a Lagrangian containing only the
Roper resonance, nucleons and pions and vertices appear that allow the decay of Roper into Nz and
Nrr final states. If one integrates out also the Roper-dimer, one arrives again at Eq. (7).

Analogously to the BChPT investigation (see last paragraph), one can now take a look at the
self-energy corrections of the Roper-dimer field. From the interactions in Eq. (11), three Feynman
diagrams appear at one-loop order, which are depicted in Fig. 4. The diagrams differ again by their
intermediate states: A nucleon and a pion, a nucleon and a o-dimer, or a pion and a A-dimer can
appear inside the loop. The dressed Roper resonance propagator in the non-relativistic EFT is given
by
1

2wr(P) [wr(P) = po — i€] = Zr(po, P)

2

where wg(p) = [| P>+ mR] 1/ 2, mpg and Xr(po, p) is the self-energy of the Roper in the particle-
dimer framework. This self-energy should again be considered in the finite volume, i.e. according

S& (po, p) = (12)

to Eq. (3). The poles of the finite-volume propagator obey

2wr(P) [wr(P) — pol — ZR(po. ) =0 = mR—E—z1 RE)=0, (13)

—X
mpg
where the rest frame condition (pg = E, p = 0) has been used to obtain a relation for the finite-
volume energy levels. This equation on the right-hand side in (13) must be solved next. For an easier
overview, only the first two diagrams in Fig. 4 are considered, i.e. the diagrams with intermediate
Nr and intermediate No-. Starting with the diagram with internal nucleon and pion, one obtains

the self-energy contribution

3

L —
=6 () = aREL

(14

L\ A(E%m}, M2)
2r

Zoo (LAE)) , with g3(E) = (— o

where Zyg is the Liischer function [16]. The more interesting case is the diagram with internal
nucleon and o-dimer, since the o is not an asymptotic final state, but can decay into two pions. To
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Figure 5: Left: Energy levels of the Roper resonance in the particle-dimer picture for different box sizes L
considering only pion and nucleon as intermediate states. Red solid lines display the numerical results for
the interacting levels and blue dashed lines the free (non-interacting) energy levels of the pion and nucleon.
The thick black line marks the mass of the Roper resonance, i.e. mg/my. Right: Energy levels of the Roper
resonance in the particle-dimer picture for different box sizes L considering only nucleon and o-dimer as
intermediate states. Red solid lines display the numerical results for the interacting levels and gray dashed
lines the free (non-interacting) lowest-lying three-particle N energy levels. The thick black line marks the
mass of the Roper resonance, i.e. mg/my.

include three-particle dynamics, the o-dimer propagator needs to be dressed, i.e.

‘K
with X, (p)=2h§/#$n(p—k)&,(k). (15)

1

Do) == )

The self-energy contribution to the Roper resonance in the finite volume is then given by the double
sum

1

1
SR (B) = —f—5 > ——= {a, M2
Ne BV ==lig5 2 2on®) |77
¢ (16)
-1

+2h§$ Y L . .
= 4wr(k = Dwx(l) [wr(k = 1) + wr(l) + wn(k) - E|
It can be observed that Z]];, - (E) depends on two coupling constants: the coupling f;, which
describes the interaction between the Roper, the nucleon and the o-dimer, and the coupling A,
which describes the interaction between the o-dimer and two pions. Both constants together
determine the positions of the interacting energy levels.

Now, the different self-energy contributions can be calculated numerically. Analogously to
the BChPT analysis, let us first consider only the contribution from internal nucleons and pions,
ZI’;,” (E). One arrives at the left picture of Fig. 5, which shows a similar behavior of the energy
levels as in the BChPT case. In fact, both energy spectra agree very well with each other. Avoided
level crossing is again seen around the critical value (thick black line in Fig. 5) and the interacting
energy levels approach the free levels for larger box sizes L. This is a remarkable result, considering
that the non-relativistic EFT framework is much simpler than the Lagrangian from BChPT [14]
and does not include any spin structure or full Lorentz-symmetry. The agreement of the energy
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levels between the different approaches is a profound argument to continue the non-relativistic EFT
investigation. Next, let us consider the contribution E]];, .- (E) from the nucleon and the o-dimer
field. The result of the numerical calculation is given in the right panel of Fig. 5. This spectrum
does not show two-particle final states, but three-particle final states. The interacting energy levels
lie very close to the non-interacting Nznr levels and approach them asymptotically for large box
sizes. Interestingly, it is observed that avoided level crossing as a signature of a presence of a
resonance is widely suppressed. Thus, the spectrum needs to be investigated further in the future
to find out how the couplings f; and h; influence the behaviour of the energy levels.

4. Summary and outlook

In our previous work Ref. [14], we demonstrated how the Roper resonance can be treated
within BChPT considering two-particle final states only. In the next step we introduced a non-
relativistic particle-dimer formalism for the Roper, which can reproduce the Nr-spectrum from
BChPT accurately, but also allows one to incorporate proper three particle Nomr dynamics.

Some more work on the particle-dimer picture for the Roper resonance is needed: The obtained
spectrum of the Roper for intermediate nucleon and o-dimer states should be analyzed further for
different couplings and, analogously to the calculations in [14], both N and No interactions should
be turned on to obtain the energy levels of the coupled-channel system. Also, the spectrum of the
Roper for internal pions and A-dimer fields should be calculated. Additionally, the application of
the particle-dimer framework to different hadronic systems, for example the a;(1260) resonance
(see e.g. [35]), might be considered in the future.
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